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ABSTRACT 

The eclipsing system SX Cassiopeiae has been studied on the basis of 2046 photographic observations, 
in addition to the 537 visual observations published by Dugan and to the spectrographic results of 
Struve. The relative dimensions are as follows: 

Mean radius: G6, 0.200 (pg), 0.250 (vis); A6, 0.044 (pg), 0.118 (vis) 
Luminosity: G6, 0.36 (pg), 0.46 (vis); A6, 0.64 (pg), 0.54 (vis) 
Ratio of surface brightnesses (A6/G6): 36.9 (pg), 5.3 (vis) 
Ratio of radii (A6/G6): 0.22 (pg), 0.47 (vis) 
Inclination of orbit: 87.7° (pg), 88.3° (vis) 
Masses of both components (adopted): 5 © 
Radii: G6, 19 © (pg), 22 © (vis); A6, 4 © (pg), 10 © (vis) 
Mvis: G6, +0.09 (pg), —0.23 (vis); A6, +0.60 (pg), —1.39 (vis) 
The writer’s photographic dimensions agree exactly with those determined by Gerasimovit in 1927. 

The chief result of the investigation is that the radius of the blue component is smaller, the shorter 
the wave length. SX Cassiopeiae provides the first conspicuous example of this phenomenon. A compari- 
son with Struve’s spectroscopic observations suggests that the peculiarity of the bluer component is as- 
sociated with a thick atmosphere, which surrounds not only the A6 star but probably the whole system 
and is asymmetrical in distribution. 


I. INTRODUCTION 
The eclipsing stars have been chiefly responsible for our knowledge of the radii and 
temperatures of stars in general. They have also been responsible for fostering our ideas 
concerning the internal constitution of stars. It now appears that the eclipsing stars com- 
pel us to conclude that our conception of the radius of a star should be, if not greatly 
modified, at least more precisely defined. 
During the last decade the scope of the study of eclipsing stars has been greatly ex- 
tended by the recognition of such systems as RY Scuti,! the Wolf-Rayet eclipsing stars 
HV 11086,2 HV 11111 (V 444 Cygni’), W Serpentis,* and the supergiant systems VV 


'S. Gaposchkin, Harvard Ann., 105, 509, 1937; D. Popper, Ap. J., 97, 394, 1943. 
2S. Gaposchkin, Ap. J., 100, 242, 1944. 

*$. Gaposchkin, Ap. J., 93, 202, 1941; O. C. Wilson, Ap. J., 91, 379, 1940. 

*S. Gaposchkin, Harvard Ann., 105, 511, 1937. 
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Cephei,® ¢ Aurigae,® and S Doradus.’ But the system of SX Cassiopeiae is the first (and 
that of RX Cassiopeiae the second) in which the radius of a star is found to be different 
in different wave lengths. It seems, therefore, that these stars open a new and promising 
field in the heterochromatic study of eclipsing stars for the purpose not of determining 
color indices but of examining the dependence of apparent dimensions on wave length. 

Struve® has recently published a detailed paper on the spectroscopic behavior of the 
system SX Cassiopeiae. He finds that, in order to harmonize most of the peculiarities of 
the system, an extensive gaseous envelope must be supposed to surround one or both 
components. The results of our photographic work, combined with the visual studies of 
Dugan, seem not only to confirm the work of Struve but to go further. 


II. HISTORICAL REVIEW 


The variability of SX Cassiopeiae was discovered by Mme W. Ceraski® on Moscow 
photographic plates in 1909, and the eclipsing nature of the star was suggested by the dis- 
coverer and confirmed by S. Bla%ko and S. Enebo!® in 1908. Since that time, many visual 
observations have been made sporadically by several observers, and the first set of rela- 
tive dimensions was given in 1913 by H. Shapley" on the basis of the visual observations 
of Luizet, whose observations, though not numerous (98), were on a scale consistent with 
the international scale, as was later confirmed by Dugan. Later the relative dimensions 
were computed by M. Fowler and B. W. Sitterly,’* by B. P. Gerasimovié'* (on the basis of 
his photographic light-curve), and by R. S. Dugan.'* Detailed bibliographies will be 
found in the papers of Dugan,'* Gaposchkin,” and Struve.® 


Ill. THE PHOTOGRAPHIC OBSERVATIONS 


The brightness of the star was estimated on 2046 Harvard patrol plates. Most of the 
estimates were made by Miss Virginia Brenton, and about 300 were made by the writer. 
The greater part of the reduction was carried out by Dr. Richard Prager, who confirmed 
Dugan’s period (36.56757 days), which was not very different from the one obtained from 
Harvard plates by Gerasimovié (36.5668 days). In agreement with the two latter in- 
vestigators, Prager found no appreciable change of period during the interval studied. 

The comparison stars were those used by Gerasimovié, with a few additional stars 
included as a check. Since the results derived from the photographic light-curve seem to 
be important, the author undertook a redetermination of the magnitudes of the compari- 
son stars with reference to the North Polar Sequence. Since no new plates were available 
for the purpose, several intermediate sequences were used to bridge the interval between 
the North Polar Sequence and the variable, referring to the NPS stars Nos. 8, 9, 10, 11, 
12, 13, 15, 17, and 18. 

Since the comparison of the photographic and the visual light-curves is an important 
part of the present paper, the writer has also determined the photovisual magnitude of 
the star used by Dugan as a comparison star in his photometric work. The stars used in 
this comparison were NPS Nos. 10, 11, 12, 13. In addition, the magnitudes were referred 


5S. Gaposchkin, Harvard Circ., No. 421, 1937; V. Goedicke, Pub. Obs. U. Michigan, Vol. 8, No. 1, 
1939; O. Struve, Ap. J., 99, 70, 1944. 

6 G. Kuiper, O. Struve, and B. Strémgren, Ap. J., 86, 575, 1937. 

7S. Gaposchkin, Ap. J., 97, 166, 1943. 

8 Ap. J., 99, 89, 1944. 

9 A.N., 176, 218, 1907. 10 4.N., 177, 221, 1908. 

1 Pop. Astr., 21, 142, 1913; Princeton Contr., No. 3, 1915. 

12 Ap. J., 53, 165, 1921. 

13 Harvard Bull., No. 852, p. 18, 1927. 14 Princeton Contr., No. 13, 1933. 

15 Veroff. U. Sternw. Berlin-Babelsberg, Vol. 9, Part V, 1932. 
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to the near-by photovisual sequence for RY Cassiopeiae.'* The magnitudes of the com- 
parison stars are summarized in Table 1. They are in good agreement, except for a small 
difference in zero point, with those used by Gerasimovié. 

Table 2 contains the photographic light-curve, derived from 2046 observations. It is 
represented in Figure 1. The characteristics of the light-curve may be summarized as 

















TABLE 1 
COMPARISON STARS FOR SX CASSIOPEIAE 
Designation 
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* Dugan’s comparison star. 


TABLE 2 
PHOTOGRAPHIC LIGHT-CURVE OF SA CASSIOPEIAE 
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No. No. | No. No. 
Phase* IPg of Phase IPg of Phase IPg of Phase IPg of 
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21t,...: a) a Oe. ...5 RSI Bt .27s..-..1 6 6 Ste. ...1 Ga 40 
230... .| 9.60 | 39 || .630....) 9.59 | 40 |] .778....| 10.74 | 12 || .930. 9.58 | 47 
250,...) 9:6L 1464) .Gbb....1 Se) Sen 766. ...| 1e 16 ||} .950.. 9.57 36 
222....1 KZ Sh 420... Sis .(88....| 10.0 1 iOae... 9.56 44 
288....| 9.62 | 26 || .690....| 9.59] 40 || .793....| 10.71 | 12 || 0.990....| 9.55 | 48 
318...) 9.62 | 42 |] .711....] 9.60 | 33 |] .798....| 10.71 | 18 | | —-— 
.330....] 9.61 | 43 || .728....| 9.61 | 30 || .803....| 10.74] 8 | yn) ee ee 2046 
oe .| 9.61 | 46 4s. SETH HT .S06...<) ei isi 
370....| 9.59 | 48 || .742....| 9.64] 10 || .810....] 10.66 | 3} | 
ae | saad Vas ! 0.747....) 9.65 6 || 0.892...) 10.65 | 6 | 
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* Reckoned from JD 2,400,000 as zero. Throughout this paper, phases are expressed in terms of the period, not in days. 


follows: (1) the eclipse at the primary minimum is total; (2) the secondary minimum is 
definitely present and falls almost exactly between primary minima; (3) there are indica- 
tions of a small ellipticity; (4) the maxima differ in height by 0.02 mag.; (5) there is a 
small fluctuation during totality, apparently of about two days’ duration; and (6) there 
is a small “flash” just after primary minimum. If we compare our light-curve with that 
of Gerasimovié, we shall see that the two are identical in points 1, 2, 3, 4, and probably 5. 


16S. Gaposchkin, Harvard Ann., Vol. 108, No. 1, 1939. 
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IV. COMPARISON WITH DUGAN’S VISUAL LIGHT-CURVE 


It is easy to see that the steepness of the ascending and descending branches of the 
photographic light-curve and the well-defined durations of eclipse and totality define the 
ratio of the radii within narrow limits. Before computing the radii it is necessary to cor- 
rect for ellipticity; the effective ellipticity, , was found to be 0.05. The relative dimen- 
sions were then computed for uniform brightness, since, for this star, as for HV 11086,’ 
ordinary limb darkening needs modification and the theory of S. Kosirev'’ for extended 
and ejected atmospheres seems to be more applicable. The computations with ordinary 
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Fic. 1.—Mean light-curves for SX Cassiopeiae: visual above, photographic below. Ordinate and 
abscissa are magnitude and phase (reckoned from JD 2,400,000). 


limb darkening were made by Gerasimovié in connection with his photographic light- 
curve, with the result that the agreement is as good as with the uniform solution—a re- 
sult that we shall confirm later. Dugan"! found that for his visual light-curve the ordinary 
darkened solution is less satisfactory than the uniform solution. Therefore, in comparing 
the results of the various solutions we have selected the uniform solutions only. 

Table 3 gives a comparison of the results obtained by Dugan from his visual light- 
curve (537 observations) with those of Gerasimovié (990 photographic observations) and 
the wholly independent light-curve of the writer (2046 observations). The zero point of 
Dugan’s magnitudes is referred to star “‘e”’ of Table 1; any uncertainty in the magnitude 
of this star will affect the color indices and the deduced distance of the star but not, of 

17 WN., 94, 430, 1934. 
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course, the elements of the system, since Dugan’s scale is correct. The duration of totality 
for Dugan’s curve was taken not from his original paper but from his “Finding List for 
Eclipsing Variables.’’'* It may be mentioned that Dugan made an arbitrary correction to 
the observations on different nights to eliminate the large scatter, with the result that the 
duration of eclipse, given here, may be regarded as a minimal value. 

As has already been reported in Popular Astronomy" and as may be seen from Figure 
1, the outstanding difference between photographic and visual light-curves is in the dura- 
tion of eclipse and of totality, and also the ellipticity. These differences cause the differ- 
ences of relative radii shown by Table 3. All possible sources of error, including those of 


TABLE 3 


COMPARISON OF PHOTOGRAPHIC AND VISUAL RESULTS FOR SX CASSIOPEIAE 


PHOTOGRAPHIC 





VISUAL Ne ee 
DuGAN | 
Gerasimovic Gaposchkin 
= ON NN SN AED 

OS Ege ee ee 36956756 3615668 | 364956756 
Maximum 8™55 gmg4 | gm54 
Minimum, ., 9.54 10.95 | 10.70 
Minimum, t 8.87 9.92 | 9.62 
Range; eietaies 0.99 1.1 1.16 
Ranges =, ; 0.32 0.08 0.08 
ti—bh aii OP5 OP5 | OP5 
Duration of eclipse. 344=0° 1022 246=0°0711 | 247=0°0749 
Duration of totality. . 143 =0?0355 148 =0?0492 | 148 =0°0492 
Type of eclipse : Total Total-Central | Total 
Inclination 88 . 3° 900° | Sea. 
Luminosity; 0.46* 0.38 | Gs 
Luminosity: 0.54 0.62 | 0.64 
Radius; 0.250 0.200 0.200 
Radius» 0.118 0.044 0.044 
Ellipticity (6/a) 0.85 0.95 0.96 
Radius, A6 component 10 © 4© 
Radius, G6 component 22 © 19 © 
Mass, A6 component 5 © 5 © 
Mass, G6 component + ¢ 50 
Density, A6 component 0.050 ©¢€ 0.080 © 
Density, G6 component 0.0005 © 0.0007 © 


* Star in front at primary minimum 


magnitude scale and of zero point, are inadequate to change appreciably the results given 
in Table 3. It is noteworthy that the results of Gerasimovié, obtained in 1927 from an in- 
dependently determined photographic light-curve, are so nearly identical with those ob- 
tained by the writer from a greater amount of material. It is perhaps surprising that 
Dugan did not discuss more thoroughly the well-determined light-curve of Gerasimovié 
when he published his own visual observations. The inclinations determined by Gerasi- 
movi¢, Dugan, and the writer are almost identical. 
V. INTERPRETATION OF THE RESULTS 

The difference in the computed radii for the A6 star poses an interesting physical 
problem. Struve has found this star to have many spectroscopic peculiarities, which he in- 
terprets in terms of a great surrounding mass of gas. We may picture a simple model in 
which the A6 component is imbedded in an extensive atmosphere—so extensive as to in- 


3 Princeton Contr., No. 15, 1934. 19. Campbell, Pop. Astr., 52, 200, 1944. 
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clude the G6 component and, accordingly, the whole system. The distribution of density 
is such that the apparent limb of the star is farther from the center in visual than in pho- 
tographic light, so that the apparent radii are different in different wave lengths. The 
light-curves, visual and photographic, are the integrated effects of two gaseous configura- 
tions with indefinite boundaries. We conventionally interpret light-curves only in terms 
of sharply bounded disks, whose sizes are not appreciably modified by the ordinary con- 
ception of limb darkening. However, the theory of Kosirev for stars with thick atmos- 
pheres leads to an exaggerated law of darkening,?° which may considerably affect the 
apparent radius of the star. 

Struve finds that there are streams of gas around the A6 component and, to a lesser ex- 
tent, around the G6 component; and this seems to justify us in applying the Kosirev!” 
theory to SX Cassiopeiae. Starting with a ratio of radii 0.5 (close to that of Dugan), an 
inclination of 90°, and a center-limb ratio of 500 for the A6 component, we determined 
the form of the eclipse by graphical methods. The effect is to shorten the apparent dura- 
tion of the eclipse and to increase the steepness of the branches. The direction of the ef- 
fect on the form of the light-curve seems to be in agreement with the observations; but 
the problem is still complicated, and we shall not consider it further here. 

Our conclusions are of wider scope than a comparison of Dugan’s visual with our 
photographic results. A new approach to the study of eclipsing stars is suggested. They 
should be studied in a variety of colors, not only from the standpoint of color indices— 
in itself a small problem—but as an approach to the study of the structure of the outer 
layers of the stars and the envelopes of the eclipsing systems. It is probable that for many 
eclipsing stars, such as Algol, the conception of a sharply defined radius is legitimate. But 
there are many other systems in which this will probably prove not to be the case, and 
such systems may have been missed in the past. Such a classical eclipsing system as U 
Cephei, for example, may furnish an illustration. From H. Rosenberg’s*! heterochromatic 
study of this star one might obtain confirmation if the observations had been published in 
detail. In a comparison of the visual light-curve by Dugan” and the photographic light- 
curves determined by R. H. Baker,?* N. Tchudovischev,”4 and the writer, we find that the 
duration of the photographic eclipse is about 0°02 shorter than the visual. The difference 
is small and may be accidental, but it is at least interesting that it has the same sign as 
that found for SX Cassiopeiae. Struve® has suggested that the distortion of the velocity- 
curve of the A star in U Cephei is indicative of an atmospheric layer that does not ex- 
tend to so great a height as the envelope of the A6 star in SX Cassiopeiae (whose velocity- 
curve is similarly distorted) ; the former is a main-sequence star, the latter a supergiant, 
and the difference of the effect that is detected from the light-curves is in accordance 


with these dimensions. 


VI. DERIVATION OF ABSOLUTE DIMENSIONS 


Struve has not observed the velocity-curve for the G6 component and gives only the 
mass function for the A6 component. Therefore, the masses are undetermined from the 
spectroscopic point of view. We shall therefore make use of the relation derived by the 
writer” to evaluate them. We shall adopt the same effective temperature for both visual 
and photographic elements. The masses are determined as follows: 


A6 component: 7.3 © (vis); 3.5 © (pg), 
G6 component: 6.0 © (vis); 5.2 © (pg). 


20 F, L. Whipple and C. Payne-Gaposchkin, Harvard Circ., No. 314, 1937. 


21 Ap. J., 83, 67, 1936. 
22 Princeton Contr., No. 5, 1920. 24 Bul. Engelhardt Obs., Kasan U., No. 17, 1939. 


28 Laws Obs. Bull., No. 30, 1921. *° Harvard Rept., No, 201, 1940. 
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The fainter component is photographically heavier than the brighter—a possibility al- 
ready suggested by Struve. Since the difference is not great, we adopt the masses of both 
to be equal to 5 ©. This value is smaller than would be deduced from Struve’s mass fanc- 
tion. But a small change in the mass ratio produces a considerable change in the mass 
computed from the mass function, and the adopted mass is well within the possible val- 
ues for its spectral type. If we adopt a mass ratio in accordance with the ratio of lumi- 
nosities, the mass of the brighter component is about 5 ©. 


VII. REDETERMINATION OF THE PHOTOGRAPHIC ELEMENTS 


We derived the above results in the usual manner. Z. Kopal** has suggested some mod- 
ifications in the computation; his method is similar in many respects to that of J. Fet- 
laar.2” We have used 46 equations outside the eclipse, of the form: 


=a-—bcos 6—c cos’ 6, 


where / is the observed intensity, a is the brightness at maximum, 0 is the constant of the 
reflection effect (previously adopted to be zero), and c is the constant of ellipticity (usu- 
ally designated z). The values of the constants were determined as 


a = 0.9874 + 0.0008 ; b = —0.0042 + 0.0025 ; c = 0.0433 + 0.0024. 


In other words, the reflection effect is practically zero, and the ellipticity is 0.0¢*3—in 
close agreement with the value (0.05) adopted earlier. 

The rectified ranges then are 1.13 mag. and 0.03 mag. Using, then, the well-known 
formula expressing the loss of light at minima and ratio of radii, k, we find that the ratio of 
radii is 0.28, close to the adopted one (0.22). In addition, the value of k was computed 
with a coefficient of limb darkening 0.6, in the manner suggested by Kopal: 


R(1—x)qx=1-™, 


where & is the ratio of radii, x is 3, and qg is a function tabulated by J. Ferrari.”* After 
several approximations we find a value of 0.28 for k, identical with that for the undark- 
ened solution. The computation of the relative radii followed at once with this value of 
k: the additional function, p, necessary for the inclusion of limb darkening, was taken 
from the tables of W. Zessewitsch;?® and the computed radii are as follows: 


Radius, G6 component: 0.174 (U); 0.189 (D), 
Radius, A6 component: 0.044 (U); 0.045 (D). 


Both values are close to those given in Table 3. 


VIII. COLOR INDICES OF THE COMPONENTS 


It is interesting to compute the theoretical color indices of the system during totality, 
since in SX Cassiopeiae both radii and surface brightnesses are different in different wave 


26 Harvard Reprint., No. 229, 1941. 
27 Utrecht Obs. Pub., No. 9, 1923. 28 Acad. Sci., Vienna, 148, 221, 1939. 
29 W. Zessewitsch, Acad. Sci. U.S.S.R. Bull., No. 50, 1941. 
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lengths. The author derived a simple relation for computing the color index at any 
phase;*° the color index during totality is 


Vstad win 


7? J 


pe pe 


CI = 2.51 log 





Adopting” the ratio of surface brightness (Jyis/Jpg) to be 2, we find the predicted color 
index during totality to be 1.25 mag., while the observed one is 1.27 mag. This agreement 
tends to confirm the zero point of the magnitudes, though the uncertainty not only of 
observations but of computations must not be forgotten. 


IX. COMPARISON WITH SPECTROSCOPIC RESULTS 
The spectroscopic phenomena are more numerous and more difficult to interpret than 
the photometric ones, which refer to an integrated effect. Struve’s outstanding result was 
TABLE 4 


COMPARISON OF SPECTROSCOPIC AND PHOTOGRAPHIC 
PHENOMENA FOR SX CASSIOPEIAE 


Phase Spectroscopic Photographic Inference 
—0.08..... Red emission 1.5 days before be- | Violet emission ex 
strengthened ginning of eclipse | tends over 10R4 
—0.04 ..| Red emission 3.5 | Eclipse begins | Most of violet 
times stronger than | eclipsed 
violet | 
—0.02-0.00.... Red emission equal to} From beginning of to- | Violet emission ex- 
violet emission | tality to mid- tends higher above 
eclipse A component than 
red 
0.00-0.02........ Violet emission 5.5 | From mid-eclipse to 
| times red emission | _ end of totality 
0.025 .| Redemission disap- | Just at end of totality | Red emission extends 
pears to less distance than 
violet, not more 
| than 6R4 
Uk, | ....| Violet still stronger | Out of eclipse, but Red emission begins 
than red emission | close to its end to be visible be- 
| tween stars 
iS 3.5 a ae eye ...| Violet emission is | Quite out of eclipse 
equal to red emis- 
sion 





that the apparent orbit of the A6 component is far from the circular form that all the 
photometric data would lead us to expect. In fact, the apparent eccentricity is 0.5—the 
largest ever reported for an eclipsing system. Struve has explained this glaring inconsist- 
ency by the suggestion that the motion of the A6 star is distorted by the additional mo- 
tion of some gases surrounding it. The photographic results do not throw any light on 
these motions, but the photographic light-curve seems to be in better accord with the 
spectroscopic results than the visual light-curve. The correspondence is shown in Table 4. 

There are two photometric phenomena that should be mentioned in connection with 
Table 4. The first is a small increase of brightness during the second half of totality, that 
is, when the violet emission is strengthening. The other is the “flash,” a slight increase of 
brightness just after the total eclipse. This is perhaps associated with the spectroscopic 


30 Pub. A.A.S., 9, 122, 1938. 
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observation that the red emission is again visible at the corresponding phase and with the 
appearance of the “hot stream” described by Struve. In addition, the brighter of the two 
maxima is associated with the fact that the red emission is equal to, if not stronger than, 
the violet emission, while the fainter of the two maxima corresponds to a much stronger 
violet emission. These observations imply that the distribution of the gaseous envelope is 
unsymmetrical, as has already been suggested by Struve. 

The secondary minimum is photographically inconspicuous and does not lend itself to 
detailed comparison with the spectroscopic observations. But the visual minimum is well 
marked, and Dugan’s observations show that it is by no means symmetrical. The ques- 
tion of the symmetry of the primary minimum cannot be settled from the photographic 
light-curve, because individual minima are not observed; but it can be said that, because 
the period seems to be quite constant, any considerable asymmetry should be easily de 
tectable. The observed small difference in slope of the rising and falling branches of the 
primary minimum would indicate that the violet emission extends to a higher level than 
the red emission, in agreement with the spectroscopic conclusions. 


X. GENERAL CONCLUSIONS 


The most significant result of the present paper is the conclusion that the radii of the 
components, especially the bluer one, depend on the wave length. If we were to assume 
that the change of radius is a linear function of the wave length, we should conclude that 
at wave length 10,000 A the radii would be equal and the components in contact. The 
ellipticity would clearly also increase; but, since most probably the two components dif- 
fer in ellipticity, it is difficult to predict the progress of the effect with wave length. 
Heterochromatic studies are strongly indicated for this and similar stars. 

If the results for SX Cassiopeiae are confirmed in other systems (as they seem to be 
for RX Cassiopeiae*'), the conclusions on internal constitution, which have been drawn 
so extensively from eclipsing variables,*” may require some modification in view of the 
necessary redefinition of the dimensions of the stars. 


31 $. Gaposchkin, A p. J.,. 100, 230, 1944. 
32 C, Payne-Gaposchkin and S. Gaposchkin, Harvard Reprint., Ser. 2, No. 2, 1943. 








THE ECLIPSING SYSTEM RX CASSIOPEIAE 


SERGEI GAPOSCHKIN 


Harvard College Observatory 
Received July 15, 1944 


ABSTRACT 


The photographic light-curve (2037 observations) and visual light-curve (324 observations) are com- 
bined with Struve’s spectroscopic results to determine the relative and absolute dimensions. The whole 
light-curve undergoes a variation of range 0.46 mag. and period 517.6 days. The photographic light-curve 
shows a difference of 0.16 mag. between the maxima—the largest ever observed. An additional drop of 
brightness, of 0.08 mag., occurs just before primary minimum. The visual light-curve shows a much larger 
ellipticity of the components than the photographic light-curve. The relative dimensions are as follows: 

Major axis: G3, 0.39 (pg), 0.36 (vis); A5, 0.17 (pg), 0.28 (vis) 
Luminosity: G3, 0.43 (pg), 0.36 (vis); A5, 0.57 (pg), 0.64 (vis) 
Ratio of surface brightnesses (A5/G3): 7.2 (pg), 2.8 (vis) 
Ratio of radii (A5/G3): 0.43 (pg), 0.8 (vis) 

Inclination of orbit: 78.8° (pg) 


The masses of both components are about 7 ©. 
Radii: G3, 37 © (pg), 32 © (vis); A5, 16 © (pg), 26 © (vis) 
M,yis: G3, —1.4 (pg), —1.4 (vis); A5, —1.9 (pg), —1.7 (vis) 
As in the system of SX Cassiopeiae, the existence of a considerable gaseous envelope around both 
components seems to be indicated and is probably responsible for the different apparent radii deduced 
from the photographic and visual light-curves. 


I. GENERAL 


The system of RX Cassiopeiae (period 32 days, spectra A5 and G3) is very similar to 
that of SX Cassiopeiae! (period 36 days, spectra A5 and G6). But it seems that the rela- 
tive physical development of the components is not exactly the same. The components 
of RX Cassiopeiae are more similar to each other than those of SX Cassiopeiae, and the 
A component of the latter is probably denser than that of the former. On the other hand, 
there is a strong similarity in the presence of an extensive envelope around the blue com- 
ponent, as has been shown in O. Struve’s spectroscopic studies of the two systems.” As 
in the case of SX Cassiopeiae, the photometric results are in full accordance with the 
spectroscopic conclusions and also permit us to extend them. The envelope of the bluer 
star, together with the less dense and less extensive atmosphere of the G star, appears 
to produce a difference of radii in yellow and blue light and is probably responsible for 
the distortion of the spectrographic orbit of the A star from circular to eccentric form. 


II. THE OBSERVATIONS 


The author has estimated the brightness of RX Cassiopeiae on 2037 plates in the 
Harvard collection. The comparison stars were selected from the visual sequence de- 
termined by L. Campbell’ for the star. All the observations were reduced by Mrs. Payne- 
Gaposchkin with the assistance of Mr. Paul Deutschkron. The photographic magnitudes 
of the comparison stars were determined by the writer with reference to the photograph- 
ic sequences for SX Cassiopeiae' and XX Cassiopeiae.* The photovisual magnitudes of 


1S. Gaposchkin, Ap. J., 100, 221, 1944. 
2Ap. J., 99, 295, 1944. 3 Harvard Ann., 63, 153, 1913. 
4S. Gaposchkin, Harvard Bull., No. 900, 13, 1935. 
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the comparison stars were not determined independently; they were checked by refer- 
ence to the photovisual magnitudes for SX Cassiopeiae and XX Cassiopeiae, with which 
they were found to be consistent. The photovisual magnitudes determined for Harvard 
plates were later combined with the visual measures of O. C. Wendell’ and of D. Mar- 
tinoff,® both of which are essentially on the visual system of Harvard Annals, Volume 
63. The photographic magnitude and the visual magnitudes of Campbell and Martinoff 
are given in Table 1. The probable error of the photographic magnitudes is + 0.05 mag. 

The period given by S. Blazko,’ 32.315 days, was tested by means of all available 
minima from JD 24,150,000 to 2,431,000 and found to be correct and constant. Similarly, 


TABLE 1 
COMPARISON STARS FOR RX CASSIOPEIAE 
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| Campbell | Martinoff 
Meal 0 soe 9™10 | 8™77 8™76 
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it will be recalled that the period of SX Cassiopeiae has remained constant over an in- 
terval of 50 years. The elements of RX Cassiopeiae, derived from our observations, are 


Minimum = 2422907.750+ 329315 E. 


III. THE INTRINSIC VARIATIONS 


All the observations were reduced with the period just given. It was apparent at once 
that the variation is not perfectly regular, the deviations being such as to suggest that 
the whole light-curve is at times brighter than at other times. All previous observers had 
noted a large scatter of the observations about the mean light-curve, and Struve? re- 
marked that ‘“‘it is possible . . . . that the individual curves do not exactly repeat them- 
selves.’”’ In order to detect and examine this effect, the deviations of all the individual 
observations from the mean light-curve were determined (excluding only the 400 es- 
timations, of lower weight than the rest, made with the small-scale 13-inch [AI] camera). 
The mean deviation was determined separately for each cycle of 32.315 days. The re- 
sulting curve of residuals plotted against cycles (reckoned from JD 2,400,000 as zero 
point) is shown in Figure 1. A rather regular fluctuation in the mean light-curve is ap- 
parent from the figure; its period is found to be 517.6 days and its range about 0.45 
mag. (both these values being the mean of independent determinations by Mrs. Payne- 
Gaposchkin and the writer). The observations cover 515 eclipsing cycles; and, as the 
figure shows, each long-period cycle is covered by sufficient observations to establish the 
reality and periodicity of the changes. Several other eclipsing stars are known in which 
an intrinsic variation is superimposed on the eclipsing light-curve, notably e Aurigae, 
¢ Aurigae, VV Cephei, and S Doradus. None of these, however, has shown a variation 
of such large range and long period. The peculiar eclipsing variable W Serpentis,*® which 


5 Harvard Ann., 69, 190, 1913. 
6 Trudi Obs. U. Kasan, No. 26, 18, 1930. 
7A.N., 172, 57, 1906. 8S. Gaposchkin, Harvard Ann., 105, 511, 1937. 
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bears a strong resemblance to RX Cassiopeiae, both in light-curve and spectrum, has an 
additional variation of about the same range and a period of about 270 days. The RV 
Tauri stars are known to display a similar change in mean brightness, a notable example 
being DF Cygni, which has been shown by Miss M. Harwood? to display a double peri- 
odicity of 49.9 and 790 cays. The photometric elements of the intrinsic variation of RX 
Cassiopeiae are: 


Maximum = 2422864.8+ 51796 E: 


e Maximum = 9"'82 ; Minimum= 10728. 


The rise is apparently rather steeper than the fall of brightness, and the variation sug- 
gests that of a Great Sequence variable. The possibility of attributing the variation to 
one or other of the components is discussed in a later section. 





+0.2 


























Fic. 1—Long-period variation for RX Cassiopeiae. Abscissas are epochs of the eclipsing light-curve, 
reckoned from JD 2,400,000 as zero. The first recorded epoch is No. 451; the last, No. 962. Short vertical 
lines mark intervals of ten epochs (323.15 days). Ordinates are photographic magnitudes, reckoned from 
mean brightness. 


IV. THE PHOTOGRAPHIC LIGHT-CURVE 


The observations from 1631 AC plates were combined into the normal points given 
in Table 2. 

Figure 2 shows the mean light-curve in the photographic wave length. The form of 
the curve is quite extraordinary for an eclipsing star. There are two outstanding charac- 
teristics that render it unusual: there is a great difference in the brightness of the two 
maxima, and there is a peculiar drop in brightness just before the beginning of the pri- 
mary minimum. 

The difference in brightness of the two maxima is so remarkable that confirmation 
of its reality is desirable. About 400 additional observations were made from plates taken 
with the 14-inch AI camera; and these were reduced independently, forming the mean 
light-curve given in Table 3. There can be no doubt that this light-curve shows the same 


® Harvard Ann., 105, 521, 1937. 
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effect as the other; the AI normal points are shown by circles in Figure 2. It is worth 
mentioning that some unpublished photographic observations of RX Cassiopeiae, found 
among Miss H. S. Leavitt’s papers, show exactly the same effect. Many eclipsing vari- 
ables are known to show the so-called “‘periastron effect,” but this usually amounts to 
two or three hundredths of a magnitude; in RX Cassiopeiae the difference is 0.16 mag. 
In all our photographic studies of eclipsing stars we have not encountered anything like 
this difference, except perhaps with W Serpentis. It is not possible to deduce the relative 
dimensions of the components of the system by ordinary methods without making an 
arbitrary adjustment of the maximal brightness in the light-curve. 

The drop of brightness before primary minimum is not so conspicuous and seems to 
be an unstable and temporary feature of the light-curve. It is shown also by the light- 
curve from the AI plates, as may be seen from Figure 2. It resembles the “‘flash”’ in the 


TABLE 2 


PHOTOGRAPHIC MEAN LIGHT-CURVE OF RX CASSIOPEIAE (AC PLATES) 


=: 
Phase* IPg Phase IPg : Phase IPg 
} 
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: lee 10.29 50 O47....:...1 OS 10 O.908........1, See ae 
486 ....| 10.30 50 a...; 10.56 10 
0.525........| 10.19 | 50 || 0.859........| 10.96 | 10 ‘TWio de | 1631 


* Reckoned from JD 2,400,000 as zero. Throughout this paper, phases are expressed in terms of the period, not in days. 


light-curve of SX Cassiopeiae just after the minimum. It has a depth of 0.08 mag.; and 
it, also, must be arbitrarily removed before the photometric solution can be carried out. 

In order to examine the effect of the intrinsic variation upon the light-curve, the ob- 
servations were divided into four sections, by reference to the long-period light-curve of 
Figure 1: 7, maximum brightness; //, falling brightness; 777, minimum brightness; JV, 
rising brightness. The four resulting mean light-curves are shown in Figure 3. In curve 
I the secondary minimum is very shallow, and the drop before primary minimum almost 
disappears; in curve JJ] the secondary minimum is deepest; and in curves //, JJ, and 
IV, separately, the drop before primary minimum is conspicuous, though it differs some- 
what in phase in the three curves. Table 4 gives the magnitudes of maxima and minima 
for the four mean light-curves. 

The light-curve shows well-known features common to many eclipsing systems: a 
marked ellipticity (more or less the same from both maxima), and a somewhat asymmet- 
ric primary minimum, the rising branch being slightly steeper than the falling one. The 
maxima are consistent with a constant period. The determination of the dimensions of 
the system will be carried out by means of the modified mean light-curve in Section VI. 
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Fic. 2—Mean light-curves for RX Cassiopeiae. Above, the visual observations of Wendell and Mar- 
tinoff and the Harvard photovisual estimates combined into one light-curve. Below, photographic curve 
from Harvard plates. Dots, AM plates (50-point and 10-point means); circles, AI plates (20-point and 


10-point means). 


TABLE 3 


PHOTOGRAPHIC MEAN LIGHT-CURVE OF RX CASSIOPEIAE (AI PLATES) 
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* Reckoned from JD 2,400,000 as zero. 
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Fic. 3.—Light-curves of RX Cassiopeiae at four stages of the long-period fluctuation: 7, maximum; 
IT, falling brightness; 777, minimum; JV, rising brightness. Symbols are indicated in the figure. Visual 
curves above; photographic curves below. 











Curve Maxi Mine 
Bs: wateuane | 9mg7 1014 
i. | 10.01 10.25 
HII. | 10.14 10.52 
IV | 10.00 10.36 
| —___— 
Mean......| 10.04 10.32 


TABLE 4 
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MAGNITUDES FOR INDIVIDUAL MEAN LIGHT-CURVES 








A, Az 
1=20 0@17 
1.16 0.24 
1.04 0.38 
1.09 0.36 
1.01 0.20 
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V. THE VISUAL LIGHT-CURVE 

The 31 photovisual observations made on Harvard plates showed a considerable 
scatter; and this, together with their small number, precluded their use in forming a 
photovisual light-curve. I have therefore combined them with the visual observations 
of Wendell’ (123 observations) and Martinoff® (170 observations). The same comparison 
stars and practically the same magnitudes were used for all. The visual mean light-curve 
is given in Table 5 and in Figure 2. The observations were combined with equal weight. 

Like the photographic light-curve, the visual light-curve shows intrinsic fluctuations. 
This may be seen from the great scatter of Martinoff’s observations, which are distrib- 
uted over a considerable interval. Wendell’s observations show less scatter, but it ap- 
pears that almost all of them were made at the maximum of the long-period fluctuations. 
In order to examine the effect of the intrinsic variations on the light-curve, the observa- 
tions were subdivided in the same groups as were formed for the photographic light- 
curve, the photographic long-period light-curve being again used to decide whether an 
observation should be assigned to curve J, //, JJ, or JV. It was found that curves J 
(bright) and /// (faint) were sufficiently represented, and the mean curves for these two 


TABLE 5 


VISUAL MEAN LIGHT-CURVE OF RX CASSIOPEIAE 


Phase* Vis. Mag. Phase | Vis. Mag. Phase Vis. Mag. 
0.038 ore > 8™70 a9. s.. = Qm()9 0: 775... 8™86 
099... : 8.65 O52)s5.. a 8.99 818 9.13 
5363: . 8.65 484... 4d 8.84 870 9 47 
.259 eee: 8.83 Sad... | 8.76 907 9 24 
305 ak ; 9 01 646 a 8.70 930 8.93 
ae 9.06 715 8.73 975.. 8.83 


UL Se eae 95 0.758. . .| 8.78 0.994... 8.78 


* Reckoned from JD 2,400,000 as zero. 


groups are shown in Figure 3. The effects of the intrinsic variation are corroborated; but 
the small number of visual observations makes it impossible to compare the curves 
directly, since it cannot be assumed that the curves are truly ‘‘synchronized.” A special, 
simultaneous study of the photographic and visual light-curves, a cycle at a time, would 
be necessary to do this. 

The visual light-curve shows two minima, agreeing in phase with those of the photo- 
graphic light-curve. The secondary minimum is relatively more pronounced than in the 
photographic curve. The maxima show a difference of only 0.06 mag., as compared with 
0.16 mag. for the photographic curve. The minima are of longer duration, and the ellip- 
ticities greater, than those obtained from the photographic curve. These conditions are 
‘a repetition of those found for SX Cassiopeiae. It is unfortunate that there is for RX 
Cassiopeiae no visual light-curve comparable in accuracy with the visual light-curve 
determined for SX Cassiopeiae by R. S. Dugan. The mean visual light-curve suggests 
that the primary minimum occurs slightly earlier than for the photographic light-curve; 
it gives an eccentricity equal to zero, which does not contradict the results from the 
photographic curve. Both photographic and visual light-curves are in full agreement 
with the spectroscopic observations of the G3 component by Struve, and the whole situ- 
ation is similar to that found for SX Cassiopeiae. The adopted values for the visual light- 
curve are as follows: 


Max, Max, Min Min, A, ye 


8764 | 8770 | 947 | m4 | 080 | 047 
} 
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VI. THE PHOTOGRAPHIC DIMENSIONS 


Since the discovery of RX Cassiopeiae on Moscow plates by Mme L. Ceraski!® in 
1904, only two photometric solutions have been carried out. H. Shapley" used the few 
visual observations of O. C. Wendell’ to compute the relative dimensions of the system, 
which he assigned to the third-class orbits of considerable uncertainty. Recently Struve? 
has used the visual light-curve of Martinoff,° in combination with his own spectroscopic 
observations, in deriving the relative dimensions. The important quantities deduced by 
Shapley and by Struve are tabulated below. Since we have added little material to the 
mean visual light-curve, our final visual dimensions are similar to those shown in Table 
6 (see Sec. VII). 

The photographic light-curve was ‘‘corrected” in respect to the two peculiarities 
mentioned in Section IV. Between phases 0.48 and 0.69 a constant correction of 0.162 
mag. was added to the magnitudes, thus removing the great difference between the maxi- 
ma. To remove the dip before primary minimum, the five points at phases 0.699, 0.725, 
(0.750, 0.777, and 0.809 were combined into one mean, with magnitude 10.26. After mak- 
ing these corrections, the ellipticity of the components (assumed similar for the two) was 


RELATIVE DIMENSIONS IN THE SYSTEM OF RX CASSIOPEIAE 





Shapley (U) Struve 
Inclination (2). 83° = 
Major axis, G3 component........ 0.27 0.50 
Major axis, A5 component . . 0.27 0.13 
Luminosity, G3 component. . 0.57 0.67 
Luminosity, A5 component 0.43 0.33 
Ratio of surface brightnesses 1.3 7.3 
Ellipticity of components 0.81 0.67 


| 
| 


determined, in the usual manner, to be 0.21. The light-curve was then rectified, and the 
rectified ranges were found to be 


A, = 10796 — 10702 = 0"94 ' 


A, = 10711 —10°02 = 0709. 


It appears that the eclipse at primary minimum is total, with a duration of totality about 
0°02. The asymmetry of the minimum and the raggedness of the slopes (which are prob- 
ably results of the intrinsic variation and are difficult to remove) persist in the rectified 
light-curve. 

It has already been shown for SX Cassiopeiae that the conventional correction for 
darkening does not give significantly better results than the uniform solution. It is prob- 
able that for stars with extensive and dense atmospheres the law of darkening will differ 
from the simple form usually adopted. With these considerations in mind, an undarkened 
solution has been adopted for RX Cassiopeiae. 

For minima of the depths given above and for a total eclipse the ratio of radii is found 
to be 0.43. The major axis of the G3 component (in front during primary minimum) is 
0.391; the inclination of the orbit, 78.8°. The major axis of the smaller (A5) component 
is 0.168; the ratio of surface brightnesses, 7.2; and the ratio of luminosities, 1.31. 


10 4.N., 164, 218, 1904. 
' Princeton Contr., No. 3, 1915; Ap. J., 38, 158, 1913. 
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VII. THE VISUAL DIMENSIONS 


Our visual light-curve combines all the available observations, and it seems to be 
worth while to re-examine the visual dimensions. We have proceeded exactly as with the 
photographic observations, except that there was no need to make arbitrary “‘correc- 
tions” to the maxima. Adopting the mean light-curve that refers to the maximum of the 
intrinsic variation, we find for the ellipticity a value of 0.30, larger than that derived 
from the photographic light-curve. As for SX Cassiopeiae, it seems, therefore, that the 
G component shows the greater effect of ellipticity. 

The rectified light-curve gives the following minima: 


A, =9™17 — 8768 =0™49, 
Az = 8783 —8768 =0™15. 


The rectified light-curve gives no indication of totality; and, as the ranges are small, the 
ratio of radii is difficult to determine. Therefore we shall use the photographic light-curve 
as the basis of further discussion. There seems to be no contradiction in assuming that, 
though radii and effective temperature may differ in visual and photographic light, the 
inclination of the orbit will be the same for both. We assume that the photographic in- 
clination is applicable to the visual curve. Then we can compute several values of the 
relative radius of the larger component—the ratio of radii, the eclipsed area, and the 
function p—as given by Russell and Shapley in 1912, in order to see which ratio of radii 
is consistent with the photographic inclination. After several trials the ratio 0.8 seemed 
to be the most satisfactory, as compared with the values 0.4, 0.6, 0.7, and 0.9. The value 
0.8 is close to that adopted for the visual observations by Shapley." 


VIII. COMPARISON OF PHOTOGRAPHIC AND VISUAL DIMENSIONS 


The results obtained in Sections VI and VII are collected in Table 6. It is seen that the 
blue component is much smaller in photographic light than it is in visual light—a result 
that recalls the conspicuous difference found for SX Cassiopeiae.! Another interesting 
result is that the smaller component is brighter, both visually and photographically, 
even though Struve finds that the G spectrum predominates at all phases. 


IX. THE ABSOLUTE DIMENSIONS 


Although Struve has observed both components, he does not consider that the veloci- 
ty-curve of the A5 component can be treated as the true orbital velocity, from analogies 
with SX Cassiopeiae and U Cephei. The velocity-curve of the G3 component is, however, 
assumed to reflect the orbital motion; it is circular in agreement with the photometric 
results. It should be noted that the mass function for the G component is rather small for 
a giant star if the components are assumed of approximately equal mass, in conformity 
with the observed similarity of range of the velocity-curves. If, on the other hand (as 
seems likely), the distortion of the velocity-curve of the A5 component has increased the 
semiamplitude, the actual range is smaller, and the mass of the A5 component is accord- 
ingly greater than that of the G3, both being very small (smaller than the sun). Because 
of this uncertainty, we shall appeal to an indirect method of arriving at the absolute 
dimensions, to see whether the results are compatible with those derived by Struve. In 
general, the agreement is satisfactory. 

The masses are computed by the method developed by the author,” which reposes 
on Kepler’s third law, the Stefan-Boltzmann law, and an adopted mass-luminosity rela- 


12S. Gaposchkin, Harvard Reprint, No. 201, 1940. 
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tion. The temperatures were adopted according to a table compiled by the writer:!* for 
the AS and G3 spectra the values of temperature used were 7000° and 4500°, not far 
from the 8000° and 5000° used by Struve. 

Since the photographic light-curve is far better observed than the visual, we assume 
that the “photographic” results are the more correct. If the computation is reversed, 
so as to calculate what effective temperatures, used in conjunction with the “visual” 
results, would give the same masses as the photographic curve, we find 5400° for the A5 
star and 4800° for the G3. In other words, the energy distribution for the blue star must 
be greatly distorted. 

TABLE 6 
RELATIVE DIMENSIONS FOR RX CASSIOPEIAE 
PHOTOGRAPHIC AND VISUAL 








| 

Photographic Visual 
ST 1c, a ee ae, 10™02 8™68 
MAM To bo beh ot os pctoree., 11713 9m47 
RI ns os 5 nok ce ie woe 10™32 9™14 
Major axis, G3 component........ 0.39 0.36 
Major axis, AS component... :.... 0.17 0.28 
RGUG OR TOGH. . oc. ovc us kek sie: 0.43 0.8 
Ratio of surface brightnesses..... . ie: 2.8 
Duration of eclipse... ... 0.55605 | 0?160=542 0?178=547 
Duration of totality......... .... | OpepeeOSS: bos. n iccoe eek coeds. 
ECR geile hic kee: 78 .8° 78 .8° (adopted) 
Luminosity, G3 component....... 0.43 0.36 
Luminosity, AS component....... .| 0.57 | 0.64 


TABLE 7 
ABSOLUTE DIMENSIONS FOR RX CASSIOPEIAE 














Photographic Visual 
Mass, A5 component...... .... 6.8 © 10.1 © 
Mass, G3 component...... ey 6.6 © 5.8 © 
Mean radius, A5 component... . | 16 © 26 © 
Mean radius, G3 component... . | a 32 © 
M.i2, AS component. ........... — 1.9 — 1.7 
M,i2, G3 component.......... | 4 — 1.4 


We adopt the approximate value of 7 © for the masses of both stars and compute the 
mean radii. The other dimensions follow in the usual manner, and the results are sum- 
marized in Table 7. 

The chief result of physical importance is that the earlier component has a much 
smaller photographic than visual radius. An exactly similar result was obtained for SX 
Cassiopeiae. In other words, we have here another illustration of the principle that ‘“ra- 
dius,” at least for some stars, must be precisely defined and the simple conception of a 
definitely bounded disk modified. 

The distance between the centers of the stars is determined to be 103.2 ©, or 7.17 X 
10’ kilometers. 


13C, Payne-Gaposchkin and S. Gaposchkin, Variable Stars, p. 50, 1938. 
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X. ANALYSIS OF THE INTRINSIC VARIATION 


In attempting to discover which of the two components is responsible for the intrinsic 
variation, it is necessary to determine how great must be the variation of one component 
in order to produce the observed effect on the mean light-curve. From a comparison of 
curves J and /// for visual and photographic light (Secs. IV and V) the ranges in bright- 
ness at the maxima and minima were determined (see Table 8). 

Probably the photographic values, based on more reliable light-curves, are more sig- 
nificant than the visual. From Table 8 it is difficult to say which component is respon- 


TABLE 8 
INTRINSIC VARIATION FOR RX CASSIOPEIAE 


| | 
| PHOTOGRAPHIC | VISUAL 





| 

| 

MEAN RANGE MEAN RANGE CHANGE OF MAG. | CHANGE OF Mac. 

| Pc. Pc. | Vrs, | VIs. | 7 | 

Mac. Mac. Mac. Mac. } 

| | A Var. G Var. | A Var. G Var. 
Maximum). . 10.04 | +0.17 | 8.84 | +0.34 | 0.28 | 0.36 | 0.50 | 0.82: 
Maximum, 10.18 a7 | 6:82: 1 28 42 56 | .40 | 70 
Minimum).......| 11.13 21 Ried eee Ps Reena ae 50 | War rat 
Minimum:...... | . Oy33 +0.40 9.11 +0.29 | 0.64 | 0.82 | 0.40 0.70 

Sere ane ae POSTER ENS, Me caccosst O48 1 O56 | O43 | O78 


TABLE 9 


PRINCIPAL MINIMUM—PHOTOMETRIC AND SPECTROSCOPIC PHENOMENA 


Phase* Spectroscopic Photometric | Conclusion 
—0.13.............| H lines appear normal Small drop of 0.1 mag. 
re ..| Red emission stronger | Beginning of eclipse | Violet side eclipsed 
— 0005 ....5.. ....| Red seven times violet, violet al- | Beginning of photo- | Most of the violet 
most gone; red much brighter graphic totality | eclipsed 
than blue continuum 
UN rer | Violet begins to protrude; emis- | The end of totality | Red begins to be 
| sions are single | eclipsed 
DIOS ood Sais Shawl | Violet much stronger than red | Eclipse almost over Red extends to larger 
| but not in ratio 7:1 | | height than violet 
SO rN chee. Spectrum almost normal | Out of eclipse 
Maximum)......... Lines of A spectrum weakened; | Much brighter than | Asymmetrical distri- 


cores of Hf missing Maximum, bution of material 


* Reckoned from minimum. 


sible for the intrinsic variation. The photographic light-curve suggests that the AS star is 
variable, because the intrinsic variation seems largest during secondary minimum. This 
is in line with the statement of Struve that it is the A component and its envelope that 
undergoes changes (during the eclipsing cycle), not the Gcomponent. On the other hand, 
variability of this type and period has never been found for an A supergiant, whereas 
for a G supergiant it would not be particularly abnormal. Further observations are 
needed to decide the question. It is, of course, possible that the intrinsic variation affects 
the whole system and that the components affect one another, as those of R Aquarii 


appear to do.'4 


14 C, Payne Gaposchkin, unpublished. 
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XI. COMPARISON WITH SPECTROSCOPIC RESULTS 


In conclusion, we shall summarize the relation between some of the photometric and 
spectroscopic phenomena. The observations during eclipse are summarized in Table 9. 

{t is interesting that Struve finds the G component always visible, while the A is 
strengthened only during secondary minimum. All of Struve’s observations, it should 
be noted, were made during the maximum of the intrinsic variation. Observations at the 
minimum would be of interest in the study of the relative strength of the two spectra. 
At wave length 4000 Struve found that the intensities of the components are approxi- 


SX Cassiopeiae RX Cassiopeiae 
V R V ge R 
-~ / ‘\ 
Fs ms / \ 
; ' ! 
(Oo J ) A component | i\ } 
\ “ i f 


4 - \ 
: \ 
\ a) 
} (5 component 
\ /, 
be all 7 





Fic. 4.—Comparison of the systems SX Cassiopeiae and RX Cassiopeiae. Sizes of the systems and 
the stars are drawn to scale. The continuous lines show the photographic dimensions; the broken lines, 
the visual dimensions. Arrows show the motion and approximate extent of the gaseous envelopes of the 
A components. 


mately equal. This is not in contradiction with our photometric results. The fact that 
the G absorption spectrum does not disappear during secondary minimum is also com- 
patible with the inclination and relative dimensions derived in this paper. The seemingly 
contradictory fact of a total eclipse for the photographic and of a partial eclipse for the 
visual light-curve is explained by the difference in the relative apparent radii. In the 
system of SX Cassiopeiae this apparently contradictory situation did not arise, in spite 
of the difference in photographic and visual radii, because the inclination is nearly 90° 
and the eclipses are in both cases total. 
The dimensions of the two systems are compared in Figure 4. 
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ABSTRACT 


The star HD 214419, recently studied as a spectroscopic binary by Hiltner, is found to be an 
eclipsing binary, with a period of 1.641272 days and a 8-Lyrae light-curve. The elements are: Min. = 
JD 2422287.501 + 1.641272 days. The ranges are 0.342 and 0.300 mag. on the IPg scale; the Wolf- 
Rayet component is eclipsed at primary minimum. The second spectrum is not seen but is computed to 
be B1. The dimensions are: W star: major axis, 0.323 (= 5.92 ©); minor axis, 0.293 (= 5.37 ©); mass, 
13.9 ©; Myi, = —2.5. B star: major axis, 0.359 (= 6.58 ©); minor axis, 0.326 (= 5.97 ©); mass, 16.7 ©; 
M,. = —2.6. Ratios of surface brightnesses and of luminosities (W : B) are 1.14 and 0.92. The W com- 
ponent of this system has a striking similarity, in its physical properties, to the W component of the sys- 
tem V 444 Cygni. The inconsistency between the spectrum and effective temperature of the latter is 
shown to be removed by the theory of Kosirev for stars with deep envelopes. 


I. INTRODUCTION 


The star discussed in the present paper (BD+56° 2818; a=22531™15s, 5=+56°9/4, 
8.9 mag., 1855) was brought to attention by D. B. McLaughlin and W. A. Hiltner,! who 
found it to be a spectroscopic binary. While engaged in a general survey of the possible 
variability of Wolf-Rayet stars, I found that the star is variable. Dr. Hiltner was so 
kind as to send me the manuscript of his paper on the spectroscopic study of the star be- 
fore publication.* The present paper contains an account of my observations on the Har- 
vard patrol plates, which reveal the star as an eclipsing variable, the second of its kind to 
be detected. 

OBSERVATIONAL MATERIAL 


THE PERIOD AND ITS VARIATION 


Hiltner derives a period of 1.6410 days. In order to verify this period, use was made of 
214 observations of minima, obtained from single plates. A discussion of these minima 
has resulted in a small correction to the period, which is found to be 1.641272 days. All 
the observations were reduced with this period; and 15 independent light-curves, each 
covering 1000 days, were formed from the 1795 photographic estimates. The phase of 
minimum (primary and secondary) was determined independently by two persons for 
each light-curve, and an unweighted mean of the two estimates was adopted. Table 1 
gives the phases of minima for the 15 light-curves. Figure 1 shows the results fo Table 1. 
The mean interval from primary to secondary minimum is 0°5172 instead of 05000, as 
it would be if the minima were equally spaced. There is no relative shift of the minima 
during the interval, so that it may be that we have here the case of a “third body”’ rather 
than that of ‘‘apsidal motion.” The excess over half a period may be interpreted as a sign 
of a small eccentricity, which (if real) would be about 0.03, too small to be detected by 
ordinary spectroscopic means. Hiltner’s assumption that the eccentricity is zero seems, 
therefore, to be justified. 

If the change of the period be supposed to be periodic, our observations show that the 
period must be at least 80 years. The change of the period, whatever its cause, adds to the 


1 Pub. A.S.P., 53, 328, 1941. 
2 Pub. A.A.S., 10, 251, 1942. 
3A p. J., 99, 256, 1944; McDonald Obs. Contr., No. 91, 1944. 
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TABLE 1 
PHASES OF MINIMUM FOR HV 11086 











| 
| | | ha 
| Phase of | Phase of No. of Obs. 
ns. 2D | Primary Minimum* | Secondary Minimum* | vs 
| | 7 | Light-Curve 
ie le | 0.370+0.003 | 0.898+0.002 | 59 
ee 398+ .002 | .910+ .004 | 146 
| SES, 392+ .002 | 918+ .002 145 
2 RRS .420+ .000 945+ .004 116 
a S 421+ .001 | .950+ .000 57 
, Saoea 430+ .005 | .955+ .004 78 
, Rae | 428+ .002 | .960+ .000 124 
RM os. eck 399+ .000 | .920+ .000 232 
, Re: 412+ .002 | 920+ .000 195 
Sees 408+ .002 | .908+ .002 114 
, | a 398+ .002 | 900+ .004 128 
i | 403+ .005 | .902+ .002 86 
, i eae 352+ .005 | 865+ .004 120 
ETE ERR 360+ .000 | 885+ .003 92 
cy ae 0.342+0.002 0.855+0.002 | 103 
NI shin 2s Bairro ve oa Seu aR ron ee a 1795 
eS ys. 0.3955 UG o Toke Bees 





* Reckoned from JD 2,400,000 as zero and expressed in terms of the period. 
¢ Standard curve, with which others were compared. 
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Fic. 1.—Change of period of HV 11086. Ordinates and abscissas are phases of minimum (primary 
above, secondary below) and Julian days. 
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complications that are introduced into the study of Wolf-Rayet stars by their inclusion 
among eclipsing systems. 
II. COMPARISON STARS 

The original observations were made in terms of a scale unit, which facilitates the 
procedures of observation and reduction. The scale units, the value of which was later 
determined, are almost linearly related to the international photographic magnitudes. 
Five plates, with exposures from 51 to 130 minutes, were used to determine the photo- 
graphic magnitudes, relative to the photographic sequence determined by V. P. Gerasimo- 
vit‘ for SX Cassiopeiae, which I have independently redetermined and confirmed. Three 
fundamental comparison stars were used, and two others (BD+56°2795 and BD+56° 
2797) furnished a check. The adopted magnitudes and their probable errors are given in 


TABLE 2 


COMPARISON STARS FOR HV 11086 


Designation BD | IPg Spectrum 
eae ana +56°2813 8™74+0704 A3 
Cer ee +56°2815 8.86+ .03 AO 
Oe, xis uate Sarees +56°2808 9.53+0.03 A Patra tie 


TABLE 3 
MEAN PHOTOGRAPHIC LIGHT-CURVE OF HV 11086 


| | 


Phase | IPg | tg Phase IPg | — Phase IPg —* 
an | 9m28 | 50 || 0.391 ..| 9™49 | 20 || 0.747....... gm19 50 
een ee = ae 402 it ae ot ae 9.24 50 
en ae 409 | 03 | 2 H .906.........) 9.29 50 
wet ...... 2.1 ae 50 OOS. Be a Ok 50 
| 9.18 | 486.........] 945 | ee eae © 50 
(pe ie 2 ae 9.36 | 50 _ ee 9.42 20 
. ee ee 497 1 eae a ae 08.........) 9.44 20 
Misc .ncf Oat) OE. Oe......<c1 Oa 1 ee DT MS... .... 9.41 | 20 
| ey Be a. Sea ae a eS 20 
RE aS = h S..... a? 22. 5 See 9.40 20 
6... 03) SR i 46... ..... 9.20 | 50 || .956......... | ea 50 
: rer a i 60...136. Se 1 eee... 232. | 9.33 | 45 
OS be: 2. 3 a See 9.19 | 50 | - 
ew -| ee | ce Oe eee ree 1795 
S| ies | 9.46 i ee 9.19 | 50 | 
| | | | | 





Table 2. The color of star ‘‘c”’ indicates that it is not a red star, probably also around 
class A. The color of star “‘a” is consistent with its spectral class; it is slightly redder 
than star “b,” which is the best comparison star from the standpoints of color and con- 
stancy, though not of position. On the whole, HV 11086 is situated favorably with re- 
spect to the comparison stars. 


III. THE PHOTOGRAPHIC LIGHT-CURVE 


I have obtained 1795 observations from individual patrol plates; each plate was es- 
timated only once. All the observations were reduced, and the phases corrected for the 
change of period, by Mr. Paul Deutschkron. Table 3 contains the mean photographic 


4 Harvard Bull., No. 892, 1927. 
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light-curve. Phases are reckoned from JD 2,400,000 as zero and are expressed in terms of 
the period. 

The light-curve (Fig. 2) shows two well-defined minima, of approximately equal 
depth, and the character of -a 8 Lyrae curve. The two halves of the light-curve are 
not quite similar, as may be seen from the following tabulation: 


Max, = 9178 Min; = 9520 A, = 0342 
Maxs = 9™170 Mins = 9™470 A» = 0300 
Minimum = 2422287.501 + 14641272 E 


IV. THE PHOTOVISUAL OBSERVATIONS 


I have used 31 photovisual plates, most of them at about the middle of the interval 
covered by the photographic plates. The photovisual magnitudes of the comparison stars 
were not determined independently; since they are all close to spectral class A and since 
the photovisual plates are few in number and of low weight in quality, I have limited my- 
self to general inspection. There is no doubt that the variation in visual light is real, 
though it seems to be slightly smaller than in photographic light. It is especially note- 














Fic. 2.—Mean light-curve of HV 11086 from 1795 photographic estimations. Ordinates and abscissas 
are photographic magnitudes and phases (in periods, reckoned from JD 2,400,000). 


worthy that the existence of two mimima is confirmed. In this connection the observa- 
tions made by Hiltner with the Yerkes 40-inch refractor should be mentioned. He seems 
to have been unable to detect our principal minimum (when the Wolf-Rayet component 
is eclipsed). It is not at all improbable that the visual and photographic light-curves of 
an eclipsing system such as the present may differ considerably (as has been shown, for 
example, for the supergiant eclipsing system SX Cassiopeiae’). Future detailed observa- 
tions in yellow and red light will, no doubt, reveal interesting features of the system. A 
small over-all variation of the light-curve from cycle to cycle is not improbable. 


DISCUSSION 
I, GENERAL 


From a consideration of the number of observations in one normal point, and the de- 
duced mean error of +0.086 mag. for a single estimate, we conclude that the mean ac- 
cidental error of one normal point is less than +0.02 mag. Errors of scale and zero point 
in the magnitudes of the comparison stars do not affect our mean error appreciably, 
though they would contribute to systematic errors. 


5 §. Gaposchkin, Ap. J., 100, 221, 1944. 
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II. ELLIPTICITY OF THE COMPONENTS 


A first evaluation of the effective ellipticity of the components (on the assumption that 
they are similar in shape and that they are in alignment) was made by reducing both 
maxima to one by the formula 

Am = —0007 sin 6, 
where @ is the elongation angle from the primary minimum. The effective ellipticity, 2, 
was determined graphically, in the usual manner, to be 0.155. By rectifying all the ob- 
servations with this value of z, a preliminary value of 33° was obtained for 0. 

Since the two halves of the light-curve display a difference not only of maxima but of 
minima, I have used the two halves of the (reflected) light-curve independently in de- 
termining the ellipticity of the components. In the same graphical manner the ellipticities 
for the two halves of the light-curve are found to be 0.170 and 0.200 for the primary and 
secondary minima, respectively. As a final value for z, I have adopted the mean of 0.155 


TABLE 4 
RECTIFIED LIGHT-CURVE OF HV 11086 





Phase a IPg 








| | 

Phase IPg | Phase | IPg ! Phase ane . | 

sinner | | | 
.s..:5-4 Se | SP... | 9366 | 43.92°......] 9m186 | 73.08°.....) 9180 
oS Sees 9.412 || 23.76...... | 9.303 || 54.10....... 9.186 || 82.80...... 9.178 
_ eee | 9.400 || 33.12...... | 9.209 |} 63.72....... 9.178 || 90. 00.0. 9.180 

| | | | I 








and 0.170, or 0.162. The rectified light-curve is given in Table 4. From this table the two 
amplitudes and the elongation angle are determined to be 


A,=0°257 ; A,=0"215; 6 = 36°. 


III. RELATIVE DIMENSIONS OF THE SYSTEM 


It may be recalled that the system of 6 Aurigae, with its minima of 0.09 mag. depth, 
had a considerable indeterminacy in respect to the ratio of the radii. But by making the 
legitimate assumption that the ratio, k, is 1.00, this star became a cornerstone in the 
knowledge of stellar dimensions and stellar structure. The rectified minima of HV 11086 
are much deeper than those of 6 Aurigae, but nevertheless they are far from 0.75 mag. 
Therefore, as in the case of the other Wolf-Rayet eclipsing variable, V 444 Cygni, we 
shall determine a value of & with the aid of some other data than the purely photomet- 
ric results. Since the peried of the star is short and the two halves of the light-curve 
do not differ greatly, we may, toa first approximation, adopt k= 1.00. Later this assump- 
tion can be modified. A few remarks must first be made concerning the nature of the 
problem. 

Evidence accumulates of the existence, in certain eclipsing systems, of extensive rotat- 
ing and expanding atmospheres or envelopes to one or even both components; the sys- 
tems of 6 Lyrae, RY Scuti, V 444 Cygni, and SX Cassiopeiae will serve as examples. 
For such systems the ordinary conceptions and computations of the sizes of components 
are incomplete. Whether we express this idea in terms of an extraordinary limb darken- 
ing or in terms of different radii in different wave lengths is more a formal than a physi- 
cal question. The Wolf-Rayet component ejects atoms with high velocity, and therefore 
we cannot (as N. Kosirev® has shown) employ the conventional law of darkening or use 
the ordinary conception of the “‘size” of the star. Nevertheless, there is no reason to 


§ M.N., 94, 430, 1934. 
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doubt that the radii that are obtained by the conventional discussion of our light-curve 
have some meaning. In what follows we shall call the radii obtained in this manner the 
“photographic radii.” 

With this restriction, we apply the formula (in the conventional notation) 


1—xX 
a= 1—-u+—Z-, 


with the adopted value 1.00 for & and assuming uniform brightness. We obtain ap= 
0.383 and the function p(k, ao) = +0.017. Then, from the formula 


sme 
sin? 6 
a? — a? 


1 “2 (1+k)?2(1 — z cos? 0) —(1 —2z) [1 +R (R, ag) 2 cos? 8 





we find a@;=4a2=0.339A, where a; and a2 are the major axes of the components and A is 
the distance between their centers. From the formula 


cost=a,(1—2) [1 +kp(k, ag) ] 
we find that i= 73°12’, &=z cosec? i=0.1769, and b=0.907a. 


IV. THE ABSOLUTE DIMENSIONS 


After applying the small correction to the velocity-curve, derived from the change of 
period, I have found from the velocities of NV rv 4058, published by Hiltner,* that the 
W component is eclipsed at primary (deeper) minimum. The agreement between the 
photometric minima and the spectroscopic orbit is very good. However, although there is 
no doubt of the existence of the secondary minimum, which implies the existence of a 
secondary component of surface brightness almost equal to that of the W component, 
this secondary component is not seen spectroscopically: Hiltner found no trace of a sec- 
ond spectrum. This camouflage of one of the components is not a new phenomenon, and 
it seems to be associated with the existence of an extended envelope with a bright-line 
spectrum. Stars such as UW Canis Majoris, V 343 Scorpii, and VV Cephei have bright- 
line spectra of this kind; and the line spectrum of the second component is not visible, 
although photometrically the stars are probably equally bright. 

In deriving the absolute dimensions, I have used the mass function given by Hiltner: 


f=4.380, 


referring to the W component. Usually it is assumed that the spectroscopically unob- 
served component is the lighter. Such an assumption might find support in the high el- 
lipticity of the components, but the latter is so sensitive to mass ratio that it is sheer op- 
timism to use the ellipticity for determining the mass ratio. 

We need not necessarily require that the spectroscopically visible component is the 
heavier. If we assume that the invisible one is heavier (calling it the ‘‘first’”’ component, 
as being in front at primary minimum), then, for a mass ratio 1.4 we should find for the 
W component a mass of 10.5 © practically identical with the well-determined value of 
10.2 © derived for the W component of V 444 Cygni.’ 

If the masses of the W and unseen components are 10.5 and 14.7, respectively, we can 
determine the ratio of the radii by an application of the statistical relationship developed 
for the stars of the main sequence:*® 


log R = 0.82 log Mass . 


7S. Gaposchkin, Ap. J., 93, 202, 1941. 
8§. Gaposchkin, J. R. Astr. Soc. Canada, 33, 233, 1939. 
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If this relationship is applicable to the system, the first component will be 1.33 times larg- 
er than the W component. If this ratio of radii is used in computing 4, as above, we de- 
rive an inclination of 69°, instead of 73°, as previously obtained. To bring into agreement 
k, i, and the masses, we may make the ratio of the masses close to 1.2 and the value of k 
equal to 0.90, so that the masses are 13.9 and 16.7. Then we shall obtain, as our final 
value of the inclination, 73°, with which we started. Thus the relative dimensions finally 
adopted are as follows: 


a,=0.359, a2=0.323, 06,=0.326, 6=0.293, i=73°. 


The mass of the W component, 13.9, is still near to that of the W component of V 444 
Cygni, 10.2. 

Having the masses of the components, we proceed to find the distance between the 
centers from the value of a2 sin i=6.66X 10° km, published by Hiltner. Here a denotes 
the distance from the star center to the center of gravity of the system. Then the sizes of 
the components are 


a,= 6.580 b,= 5.970 R, (mean) = 6.170 


a2 = 5.920 bs = 5.370 R. (mean) = 5.55© 


The photographic radius of the W component is, incidentally, almost equal to that of the 


W component of V 444 Cygni. 


V. THE ABSOLUTE MAGNITUDES 


To obtain the absolute magnitudes, in addition to the radii we need to know the effec- 
tive temperatures. Kosirev has shown that the effective temperature of a W star has a 
somewhat different meaning from that for an ordinary star. The first component is not 
visible spectroscopically, so that we have no idea concerning its spectral class or, conse- 
quently, its effective temperature. We can, however, approach the problem by way of 
the difference in surface brightness between the components, as deduced from the light- 
curve. 

For the system V 444 Cygni, I deduced in this fashion that the effective temperature 
of the W component is 13,070°, in glaring contrast to the excitation temperature of about 
70,000°. This effective temperature was derived on the assumption that the spectral 
class of the other component is B1 (7p about 20,000°), as given by O. C. Wilson’ and on 
the difference in depth of the two minima. Since that time, C. S. Beals!® has redetermined 
the spectrum of the second component as of class 06 (Te about 35,000°); the resulting 
effective temperature of the W star is raised to about 22,000°. At the time when the tem- 
perature of this W star was first deduced, I was not aware of the paper of Kosirev, in 
which he examines the modifications that must be introduced into the conceptions of 
radius and effective temperature for stars with extended envelopes. Our photographic 
effective temperature of 22,000° would correspond to a true effective temperature near 
60,000° (the calculations referring to a star with a radius not much greater than that of 
the sun). The apparent discrepancy between temperature and spectrum is thus entirely 
removed. 

The result for V 444 Cygni can be used to deduce an effective temperature for the 
first component of HV 11086. We assume that the photographic effective temperature is 
the same for the W components of the two systems (i.e., 22,000°). We can then compute 
the effective temperature of the first component, from the difference of the depths of the 
minima, as 21,000°, corresponding to a spectrum of class B1, for the ‘invisible’ com- 


%Ap. J., 91, 379, 1940. 10 Pub. A.A.S., 10, 304, 1943. 











4A 





WOLF-RAYET ECLIPSING VARIABLE 249 
ponent. The absolute visual magnitudes of the two components are, then, from the for- 
mula of Russell, Dugan, and Stewart, 

M,=-—2.63 ; M,= —2.46. 
The difference in the absolute magnitudes is in the same direction as the difference in the 
adopted masses and is also in agreement with the difference deduced from the light-curve 
(0.09 mag., as compared with 0.17 mag., obtained here). 
TABLE 5 


COMPARISON OF TWO WOLF-RAYET STARS 


V 444 Cygni HV 11086 
SROCERUI Cy ccsics cup erewreone j WN 5.5 WN 6 
iT ORs Aa eee 10.2 © 13.9 © 
Tc Re eee 5.8 © 5.5 © 
fll SOS ee ORS ie — 2.6 — 2.5 
O 6 comp. 
fo Eg 
/ 
i 
Bi? comp ——— 
si aN cs oe 
Me ‘ Z IN 
J \ \ 
- \ \ 
\ ‘ sy 
: ree : Effective \\ 
ger Effective oe \\ 
/ $ R oe / \ Radius \\ 
{ \ a \} 
{ cad } 1] 
‘ / | \ J I] 
a “5 }} 
Photographic Photographic I 
Rad us Radius WA 
ns Y 


Fic. 3.—Comparison between the systems of HV 11086 (/eft) and HV 11111 (V 444 Cyg). Mean 
radii are represented. The sizes of the systems, the radii of the components, and the envelopes are drawn 
to scale. The “shell” implies the size of the sphere within which the emission lines are probably pro- 
duced. The “effective radius” is that suggested by the Kosirev theory. 


VI. COMPARISON WITH V 444 CYGNI 


Some of the values deduced for HV 11086 were directly based on those obtained for 
V 444 Cygni (such as the effective temperature, and to some extent the masses); but 
most of the results are independent, and therefore a comparison of the two W stars is of 
interest. The spectroscopic work of Beals® tends to confirm the dimensions that I de- 
duced for V 444 Cygni. For the ratio of luminosities he obtained 4.9, as compared with 
my value of 5.6; and since the Lick observations have wholly confirmed the shape of the 
light-curve (especially the depths of the two minima), the deduced dimensions appear 
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to need little modification. Though the light-curves differ greatly, the dimensions of the 
W components are strikingly similar, as is shown in Table 5. 
The absolute magnitudes are very similar to those determined by R. F. Sanford and O. 
C. Wilson" for 8 WN stars and are about a magnitude fainter than the determination of 
R. E. Wilson.” 
CONCLUDING REMARKS 

If, following Kosirev, we consider that the bright lines are formed at distances of 
15 ©—25 © from the center, we may compare the relation of the envelopes to the two 
systems V 444 Cygni and HV 11086. The W stars are subject to interference by com- 
ponents of class 06 and, computationally, B1. The dimensions of the envelopes, relative 
to the systems, are represented in Figure 3. 


TABLE 6 
ABSOLUTE DIMENSIONS OF THE SYSTEM OF HV 11086 
PHOTOMETRIC ELEMENTS 


Max, = 9™178 Min; = 9520 
Maxs = 9=170 Mins = 9=470 
Minimum = 2422287.501 + 14641272 E. 


RELATIVE DIMENSIONS 


ay = 0.359 b, = 0.326 
ae = 0.323 be = 0.293 
eA Or PM ED ks Gre. o 66a pos bw Canwales 0.90 
Ratio of surface brightness.............. 12135 
AtIC Ol PRMIROBINICS oes ke bis oe bas 1.088 
PREUVANOW OLFOLOIG «oc 6 ge. os sess aerate i 


ABSOLUTE DIMENSIONS 





First Second 
Component | Component 
Spectrum...... ee B1 WN 6 
ECO ee rare 16.7 © 13.9 © 
MEGIOS. ...... besa 6.2 © Sa ©) 
Mites kirkscsesaage = 220 — 2.5 








* The star in front at primary minimum (spectroscopically unob- 
served) is denoted as the first component. 


An interesting phenomenon was observed by Hiltner at phases between 0°100 and 
0200 (our notation): A violent outburst of gases, with a velocity of about 1000 km/sec 
occurred on the two nights November 8 and November 13,1943. Our photographic light- 
curve shows a definite drop of 0.03 mag. at phase 0°15, which may possibly be significant. 
Our light-curve is a summary of the effect of about 1800 nights, spread over 44 years. If 
our slight diminution of brightness is real, it may be associated with an outburst of cooler 
gases, at a time when the B component is being uncovered by the W component; and it 
may be found to have a physical connection with the geometrical configuration of the 


system. 
A summary of the physical characteristics of the syStem is given in Table 6. 


1 Ap. J., 90, 235, 1939. 12 Ap, J., 94, 12, 1941. 








THE ECLIPSING STAR AR MONOCEROTIS 
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ABSTRACT 


The eclipsing star AR Monocerotis, with a period of 21.208 days, has a light-curve of 8 Lyrae form, as 
determined from 1441 estimates on Harvard plates. Relative dimensions were obtained from this photo- 
graphic light-curve and from a rediscussion of the visual light-curves of Florja and Lause. The relative 
mean radii of the K and the unknown components are 0.332 and 0.086 in photographic light, 0.265 and 
0.133 in visual light. The star thus shares with SX and RX Cassiopeiae the peculiarity of possessing di- 
mensions that apparently differ with wave length. Photographic and visual light-curves give values of 
the inclination of the orbit as 76.5° and 82.5°. 

On the basis of the mass function determined by Sahade and Cesco and an adopted mass ratio (?/K) 
of }, radii for the K and the unknown star are found to be 22.7 © and 5.9 © in photographic and 18.1 © 
and 9.0 © in visual light. With assumed temperatures of 4000° and 6000° for the two stars, absolute visual 
magnitudes of 0.52 and 0.96 are deduced from the photographic light-curve and 1.01 and 0.06 from the 
visual light-curve. The photographic light-curve is considerably the better determined, and conclusions 
drawn from it are regarded as of the greater weight. 


In the course of the systematic study of the brighter variable stars on the plates of the 
Harvard collection, made under a grant from the Milton Fund of Harvard University, 
the eclipsing star AR Monocerotis was estimated on 1441 plates by Mrs. Helen True- 
blood. The observations were discussed by the writer, and a summary of the results is 
given in the present paper. 

The most recent period, 21.208 days, given in the Schneller catalogue for 1942, was 
tested by means of all available minima and was found to have been correct, and sensibly 
constant, since JD 15,000. 

Photographic magnitudes of comparison stars were determined with reference to 
Selected Area 123. Photovisual magnitudes of comparison stars, used by N. Florja,! were 
determined with reference to the photovisual sequence for RV Monocerotis, published by 
S. Gaposchkin.? 

In the formation of the photographic light-curve, the 1075 estimates on the larger- 
scale patrol plates (AM camera) were first reduced (Table 2). The 366 estimates with the 
small-scale patrol camera (AI) were reduced separately and served as a check on the form 
of the light-curve (Table 3). 

Two visual light-curves have been published for AR Monocerotis by N. Florja! and by 
F. Lause;* the former gives his comparison stars, the latter does not. At first sight the 
two visual light-curves seem to differ greatly. However, when Florja’s step estimates are 
reduced by means of his own magnitudes for the comparison stars (checked by photo- 
visual estimates on Harvard plates) his light-curve is found to agree in scale with Lause’s 
and to differ only in zero point. An arbitary correction of 0.30 mg. was made to Lause’s 
magnitudes, and the two light-curves were then combined (Fig. 1). The combined light- 
curve was used as the basis for the visual solution described below. 

The relative dimensions were computed by standard methods. Both visual and pho- 
tographic light-curves present difficulties. The former is not well determined, and the 
curves of Florja and Lause differ systematically; also, an over-all variation of brightness, 
as with RX Cassiopeiae,‘ is not unlikely. The photographic light-curve shows a ‘‘flash”’ 


1 Pub. Sternberg Inst., Vol. 8, Part II, 1937. 3 A.N., 264, 109, 1937. 
2H. A., 108, No. 1, 1939, 4S. Gaposchkin, Ap. J., 100, 230, 1944. 
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after primary minimum (both AM and AI curves), as in SX Cassiopeiae.’ Both the visual 
difference and the photographic ‘‘flash” were arbitrarily eliminated. The relative dimen- 
sions are summarized in Table 4. 

TABLE 1 


COMPARISON STARS FOR AR MONOCEROTIS 


BD This Florja IPg |  HPv Florja Vis. 
Paper | 
— 4°1924. : e waters Pace oo: | Ih ; ae 
—4°1921. b c 10.45 gm3g gm3g 
ert. oper a ASS; 10.94 ee ‘ 
—4°1918. k Bes 8.42 8.56 
— 5°2076. Pe ; 9.16 9.09 


TABLE 2 
PHOTOGRAPHIC LIGHT-CURVE FOR AR MONOCEROTIS (AM PLATES) 


No. of No. of || No. of 


Phase* IPg Obs. Phase IPg Obs Phase IPg Obs. 
0.022.. 10"22 | SO 15 | RS i 10 || 0.626.. .| 1012 50 
MTZ. 335 10.21 50 os 10.68 | 10 664. . 10.18 50 
et! 10.16 50 535 ; . 10.89 |; 10 |! .709.. 10.14 50 
03 ...>. 1032-1, 30 . 546 scare he, eee 10 .748 10.15 50 
.209.. 10.06 50 .554 ; 10.84 10 .789.. 10.10 50 
Be 6s 10.09 50 6). : 10.70 10 637.. 10.09 50 
1S a Ie 10.10 50 2 10.69 10 .882 10.12 50 
c,h ee 10.12 50 2544... : 10.64 10 O23. . 10.15 50 
425.. 10.16 | 50 .583 10.55 10 7 Ses 10.18 55 
.470.. fa 10.19 50 591... pale 10.40 10 - ~ 
O7895:;...... 10.25 10 os does 10.32 10 Total... ae -. 4075 


* Expressed in terms of the period, with JD 2,400,000 as zero. 


TABLE 3 


PHOTOGRAPHIC LIGHT-CURVE OF AR MONOCEROTIS (AI PLATES) 


Phase* IPg a Phase IPg | — Phase IPg =" 
0.035........] 10™26 25 1 O.409........1 Mt + § 1 OW7..... 10"14 25 
aR, BS) ek US a Bae 5, BE eS ic a ‘One 10.18 29 
SEI oes ss], AS 25 oe8........4 M.6@ | $ 768. 10.11 25 
PROS esicce] SOs 25 By Pre | = ci 2 ARR 9.98 25 
oT! oe 10.16 25 POC Seid Bee fs 954. ccs oe)  TO10 36 
Ml oncs-| SOD 25 ree a ee ~ -— 
| ae 10.17 , 2: | Se ee be 5 BROOIAN Sop list) Miecotctecie 366 
OFEIS: 655-254 40:21 ao WG ok 10:27} 3 


* Expressed in terms of the period, with JD 2,400,000 as zero. 


From the spectrographic study by Sahade and Cesco’ it is found that the mass func- 
tion is 0.07, and the value of a sin is 9.2 10° km. Thus, if the ratio of masses is 1.00, the 


5S. Gaposchkin, Ap. J., 100, 221, 1944. 6 Sahade and Cesco, Ap. J., 100, 374, 1944. 
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Fic. 1.— 


Light-curves for AR Monocerotis. Above: Visual: dots, Florja; circles, Lause. Below: Photo- 


graphic: dots, AM plates (50-point and 10-point means); circles, AI plates (25-point and 5-point means). 
Ordinate and abscissa are magnitude and phase (reckoned from JD 2,400,000). The visual magnitudes 


have been reduced as described in the text. 


TABLE 4 


RELATIVE ELEMENTS FOR AR MONOCEROTIS 


Maximum). . 
Maximum, 
Minimum,...... 

Minimumy. . 

Amplitude: . 

Amplitudes 

Ratio of radii... . 

Duration of eclipse 

Duration of totality 

Major axis, K star... 

Major axis, ? star 

Luminosity, K star. . 
Luminosity, ? star... ie 
Ratio of surface brigness (?/K) 
Inclination of orbit.... : 


Photographic 


10™07 
10710 
10™88 
10™24 
0780 
0™16 
0™26 
0?130= 2476 
0023 =04478 
0.344 
0.089 
0.54 
0.46 
12.8 


76.5° 


Visual 








8™82 
8™78 
9™60 
9m14 
0780 
034 
0™50 
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masses of K and the unknown star are 0.32 ©; if the ratio is , the masses are 1.46 © and 
0.73 ©, respectively; and if the ratio is , they are respectively 8 © and 2 ©. Radii and 
absolute magnitudes for these three cases are summarized in Table 5. The temperatures 
adopted in calculating the radii are 4000° for the K star and 6000° for the unknown star, 
in rough conformity with its relative surface brightness. However, as was pointed out in 
connection with RX Cassiopeiae, a star that appears to have different radii in different 
wave lengths cannot be considered to have a unique effective temperature, and under 


; TABLE 5 
RADII AND LUMINOSITIES 

















PHOTOGRAPHIC VISUAL 
| ox | 2 
Mass Ratio K Component | Invisible Component | K Component Invisible Component 
Radius Myis | Radius Myis | Radius | Myis Radius | Myis 
1.00... 910] 2.51 | 230] 2.0 | 720] 3.0 | 360] 2.05 
| eae . fae 32 | 2a | 2s | gem 5.4 | 4:56 
> I eae ares ee? A | | OZ | 3 | 0.96 | 18.1 | oa 9.0 | 0.06 





such circumstances the absolute magnitudes can only be regarded as rough approxima- 
tions. The approximation is, nevertheless, enough to permit us to conclude that the mass 
ratio { is the most likely to represent the case, since it gives for the K star dimensions and 
luminosity that are most nearly normal for a star of this spectral type and luminosity 
class II. 

It appears that AR Monocerotis is a giant eclipsing system that shares some of the 
characteristics of the remarkable systems SX Cassiopeiae and RX Cassiopeiae, notably 
the apparent difference of size in different wave lengths, resulting in the photographic 
light-curve giving a total, the visual-light curve a partial, eclipse. 
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ABSTRACT 


This discussion is concerned with the linear functional relation Y; = A + BX, whose variables are 
known only through observed values X and Y, both affected by errors of measurement. The object is 
(1) to find A and B, (2) to reduce the values X to the system of Y (or vice versa), with results in both 
cases free from systematic error. A complete solution for (1) presents no particular difficulty. The solution 
for (2) requires the regression line Y, = a + b,X, where Y, is a computed value and a and 6, are parame- 
ters which depend on the mean error of measurement. For observations of unequal weight, therefore, no 
single line suffices. This difficulty is most easily overcome by establishing a general expression for b, as a 
function of B and the mean error of X. Incidentally, this relation gives at once all the characteristic prop- 
erties of the regression lines, among them the fact that the lines will be strictly linear only when the fre- 
quency distribution for X (and Y) is gaussian. 


I. THE PROBLEM 


We have frequently to deal with measured quantities whose true values X; and VY, 
are known to be, or may be regarded as, connected by a linear functional relation 


Y; = A +BX, ° (1) 
Observations give, not X; and VY, but 


X=X,+¢e,, Y=Y,+e,, (2) 


where e, and e, are the errors of measurement. These errors may include systematic ef- 
fects, but we are here concerned only with the accidental components. 

In practice, two different problems arise: (1) From a series of values of X and Y find 
the most probable values of the functional coefficients A and B. (2) From the measured 
series X find a computed series Y., where each Y, is the most probable value, on the 
scale and zero point of Y;, to be obtained from the corresponding X; or, more concisely 
stated, reduce the observations X to the system of Y. The qualification “‘most probable” 
is used in the sense defined by the least-squares criterion that the sum of the squares of 
the errors shall be a minimum. 

The solution of this second problem, familiar enough if the values of X are all of the 
same weight, is given by the appropriate regression formula—that of Y on X for the con- 
ditions stated, or of X on Y if the values of Y are to be reduced to the system of X. The 
procedure to be followed when the observations differ in precision is less obvious, and I 
have seen no statement of the precautions that must then be taken to secure correct re- 
sults. 

The derivation of the functional coefficients A and B, free from systematic error, seems 
to have received even less attention;? and no discussion of the matter appears in any of 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 698. 
* Research associate, Carnegie Institution of Washington. 


2 The only reference to the matter that I have seen occurs in Yule and Kendall, An Introduction to the 
Theory of Statistics, 11th ed., London, 1937. On page 314 the footnote states: “In this connection we may 
refer to a problem for which, so far as we are aware, no general solution has been found. Given that the 
theoretical law relating y and x is linear, but that the sets of values given in the data are both subject to 
error, what is the unique straight line most probably (in some sense) representing the truth? The least 


255 








256 FREDERICK H. SEARES 


the available reference sources. Answers to the questions thus raised were required for 
the discussion in the following Mt. W. Conitr., No. 699.3 Because of their general applica- 
bility, the formulae involved are derived and given here by themselves. 

We begin with a change of origin such that the new co-ordinates, x, y, etc., are meas- 


ured from the means X, Y, etc.4 The functional relation then takes the form 
yi = Bx, (3) 
and the measured quantities are expressed by 
e=Xtez, YEUNte,. (4) 


The observations are supposed to be so numerous that the algebraic means of e, and of 
ey are negligible. Hence 


i= 


/=%,=7,=0. (5) 


7) 


Suppose, now, the observations to be grouped according to definite values—first, of «x, 
and, second, of y (in practice, small intervals in x and y must be used). The relations be- 
tween the mean values of x and of y for the two groupings define the regression lines, 
which may be written 
Vr=bx, = by. (6) 


The subscripts indicate the basis of grouping; and the 0’s are proportionality factors, 
which, for anything we know at the moment, may vary from group to group. Moreover, 
equations (6) refer to the simplified problem of equal weights; that is, . = const., p, = 
const., but p, need not equal py. 

Our first concern is with the coefficient B in equation (3) and the regression coeffi- 
cients 6, and b, in formulae (6). The constant A will reappear later. It will be helpful, 


however, to consider first certain characteristics of regression lines. 


II. PROPERTIES OF REGRESSION LINES 


The true values included in any one of the x groups just described are determined by 
the condition x, = x — e,; hence, for that particular group as a whole 


x=Z,+2@.. (7) 


For positive and negative values of a definite e, the corresponding true values are x; = 
x —e,and x,’ = x + e;. Since the frequencies of x; and x;’ will generally differ, the 
positive and negative errors do not completely cancel, and @, in equation (7) is not zero. 
A grouping according to x therefore involves a selection of errors in x; but, since there is 
no correlation between errors in x and errors in y, the corresponding values of e, present 
no such selection, and é, for the group is zero, or at least negligible. Hence 7, = 71; and 
from the first of equations (6), #1 = 6.x. A quantity very nearly error-free is thus associ- 
ated with a value of x that is systematically affected by disturbances of purely accidental 
origin. 

An immediate consequence, from equations (3) and (7), is 


b,x = Bx,= B(x —é,). (8) 


squares solutions will give us lines which, in a certain sense, are the most likely if the dependent variable 
is subject to errors normally distributed; but they do not yield a line which allows for errors in both 
variables.” 

3Ap. J., 100, 264, 1944. 


4 Note that unweighted means are to be used; otherwise the constant A will be fully eliminated only 
if the weights of X and Y satisfy an improbable relation. 
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For the systematic error é; we have the formula® 
, F’ (x) 


© F(a)’ (9) 





ey =X —%,= — 


where e, is the mean error of measurement in x and F(x) is the frequency function of x. 


Hence the general equation 
_B » F’(x) 
b= >| ete ae |- (10) 


For ordinary distributions, F’(«) < 0 when x > 0. Since F(x) is essentially positive, 
equation (10) shows, first, that 6, < B; in other words, the familiar fact that the slope of 
the first regression line is less than that of the functional relation. Similarly, 6, < 1/B; 
hence the slope of the second line relative to the x axis exceeds B. 

Equation (10) also shows that 6, will be independent of x only when the logarithmic 
derivative of F(x) is proportional to x; that is, only when 


oe ie (11) 


where & and K are constants. F(x) and F(y) must therefore be exponentials in x? and y’, 
respectively. Since the U-shaped curves corresponding to positive exponents are irrele- 
vant, only gaussian, or normal, distributions of x and y satisfy the requirement for linear 
regression lines. The constant & in equation (11) is the dispersion or standard deviation 


for the gaussian frequency function; hence k® = x? = o2. For normal distributions of x, 
that is, for strictly linear regressions, equation (10) therefore reduces to 
é: 
b.=B(1-). (12) 
7, 


A similar relation, of course, holds for 6y,. 

Equation (10) is general but is not easily applied because the logarithmic derivative 
of F(x) must be calculated. Equation (12), however, is a practical working relation. The 
presupposed gaussian distribution for « may be wide of the truth, but that defect is less 
important than might be thought. A significant curvature in the regression lines implies a 
large regression effect and hence large errors of measurement; but the curvature is then 
likely to be masked by the errors. The linear formulae therefore have wide applicability. 

Even when nonlinear, the regression lines can always be determined, given sufficient 
data, and used for their legitimate purpose, which for the first regression, as already ex- 
plained, is the reduction of the measurements X to the system of Y. This operation in- 
volves not only adjustments for zero point and scale factor but also corrections for the 
probable influence of the systematic error shown in equation (8). An individual value of 
Y.. thus computed may be less accurate than that given by the functional coefficient B, 
but in the long run this will not be true; even for a single X, probability favors the result 
from the regression line. 

5 This equation has been independently derived by several investigators; but, as applied to errors of 
observation, it seems to have been first given in an article of mine (M.N., 84, 15, 1923), which grew out 
of a discussion by Eddington and Miss Douglas of systematic errors affecting tangential velocities. As 
originally derived, the equation held rigorously for gaussian distributions of x and its errors, and also for 
any distribution of x to terms of the third order inclusive in e, when e itself has any symmetrical distribu- 
tion. Geometrical considerations suggest that the result should be wholly independent of the form of 
F(x); and Eddington (M.N., 100, 354, 1940), by using a symbolic operator, has recently shown this to 
be true. K. G. Malmquist (Medd. fran Astr. Obs. Uppsala, No. 82, 1941) calls attention to the fact that 
the relation is identical with one occurring in stellar statistics derived by him in 1920. This linking of the 
characteristics of stars with the behavior of errors of observation arises from the circumstance that for 
both stars and errors the result is a consequence of combining two frequency functions. 
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We are thus led to a third inference to be drawn from equation (10). The coefficients 
b, and b, obviously depend on the mean errors of measurement. Hence, if the weights 
p, and p, are not constants, as hitherto supposed, the regression lines have no meaning 
for the data as a whole. Each X must be transformed into its equivalent Y, by using the 
coefficient corresponding to the precision of X. If B can be found, equation (10) then af- 
fords an easy means of reduction which will be useful later. 


III. SOLUTION FOR B, b,, AND b, 


An expression for the functional coefficient B is given at once by equations (3) and (4). 
Since the errors of measurement are not correlated with the true values x; and y,,° 


a ee ae ae 
x= x?+¢, y=yte, (13) 
where the mean errors ¢, and €, are regarded as known. Then 


B(x? -—&) =y?-€. (14) 


This equation makes no assumption as to the frequency distribution of x and y or the 
character of the regression lines. It ignores, however, possible differences in the precision 
of the observations, and its relation to the least-squares criterion is obscure. We require, 
therefore, a more detailed analysis. 

Unequal weights.—Consider, first, the general case in which not only the weights p, 
and p, differ but also the mean errors for unit weight, namely, €9, and €9,. Assume, for a 
moment, that true values of the variables are known. As equations of condition for B 
and for 1/B, we then have 


1 
y=Bx,, w= EN, (15) 


the weights of which are p, and p., respectively. Ordinary least-squares solutions then 
give 


[pyxiy] 1 _ [pry] 
B, =, =. (16) 

[ pyx?] B, [p2¥?] 
Subscripts have been added to differentiate the two determinations of B, one correspond- 
ing to a minimum in [p,22], the other to a minimum in [p,v2], where v, and v, are the 
residuals given by equations (15). Replacing x; by x — e, and y; by y — e, and noting 
that the sums of terms involving the first powers of the errors are negligible, we obtain 


[pyxy] 1 [pexry] z 
Shien a | 
[pvx?]—[pye2]’ By [pey*] — [pze7] oki 








The condition for simultaneous minima in [p,v?] and [p,v2] is B? = B,B,, where, it is to 
be noted, B, and B, differ in weight. 
We now introduce the auxiliary quantities 


Y ela Seo [pyxy | pi: Wes [pry] 18 
ae ae (ae sn 


6 The mean error of measurement—the precision—may, and often does, vary with the measured quan- 
tity. A correlation of e, with x;, on the other hand, would imply a preferential association of, say, large 
values of x; with positive values of ez, whatever the precision might be, and is not to be feared. Note that 
the correlation involved in equation (8) is between e, and x, not x. 





rn 
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We also write 
(ovet] = [S| 4, (oeet] = [32] 4, (19) 
that is, we replace each e2 by ¢{./p:, and each e} by ¢,/p,, where €9,and €o, are the mean 


errors corresponding to p, = 1 and p, = 1, respectively. Equations (17) then take the 
following convenient form for calculation 





Py Gis pz j. R, 
Rat Rut RaW. 
| [pyx?] ’ 7 ia [pry yey’ R, (20) 
s+ ich = i, 
B, R.’ BR,’ B? = B,B, Re 5, 5,R 


Useful check formulae may be found by inverting equations (17) and simplifying, as 
before. The result is 


‘4 [ée 62 B i (21) 


B, 8, lps [aey]' ~" 8 [p.xy] * 





The weights for B, and B, required to complete the solution for B may be obtained 
from equations (16), in which the denominators are the weights of the respective un- 
knowns. Since 





1 1 
(By) = 6 (z): (22) 
we have 
1 
p(B.) = (pyrt], (By) = zal devi] - (23) 
y 
To find B we must form the weighted geometrical mean of B, and B,, for which the 
formula is 
Q, log B. + Q, log B, 
log B= : (24) 
. 0. +0, 


where Q, and Q, are the weights of log B, and log B,, respectively. The general relation 
between the mean errors of a logarithm and its argument is 


e(a) = Mod ae (log a). (25) 
The corresponding relation between the weights is 
p (log a) = (Mod a)*p(a). (26) 


Since only relative weights are required for equation (24), we then find from formulae 
(26) and (23) 


Q, = Bip (B:) = B[p,x7), Q, = Bip (B,) = [p27] . (27) 


Since high accuracy in the weights is unnecessary, we in replace B? by B*, whence Q, = 


[pyyil. Further, [p,y7] = [py] py |p [p-yi] = [p-] pryi, where the final factors on the 
right—the weighted dispersion in y; for two different systems of weighting—are nearly 
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equal. Similar considerations apply to equations (23); and we finally obtain, with suff- 
cient accuracy, 


Q.= p(B:)=[py], Qy= p(B) =[Pz)- (28) 


An expression for the weight or for the mean error of B itself can be found from equa- 
tion (24) by the usual method; but, since B, and B, are nearly equal, we may use instead 
the formulae that apply to weighted arithmetical means. Hence for the weight, p(B) = 
p(B.) + p(B,). 

a A (20), (24), and (28), with (21) asa partial check, thus cover the solution for 
B. As will be seen in a moment, the quantities 6; and b; have the same form as the regres- 
sion coefficients 6, and 6, and, in fact, are nearly equal to them. 

To derive formulae for the regression coefficients themselves, we return to equations 
(6), which may now be written simply 


y=b,x, x=bdyy. (29) 


In applying the least-squares criterion to the residuals 
w= y— bx, v,= x — by, (30) 


y 
we must bear in mind that here both x and y are affected by errors of observation. The 
solutions of equations (29) are accordingly 
[Pyxy] :. ey 


b,= 5, = [P)x?] by = ~ (Py?) ’ (31) 


where s; and 52 are the slopes of the regression lines relative to the x-axis and P, and P, 
are the weights of v, and v,, respectively. More accurately, they are the weights corre- 
sponding to the errors e, = e, — bye, and e; = e, — bey, where 6,1 and b,: are the 
true values of the coefficients. 

From the general expression for the weight of a function, 


_Prby P.= PrPy ‘ (32) 


P= bp REP, 


or, if one of the weights, say p,, is large relative to the other, and at the same time 0, and 
b, do not differ too greatly from unity, 


a 


z 


P,= = p,. (33) 


The theoretical difficulty that formulae (32) and (3 3) contain 6, and 6,, which remain un- 
known until equations (31) have been calculated, is of no consequence; 6; and 6, may 
be used instead. 

Comparison of equations (18) and (31) shows that they represent solutions of the same 
observation equations made with different systems of weights. The values of 6, and 6, 
will therefore differ but little from those of bj and b), but for the general case of un- 
equal weights there are no simple relations connecting them. If, however, the conditions 
are such that equations (33) hold, 


[prxy | [p.xy ] 
6, = >, yea = 5, 34 
[ ppx? | [p.y?] , 


but there is still no means of expressing b, in terms of 67. 
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Apparently, therefore, equations (31) must be calculated if 6, and b, are to be found 
directly. But, since linear forms are used for the regression lines, the results in most cases 
will be only an approximation; and, although often a very good approximation, a ques- 
tion is raised as to whether the coefficients given by formulae (31) afford any real advan- 
tage over those found b. (18), which appear during the calculation of B. 

Equal weights.—For p, = const., p, = const., but p, ¥ p,, both P, and P, are con- 
stant. Then from equations (31) and (18) 











[xy] ,_ [xy] 
b= b= =, by= b= par. (35) 
Further, equations (20) become 
ae ee Se eo” Cy aa 
R, 1 pio ? 7] pyo? ’ R, ? 
36) 
b, L *& a bR, 
B=, | es Sa ee 
zx v y x 


Finally, the weights required for the combination of B, and B, are simply Q. = py, 
Q, = p.. The regression coefficients byand 6, now appear automatically as steps in the 
calculation of B, and B itself is the geometrical mean of the slopes of the regression lines 
multiplied into VR. 

Remarks on the solutions.—From the foregoing formulae it appears that, whatever the 
weights, the functional coefficient B may be found, without restrictive assumptions or 
approximations, by using the data either in groups or as a unit. If the weights are equal, 
the values of the regression coefficients 5, and 5, appear during the calculation of B. If 
the weights are unequal, the values of 6, and 6, obtained by treating the data as a unit, 
as already explained, are useless because they correspond to unknown weighted averages 
of p, and of p, and provide no means of finding the coefficients to be used with specified 
values of the weights. If the data are abundant, they may be segregated according to 
pz, say, and discussed separately in groups. 

An alternative method, applicable in all cases, is provided by equation (12). This 
equation and its analogue for 6,, which result from an entirely different approach to the 
problem, give at once 


b,=BR,, b=. (37) 


These equations are identical with expressions in formula group (36) but involve no re- 
striction as to weights, only the usual assumption of linear regression lines; they are, in 
fact, explicit functions of the weights, the coefficient B, and known constants. We may 
therefore calculate B from equations (20), then b, and b, from (37) for any precision re- 
quired. As a test of internal consistency it will be advantageous, however, to solve for B 
separately for each of several weight-groups. 

For a final remark we return to equation (14), a solution for B that gives no preferen- 
tial treatment to either x or y. From formulae (36), or even more directly from (17), we 
find for p, = const., p, = const., 


x ye 
=~, B= (38) 


’ 4 x y ? 


where the relative weights are p, and p,, respectively. The combination B? = B,B, is, 
in form, equation (14). To reproduce (14) numerically, however, we must suppose 
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p: = py, = const. Hence, this initial solution for B satisfies the least-squares criterion 
only if the measurements are all of the same weight. 


IV. THE ZERO-POINT CONSTANT A AND THE PARAMETER @ 


With the value of B available, we find from equations (1) and (2) for the constant 
term of the functional relation (1) 


A=Y-—BX. (39) 


A weighted mean is preferable, however, the weight for any A being similar in form to the 
first of equations (32). Aside from the influence of accidental errors, the value of A should 
be independent of the particular observations from which it is derived—a fact often use- 
ful in testing for the presence of systematic error. 

The reduction of X to the system of Y starts from the formula y = b,x. Since y = 


Y — Y, we have the computed value 





Y,.= 6,77 Y . (40) 


Or, again, since x = X — X, 
2 
Y.=at+b,X, a= Y—.X=A+BX %. (41) 


z 


If only the values of X used to obtain B are to be reduced, equation (40) is all that is 
required; but, if other observations, homogeneous with the original X’s, are also to be 
referred to the system of Y, then equations (41) are to be used. Strictly speaking, even 
these formulae are not applicable unless X and Y are changed accordingly. To explain 
this statement, consider the supplementary observation X’. Had X’ and a corresponding 
Y’ (which may not exist) been included in the original solution, the values of A and B 
would have differed from those actually found only by the negligible influence of acci- 
dental error. The parameter a, however, would have been increased by 


x'~JY é 
ee aT oe (ae) 


where 7 is the original number of observations. This change in a is always small, and 
wholly negligible if m is large. In practice, therefore, equations (41) will be adequate. 
A convenient form for calculation is 





* 
ec b= B— V eke. (43) 


? 
o z 2 


The parameters a and b, therefore appear as simple functions of the weight of X and cer- 
tain constants and can therefore be tabulated with p, as argument. 

Actually, matters are not quite so simple as formulae (43) would suggest. What one 
usually finds is that €9, and €o,, the mean errors corresponding to unit weights, do not 
remain strictly constant—in other words, that the weighting system is not wholly con- 
sistent. Tests can be applied, however; and if it is known that the weights for Y, say, are 
reliable, or even merely that p, is large relative to p,, values of €9, can be computed for 
different weight-groups and compared for constancy. The segregation of the data accord- 
ing to p., as described in the preceding section, supplies the necessary material, which 
comprises, in particular, the residuals v, and v, defined by equations (30). 





g! 
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Mean errors for unit weight.—The general expression for the mean error of a function 
applied to the equation for the arithmetical mean of v, gives 


é(d,) =e (9) + bie (z), 
whence 
[Py vy ey eos 
yt a tO? (44 
[Pj] (n—1) ~ Th)? ? [Pel 
where P, and P, are to be found from equations (32) or (33). Rearranging terms, we find 
from (44) and from the similar equation based on 2, 








(from v,) b?e2 = ipz] [Py My] a [pz] 2 (45) 


x0xr [Py] (n —1) [py] oy? 


. (Pe) Pave) [pal «x. 
(from Vz) ‘or ~ TP] (n = 1) ~~ [py] bry (46) 


The adopted values of ¢, and €o, Should satisfy these relations for all the weight- 
groups. If [p,] is large relative to [p.], we may calculate values of €o, with little inter- 
ference from any uncertainty in ¢o,. With information thus gained, the tabulation of a 
and 6, by formulae (43) can be controlled. 





Applications of the foregoing formulae will be found in the following Contribution. 
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ABSTRACT 


The investigation is concerned, first, with a recalibration of the effective wave lengths corresponding 
to photographic magnitudes observed by Hertzsprung and by Vanderlinden in terms of revised color in- 
dices on the International System; second, with a comparison of the resulting functional relations be- 
tween C and d with the corresponding theoretical relation computed for black-body radiators in Mt. W. 
Contr., No. 685. 

The regression formulae for reducing the observations to the International System (Table 4 and 
eq. [12]), which are based on the statistical investigation in the preceding Contribution, No. 698, may also 
be used for reducing other observations by Hertzsprung (those for NGC 1647 require an additional zero- 
point correction) and by Vanderlinden, made under the same conditions as those of the polar stars. 

The agreement of the computed and the observed relations between d and C is shown by equations (1), 
(25), and (26). The theoretical range of 400 A in A for photographic magnitudes, for the temperature in- 
terval 30,000°-3,000°, is confirmed; and the zero points agree within the inherent uncertainty—the equiv- 
alent of about 0.1 mag. in C. The computed effective wave lengths can therefore be used for all the ordi- 
nary calculations for which these quantities are required. 


I. INTRODUCTION 


In Mount Wilson Contribution No. 685* we have derived for black-body radiators of 
different temperatures the effective wave lengths corresponding to International photo- 
graphic and photovisual magnitudes. For each temperature we have also calculated the 
color index C, the arbitrary zero point being fixed to give C = Ofor T = 11,000° K. Since 
C = 0 for HD spectral type A5, the spectrum-temperature relation is in general agree- 
ment with that based on laboratory standards. 

The results for photographic effective wave lengths are summarized by the formula 


A= 4242+195C, (1) 


which for C between —0.4 and +1.4 (T = 30,000°-3,500°) gives no residual greater than 
1 A. For C = +1.66 (T = 3,000°) the residual is still only 7 A. The computed change in 
\ for the interval 30,000°—3,000° is 400 A. 

The applicability of these black-body results to stars is a matter of some consequence, 
since effective wave lengths are frequently required for calculations affecting stellar 
radiation—for example, the influence of atmospheric extinction and of selective space 
absorption, the definition of the characteristics of magnitude systems, etc. Equation (1) 
provides a simple means of comparing the theoretical results with those derived from 
stellar measurements. 

Two series of observational data have been used for such comparisons—one by E. 
Hertzsprung,* the other by H. L. Vanderlinden.‘ Both give effective wave lengths for a 


* Contributions from the Mount Wilson Observatory, Carnegie Institution of Washington, No. 699. 
1 Research associate, Carnegie Institution of Washington. 2 Ap. J., 98, 310, Table 3, 1943. 


3 Mt. W. Contr., No. 231; Ap. J., 55, 370, 1922; for brevity, hereafter referred to as Polar Stars. More 
detailed information on the observations and reductions is given in Hertzsprung’s investigation of the 
Pleiades, in Mém. de l’Acad. Roy. de Danemark, sec. des sci., 8™© série, tome 4, No. 4, 1923; hereafter re- 
ferred to as Pleiades. 


4 Etude de lamas de Praesepe, p. 19, Gembloux, 1933; hereafter referred to as Praesepe. 
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considerable number of polar stars whose International color indices are known. Hence, 
each series supplies an observed relation between \ and C for comparison with equation 
(1). The relations derived by Hertzsprung and by Vanderlinden require recalibration, 
however, since revised values of C are now available. Hertzsprung’s investigation ante- 
dates the Rome Report,’ which first gave the International standards. Vanderlinden’s is 
based on the C,, standards of the Report, but the standards themselves can be improved 
in respect to accidental error with the aid of the extensive exposure-ratio observations by 
Baade and Malmquist and by Malmquist.® 

The comparison of equation (1) with the corresponding stellar relations therefore re- 
quires two preliminary investigations—the revision of the values of C and the recalibra- 
tion of \ in terms of the revised C’s. The latter is undertaken here; the revision of the 
colors is given in a following Contribution, No. 701,’ in order that the values of C de- 
rived from the effective wave lengths may be used with other data for a further revision 
of standards. It may be remarked that the recalibration provides the means of reducing to 
the International System other observations by Hertzsprung and by Vanderlinden, not- 
ably the important series on the Pleiades* and on Praesepe.* 


II. HERTZSPRUNG’S EFFECTIVE WAVE LENGTHS 
These observations, made with the 60-inch reflector at Mount Wilson on July 19- 
September 14, 1912, include 12 Lumiére & plates of the polar region, among them several 
with multiple exposures. Standard colors, C, are available for 94 of the 129 stars meas- 
ured. Hertzsprung’s results are given in the form of zenith color indices, denoted by J, 
and computed from the wave lengths with the formula 


A — 4216 
h=—700 (2) 
Since it is convenient to work with equivalent color indices instead of the wave lengths, 
the printed values are used as they stand. For J, we write simply J, or sometimes Jy. 

The range in the weight of J is unusually large, roughly 100 to 1; but, since the weight- 
ing system seems to be reasonably consistent, all the observations of low weight are re- 
tained for what they may contribute. To make the system homogeneous (or nearly so) 
with that of the standards, Hertzsprung’s weights p(/,) have been divided by 64, giving 
pr, the values used here. The corresponding mean error for p; = 1 is €o7 = +0.125 mag. 
(based on Hertzsprung’s estimate). 

The large errors of the low-weight observations imply a large regression effect; in fact, 
we must deal with a rather extreme example of the statistical problem discussed in the 
preceding Contribution, No. 698.° We require, first, the functional relation 


C=A-+BI, (3) 


where the constants A and B are to be determined, free from systematic disturbances 
arising from the accidental errors. Second, we must establish the regression formula 


C.=atb,I , (4) 


in which C, is the computed color index on the International System, the “most prob- 
able” value to be found from J; and a and 0; are parameters which must be expressed as 
functions of the weight p;. The quantity a, although definitely associated with J, needs 


5 Trans: I.A.U., 1, 67; 1922. 
6 Hamburg Mitt., 5, No. 21, 1925; Lund. Medd., Ser. II, No. 37, 1937. 
TAp. J., 101, January, 1945. 8 Ap. J., 100, 255, 1944. 
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no distinguishing subscript here, since the corresponding parameter for the second re- 
gression line does not appear. 

Equation (3), combined with equation (2), gives the observed relation between \ and 
C required for comparison with the theoretical relation (1). The applicability of the com- 
puted effective wave lengths to stars turns upon the agreement at this point. Equation 
(4), on the other hand, provides for the reduction of the individual values of J to the 
system of C. 

In applying the formulae of the preceding Contribution to the present discussion, it is 
to be noted that X is to be replaced by J, and Y by C, throughout. Since equation (3) is 
a functional relation, C and J therein are to be regarded as true values; hence, (3) is the 
equivalent of (1*), while (4) corresponds to the first of formulae (41*), the asterisks, here 
as elsewhere, denoting formulae in the preceding general discussion. 

The divisions of Table 1 give the original data for the four weight-groups used for the 
solutions. The standard color indices C and their weights pc, as already indicated, are 
taken from a following Contribution.’ The values of J and p; are from Hertzsprung’s 
Polar Stars, Table II,* the latter modified as already explained. The average weights per 
star for the four groups are in Table 3, columns 7 and 8. The unweighted means of C and 
of J in Table 2, columns 3 and 5, are required for the calculation of x = J — J andy = 
C — C, which are the basis of the solutions for the various coefficients. 

The results given by equations (18*) and (20*), with (21*) used as check formulae, are 
in Table 3, columns 2-6. Strictly speaking, 5; and bc should have been calculated with 
formulae (31*) and (32*) instead of (18*); but, as pointed out in the general discussion, 
the distinction between 6; and by, etc., is largely of academic interest. Moreover, since 
pc is here much larger than p;, equations (34*) are applicable; and for b¢ and bc, at 
least, the distinction disappears. 

The only irregularity of any consequence appears in group III, which, as shown by 
the last column of Table 1, includes five observations giving residuals in excess of 0.3 
mag. The corresponding value of Bc, which is seriously in error, is rejected. 

The mean errors of 5; and bc are found from the usual least-squares relations. Those 
for B; and Be then follow from the formulae connecting 5; and By, etc., given in group 
(20*). For the calculation of B and its mean error, equations (24*) and (28*) are used. 
With the final value of B available, A is found from formula (39*). The weights of C are 
such that the unweighted means from Table 2, column 3, may be used with the weighted 
means of J from column 7 of the same table. The resulting values of A given in column 8 
agree well. The adopted values for the coefficients of equation (3) are 


A=+0.158+0.010, B=+1.005+0.027. (5) 


The large variation of b; with ~; is obvious from the results in Table 3, columns 2 and 
7. This relationship is now to be established in greater detail with the aid of equation 
(12*), which may be written 


= B (1-5), (6) 


2 
pit; 


where a; is the dispersion in x = J — J. The average value of €o; (for pr = 1) corresponding 
to Hertzsprung’s estimate, as already noted, is + 0.125 mag. But this value should not 
be used without applying the test afforded by equations (45*) and (46*). These equa- 
tions give for each group two values of €o; based on the residuals vc and 2, defined by 
formulae (30*). The corresponding mean error éoc for the standards, which occurs in both 
(45*) and (46*), is also about + 0.125 mag.; but, since the coefficients of e{¢ are small, any 
uncertainty here is of no consequence. The results in Table 2, columns 10-12, show that 
€oz is not constant. The weighted mean for the four groups, + 0.140 mag., is somewhat 
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TABLE 1 
OBSERVATIONS BY HERTZSPRUNG 











| 




















H.A.,48|Pgem| C | tc | TF pr |C-C.*|H.4.,48)Pem| C | de | I | pm |c-c.* 
I. py =4.7-2.2 | III. py =1.2-0.55 
— — —— ————— a — _ —E 
| | | | 

408...| 11.6) +0.35) 52 | +0.15) 3.3 | + 4] 420...) 9.1) 40.12) 45 | +0.03) 1.0 | —21 
197...| 11.3). O37) Si. | OF) -42) ell SH...1 1S. O68 .14| 0.58} +16 
1Ot.. .|) 465 0.21) 51 0.21) 2.7 | —16 || 403...) 14.5 0.70) 28 22) 1.0 | +23 
SAO.) Bes 0.39 48 0.21) 2.9 | + 2 || 424...) 14.5 0.65) 25 39/ 0.75) + 4 
S50;....| 24.9 0.25) 52 0.22) 3.9 | —13 || 436...) 13.6 0.56) 14 39) 0.92} — 4 
302...) T&G 0.49) 45 0.23) 2.8 | +10 || 419...| 11.4 0.43) 28 40} 0.69) —18 
268.124 FA7 0.44) 45 0.25; 3.0 | + 3 || 159...) 15:2 0.74, 7 43} 1.0 +12 
85...| 12.6, 0.57) 13 | 0.30) 2.7 | +11 || 391...| 14.6) 0.74) 25 52| 10}/+5 
284...| 13.6 0.57| 35 0.35) 3.0 | + 7 |} 323...) 15.3 0.84) 15 56) 0.56) +12 
386...| 10.9 0.43) 49 0.35; 3.8 | — 7 |} 125...) 14.8 0.53; 10 | 57| 1.0 | —19 
269; «| F226 0.56 45 0.39) 3.2 | + 2 |} 282...) 11.9 0.56) 51 | .61; 1.2 | —19 
ee Me 0.80; 50 0.34 2.5:| +E i) 15S...) IS:2 0.62) 8 | 63) 0.86) —15 
f35..5] 2e 0.67) 53 0.65; 4.0 | —13 |} 130...) 15.0 0.75) 12 65) 0.80) — 3 
FOr: .. | eo 0.78 26 0.66] 2.3 | — 2)] 254...| 15.3 0.96 25 | 65| 0.55) +19 
126. <A 0.85 46 0.66) 2.6 | + 5 |} 327...) 14.6 1.15} 2.8 .68) 1.2 | +34 
152...) 14.6 0.74, 26 0.67, 2.5| —7 62...) TRG 0.50) 26 | .70) 1.1 | —32 
22h. «sl BE o 1.08) 52 0.90; 4.7 | + 2 || 430...) 12.0 0.48) 21 | .71| 0.89} —34 
184...} 11.0 1.12; 52 | ©O.93)-4.6)-+ 3 ii 90...| 3s: 0.84) 13 .75| 0.78) — 1 
| to.) a ae Te 1.12) 34 1.01) 3.0 | — 2 |j 324...| 14.9 0.66 26 | .80} 0.88) —23 
Oo. | Sm 1.16 40 38 3.1 | = Sif 108...) F6 1.34| 8.9 81) 0.91) +45 
300 13.8 1.30) 42 P17, 2:3). 2 aoe. Te 0.85; 23 | .83| 0.66) — 4 
345 13.8) +1.61) 50 +1.50) 2.2 | + 3 || 288. 14.6 0.99) 28 | .85} 1.0 | + 6 

439...) 14.7 KY) Dy ae .88| 0.59) +40 

401...) 14.5) +0.79) 28 | +0.96) a —22 

Il. py =2.2-1.2 IV. p7 =0.52-0.03 
| | | | | 

489... .| 13.2; +0.49) 13. | +0.14/ 1.5 | +14 |} 356...) 10.7) +0.33) 28 | —0.03/ 0.47; — 2 
309...| 11.3} 0.33) 23 | 0.27) 2.2 | —11 || 154...) 14.9) 0.51) 14 | 40.18} .52) + 3 
263...) 14.1 0.57; 28 | 0.30) 1.8 | +10 || 342...| 14.9 0.69} 8 | 40.19} .44 +19 
426 13.8 0.52} 33 | 0.32) 1.5} + 2 || 212...| 15.9) 0.71) 11 | +0.21) .03) +16 
176... | 344 0.58) 23 0.36) 2.2 | + 6 |} 295...| 15.6 0.66} 13 | +0.28 06} + 7 
279.....| 199 0.62) 29 0.36, 1.8 | + 9 |} 262...) 13.1 0.50; 6 | +0.56) .50} —22 
134...) 14.2 0.66) 21 0.41) 2.2 | + 9 ]] 277...| 15.3 0.75} 20 | +0.62) . 20) — 1 
7 13.0 0.60; 8.4 0.43) 1.9} + 1 |} 319...) 14.4 0.77; 29 | +0.62) >41) + 1 
292... 5 0.61) 35 | 0.44 2.2] + 1) 480. 14.8 0.91); 1.5) +0.63) .30) +14 
226 14.9) 0.78) 19 0.51, 1.5 | +11 |) 205 16.0; 0.83) 7 | +0.76} .12) — 2 
479...| 13.3} 0.61) 20 0.51, 1.4) — 6|) 334. 15.2} 0.82) 25 | +0.80} .28) — 5 
Lee... st dae 0.56} 3.1 0.52) 1.6 | —11 || 339 15.5 1.07; 11 +0.81) .09) +19 
146...| 14.3 0.66, 15 0.55) 1.7 | — 4 |] 195 11.4 0.96, 52 | +0.83) .38 + 7 
332...| 14.2 0.84 4.6 0.56) 1.2 | +12 |} 341...| 15.2 1.10; 25 | +0.91; .42) +16 
142... .| 14.5 0.74, 16 O:Sii 1.3) -.2 1 es. 15.4 0.72); 16 | +0.94) .16) —23 
389...| 13.65 0.64, 36 0.60, 1.8 | —10 |) 126. 15.6} 1.02) 7 | +1.04 .12) + 1 
494...| 12.6 1.05} 28 0.66} 1.7 | +25 |} 336...| 14.9 0.85) 10 +1.05) .44 —17 
256...) 14.6 0.85; 28 | O:75) 2:2) — 5 i 358...) 3 0.85; 11 | +1.09 .14; —19 
248: ...| 13.3 0.80} 36 | 0.79) 2.2 | —12 || 218 i ts 1.37) 18 | 41.12) .19) +32 
205.1: hace 1.03} 28 | 0.86) 2.0} + 5 || 164...) 16.0) 0.94 8 | +1.25 03) —20 
SLs 5c). eae 0.78} 29 | 0.88) 1.8 | —22 || 283...) 14.9 1.31) 21 | +1.28) . 36) +15 
427: .1 13.2 1.10} 48 | 0.96) 1.4) + 6 || 368...) 15.8 1.24, 6 | +1.28) .03| + 8 
318...) 44 1.31/41 | 1.07} 1.8 | +14 || 459...| 14.5 1.26) 16 | +1. 30) .30; +10 
172...| 13.7} +1.48] 16 +1.21) 2.2 | +17 || 139...| 15.3} +1.26) 11 | +1.72) 0.20) —14 





* Unit, 0.01 mag. 
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larger than the preassigned value + 0.125. The low-weight observations, however, are 
better than their weights would indicate. 

These differences cannot be ignored in extending the sequence of values of 6; in Table 3 
and in computing the values of a with equations (43*). To avoid discontinuities at the 
boundaries of the groups, some adjustment and smoothing is therefore necessary. Omit- 
ting details, we have for 6; and a the results in Table 4. 


TABLE 2 


HERTZSPRUNG, MISCELLANEOUS RESULTS 


Group Pg m C | [bel I [p7] pil A p1(C—Ce) | eor(vc) €91 (v7) €01 

(1) (2) (3) (4) (5) (6) (7) (8) (9) | (10) (11) (12) 
I........| 12.70) 0.720; 947 | 0.574) 69.3) 0.561) +0.156; —0.003 | +0.139 | +0.147) +0.138 
| Rapes ee Rey BR 585) 43.1 .590 .166| + .024 .164 .146 153 
ee 14.00, .739) 510 590! 20.9 .591 .145) — .012 (.300) SET mye) 
a 14.84 0.893) 374 | 0.810 6.2 0.726 +0.163) +0.017 +0.126 | +0.108) +0.110 
| Esra IOI acing lacie gr LOR oe : eS ge as | a ee OR Ae eke ee +0.140 





TABLE 3 


HERTZSPRUNG, COEFFICIENTS 


Group by be By Be B Pr Pe 
(1) (2) (3) (4) (5) (6) (7) (8) 
I.........| 0.967+0.043) 0.996+0.048; 0.991+0.044) 0.997 +0.048) 0.994+0.032) 3.15 43 
RRS pe .903 .084| 0.901 083) 1.058 099 1.092 .085| 1.078 064) 1.80 24 
Hi...:...), 00 1166) 0:504 142) 2:032 .2371(1-942) . 348 1.032 —s «2.237 0:87 21 
IV.......| 0.586+0.069) 1.294+0.150) 1.014+0.119) 0.771 +0.150) 0.943+0.095) 0.26 16 
ep sree sin ceeaneacre : a : ma 
| RC agen Seeman a eee pee ee 1.005+0.027)... 








For the mean values of p; shown in Table 3, column 7, Table 4 reproduces the original 
b; in Table 3, column 2, within 0.002. For the same weights Table 4 gives 


a=0.164, 0.203, 0.329, 0.401, 


whereas from the second of formulae (41*) and the mean values of C and of J shown in 
Table 2, columns 3 and 5, we find 


= 0.165, 0.231, 0.328, 0.419. 


The differences between these sequences are only of the order of the uncertainty in the 
mean color indices. The termination of the table at p; = 4.0 does not appreciably affect 
the reduced colors, although the computed parameters are still short of their limiting 
values. 

The values of C. found from the last of formulae (43*)—the equation is repeated in 
Table 4—or from equation (3) if p, > 4.0, give the differences C — C, in the last column 
of Table 1. The zero points are checked by the weighted means of these differences in 
Table 2, column 9. Although many of the deviations from the standards are large, none 
is inconsistent with its weight. The only abnormality is the excessive percentage of large 
deviations in group III. 
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The foregoing results for Hertzsprung represent an average solution for all stars to- 
gether. Since the observations cover an interval of 7 mag., the possibility of a magnitude 
error must be considered. The essential data of Table 1 were therefore regrouped accord- 
ing to Pg m, as shown in Table 5. The weighted means of C — C,, collected in the third 
column of Table 6, reveal a small systematic run expressed by 


C—C, = + 0.02 (m — 12.0), (7) 
which applies to the interval Pg m = 9.1-14.2. For fainter stars we have 
Pgm= 14.3 14.4-14.7 $14.8, (8) 
C—C. =+0.04 +003 +06.02. 


The range of formula (7) is extended to Pg m = 6.7 with the aid of the Géttingen A kti- 
nomeirie stars discussed in Section IV; see equation (21). 


TABLE 4 


HERTZSPRUNG, PARAMETERS FOR REGRESSION LINE* 


by a 
pr ? - —s 
0 1 2 3 0 1 2 | 3 
0.0 # ; 0.727 0.923 0.965 0.441 0.310 0.190 | 0.166 
Ot... 0.566 toa 928 968 424 296 .187 | .165 
0.2... ho | 778 932 970 408 280 | 185 | .163 
0.3. 591 | 804 937 973 396 265 | .182 | .162 
0.4.. 608 | .830 941 975 383 247 | 179 | 161 
Oy... 625 | .853 946 978 370 | 230 A .160 
0.6 642 873 950 .980 358 218 | 1S | .160 
0.7 661 890 954 983 347 211 173 | .160 
0.8.. 682 | 903 958 985 sae | 203 yi oe .160 
0.9... 704 915 962 988 325 197 | .168 | .160 
i eee 0.727 0.923 0.965 0.990 0.310 0.190 | 0.166 | 0.160 
* C, = b;)I + a. Corrected for magnitude error, the adopted color index for Hertzsprung, Internation- 


al System, is Cy = C, — 0.021(m — 12.0), (eq. [21]). For Pg m > 14.2, use 
Pgem= 14.3 14.4-14.7 314.8 , (8) 
Co~ C= + 0.0% + 0.03 + 0.02. 
Note that the argument ); is one sixty-fourth of Hertzsprung’s weight. 
For Hertzsprung’s observations of NGC 1647 an additional zero-point correction is required; see Sec- 
tion V. 


These systematic differences are probably attributable to an imperfect elimination of 
the influence of the density of the spectral image on the effective wave length. They are 
accepted as such and applied to the values of C, to obtain Cy, the adopted values of 
Hertzsprung’s color indices reduced to the International System. The final deviations 
from the standards, C — Cu, appear in the next to the last column of Table 5; their 
weighted means for magnitude groups, in the fourth column of Table 6. Except for the 
first group, the agreement is now satisfactory. 

For convenience, the magnitude corrections given by formulae (8) and (21) are ap- 
pended to Table 4. 

III. VANDERLINDEN’S EFFECTIVE WAVE LENGTHS 


Except for the use of Seed 30 plates in place of Lumiére >’s, the instrumental equip- 
ment and the procedure were the same as for Hertzsprung’s observations. Twenty-two 
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TABLE 5 
HERTZSPRUNG, FINAL DEVIATIONS C—Cy 


| 











| 
H.A., 48 NPS | Pgm | re be | C—Cy* 

420. . 10 91 0.12 45 } —15 
101. 13 10.5 0.21 51 | —13 
356 : * 10.7 0.33 28 |} +1 
386. 14 10.9 0.43 49 }) —5§ 
350 ns a 0.25 52 —11 
184. . ir | 11.0 1.12 52 + 5 
227. SS | A 1.08 52 + 4 
197. $s | 3 0.37 51 + 5 
309. sph ae 0.33 23 —10 
th 6s 11.4 | 0.67 53 | —12 
195. 8r 11.4 | 0.96 | 52 | 2s 
419. area 14 | 843 | 2 —17 
408 16 1.6 | 0.35 | §2 re” 
62. panties 116 | 0.50 | 2 —31 
282. 17 | 11.9 0.56 51 —19 
430. . | 12.0 oe | 2 — 34 
320. 18 12.3 0.39 48 + 1 
85. 10r 12.6 ea | | +10 
225;: 7s 12.6 0.56 | 45 + 1 
494, 12.6 1:05. | 228 | +24 
268. . 19 12.7 0.44 | 45 + 2 
57. ay 13.0 0.60 | 8.4 — 1 
302 20 13.0 0.49 | 45 + 8 
262 13.1 a i -s —24 
362... 13.1 0.80 50 +9 
427. 13.2 1.10 48 + 4 
489. . 13.2 0.49 13 +12 
219 bie. “ft S538 Oa 40 —10 
248. 21 | 43-5. | Os80 36 —15 
479. coat | 13.3 0.61 20 — § 

| | 
292. 22 13.5 0.61 | 35 |} —2 
SRR CP 13.5 0.56 3.1 | -—14 
436. is: |} “8:56 14 7 
389..... 13.6 | 0.64 36 —13 
284 Ss | 24 | 6 35 + 4 
103... ; Bes Pe 8.9 +42 
172 | = 13.7 1.48 | 16 +14 
151. 13.7 1.12 34 — § 
345. 13.8 1.61 50 — 1 
300. it | 6s 1.30 | 42 — 2 

| | | 
426. ici ee 7 ae” ee —2 
279. eH i 238 |} 2 29 + 5 
378. rere we a ee 41 +10 
263... 23 | «64 | (O.ST 28 + 6 
127.. i ee | 42 | OS 46 + 1 
134... 14.2 | 0.66 21 + 5 
332.. 142 | 0.84 4.6 + 8 
0... .. ; 14.3 0.66 15 — 8 
329... an 14.3 0.78 29 —26 
176... es 14.4 0.58 23 + 3 





* Unit, 0.01 mag. 
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TABLE 5—Continued 


3 
C 
> 
BS 1} 
Q 
| 
Ae 





| 

H.A., 48 NPS Pg * pr 
319 14.4 0.77 | 29 } —2 | 0.41 
459. 14.5 1.26 | 16 | +7 | 0% 
142 14.5 0.74 16 } —1 | ie 
424. 14.5 0.65 25 +1 | 0.75 
Pe. &, UOTE MES 14.5 0.79 28 -25 | 1.0 
WN hol ae doe 14.5 0.70 28 +20 | 1.0 
191... 8s 14.5 0.78 | 26 ie ae ee 
152.. 14.6 0.74 26 | =—40 |- 2.5 
eee 14.6 1.15 2.8 +31 | 1.2 
ee Lee 14.6 0.74 | 25 +2 | 1.0 
288. . 26 14.6 0.99 28 + 3 1.0 
Es ands OP Mattes 14.6 0.85 28 —-6 | 2.2 
SRR. TCA 14.7 0.85 23 —~7 | 0.66 
265. 95 14.7 1.03 28 +2 2.0 
439 14.7 1.32 17 +37 | 0.59 
125. 14.8 0.53 10 —21 | 1.0 
480. 14.8 0.91 1.5 +12 0.30 
| RTI: Fae 14.9 ia A 2 +13 | 0.36 
342 14.9 0.69 8 +17 | 0.44 
RGR eRe Ioan 14.9 0.51 14 +4 | Of 
226 14.9 0.78 19 +9 | 15 
324 27 14.9 0.66 26 —3 | On 
336 14.9 0.85 10 —19 0.44 
311. 15.0 0.61 23 +14 0.58 
130 15.0 0.75 12 — 5 0.80 
341... 15.2 1.10 25 +14 0.42 
158 15.2 0.62 8 —17 0.86 
159... 15.2 0.74 7 +10 1.0 
334 15.2 0.82 25 -7 0.28 
139 15.3 1.26 11 —16 0.20 
358 ie 15.3 0.85 11 —% | O46 
323 10s 15.3 0.84 15 +10 0.56 
254. . 11s 15.3 0.96 25 +17 0.55 
190. . 28 15.3 0.84 13 3 0.78 
277 oe 15.3 0.75 20 = 0.20 
365 12s 15.4 0.72 16 35 0.16 
Wee i), Sieccs Geeeaieea 15.5 1.37 18 +30 0.19 
339 13s 15.5 1.07 11 +17 0.09 
295 15.6 0.66 13 + 5 0.06 
126 15.¢ 1.02 7 —1 0.12 
368. 15.8 1.24 6 + 6 0.03 
212 29 15.9 0.71 11 +14 0.03 
OS... ey eee 16.0 0.83 7 — 4 0.12 
Seay | 8 | 16.0 0.94 8 —22 0.03 


polar plates, all but four carrying multiple exposures, were taken on October 10 and 11, 
1923, and July 7, 1924. The 36 standard stars observed were all used by Vanderlinden to 
calibrate his wave lengths. With the C,, values of the Rome Report® he obtained the re- 
gression formula 
4 — 4242 
= = (9) 


ae es 


which was then used to compute color indices for the polar standards. For uniformity with 
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bo 
“I 
bo 


the preceding notation these results from wave lengths we also denote by J (sometimes 
by Ty Be 

For star Ir Vanderlinden found the discordant difference C,, — 7 = +0.26. It was 
soon evident that, relative to the standards used here, star 345 of H.A., Vol. 48, also is 


TABLE 6 


HERTZSPRUNG, DEVIATIONS* FOR MAGNITUDE GROUPS 


Group Pg m C-C, C—Cy AD [pr] No. of Stars 

1 10.8 ms —~3.8 + 7.8 31.57 | 10 

2 12.0 —0).2 —0.3 10.6 18.06 | 10 

3 13.1 +1.2 —0.7 8.1 20.30 10 

4 13.6 +3.2 0.0 1:8 20.13 10 

ae. 14.15 +4.1 +0.2 7.0 18.60 10 

6 14.5 +3.1 +0.1 10.1 12.76 11 

7 14.8 +2.0 —0.5 Te 10.45 11 

‘iS 15:2 +2.6 +0.6 2:7 5.83 11 

9 15.6 +19 —0.1 + 6.4 1.81 11 

All +0.5 —1.0 139.51 94 

* Unit, 0.01 mag. 
TABLE 7 
OBSERVATIONS BY VANDERLINDEN 
I. pp=19-9.1 Il. p7=8.6-0.12 
: — 
NPS Pg m C be I br |C—Cy* NPS Pg m ¢ pe I br |C—Cy* 
aes 6.5| 0.00| 25/ +0.01) 19 | — 2 2....} 5.2) —0.08] 18 | —0.05| 8.6 | — 4 
4. 10.9| +0.43) 49 0.32} 19 | +10 1 4.4; 0.00, 16 | +0.06 4.5 | 7 
16.. 11.6 0.35} 52 0.32) 15 + 2 10 9 1} +0.12) 45 | +0.14 5.2 | — 3 
18.. 12-3 0.39) 48 | 0.36) 12 + 2 13 10:5) +-0.21) $1 | +0.15) 5.8 | + $ 
19.. 2.7 0.44) 45 0.42; 16 | + 1 2....| 10.1) +0.28) 51 | +0.28) 2.4] — 1 
/ 13.0 0.49) 45 0.45) 15 + 3 3507 11.0) +0.25) 52 +0.28 8.1 | — 3 
ye eh Be 0.56) 51 0.59) 12 — 3 5 11.3} +0.37) 51 | +0.32) 3.4} + 5 
Oo: < do fae 0.57) 35 0.59) 13 — 2 S 10.3) +0.48) 49 | +0.49, 0.12); — 1 
i Fe ks 0.61} 35 0.62) 13 — 1 7s 12.6' +0.56) 45 | +0.50 7.6} + 6 
SF. ..cact SES 0.62) 29 | 0.63) 9.3) — 1 oe 14.1) +0.57; 28 | +0.54; 7.4 | + 3 
21 | 233 0.80) 36 | 0.88) 14 — § 10r...} 12.6) +0.57) 13 | +0.60) 4.8] — 3 
Sr....| 11.4, 0.96 52} 0.97) 9.1 0 || 27....| 14.9] +0.66 26 | +0.62) 3.6 | + 4 
Ss...) 43 1) 1.08) 52 1.01) 13 + 8 6s...| 11.4) +0.67| 53 | +0.63) 5.6 | + 4 
Paes ee Pe 0.90) 22 1.07} 14 —16 28....} 15.3) +0.84) 13 | +0.79, 1.1} + 8 
Fae: | Be 1.16) 40 1.21) 14 — 4 8s. . 14.5} +0.78) 26 | +0.87| 6.7 | — 8 
fer... 1 433 1.30) 42 32) 42 — 1 26....| 14.6) +0.99) 28 |} +1.02) 4.5 | — 2 
or. 7.9) +1.57) 25 | +1.59 17 — | ‘3 ae 11.0; +1.12}) 52 | +1.04) 3.2 | +10 
* Unit, 0.01 mag. t H.A., Vol. 48. 


discordant. Both these stars are omitted fromthe present discussion. The data for the re- 
maining 34 stars, segregated into two weight-groups, are in Table 7, arranged like Table 
1. The coefficients and other results are collected in Tables 8 and 9, which follow the form 
of Tables 2 and 3. The weights p; have been reduced to the system used for Hertzsprung 
by dividing Vanderlinden’s values by 16. 





is, 
ju 


se 





COLOR INDEX AND EFFECTIVE WAVE LENGTH 273 


The 2 to 1 ratio for the two values of €97, Table 8, column 11, isan anomalous result for 
which there is no obvious explanation. Together with the average weights given in Table 
9, column 7, it suggests that there is little or no gain in precision with increasing weight. 
The deviations from the standards C — Cy, grouped according to fy, confirm this con- 
clusion. On this account, unweighted as well as weighted solutions were made for the co- 
efficients, without, however, any significant difference in the results, as shown by Ta- 
ble 9. 

For the functional relation we adopt 


C= + 0.004+ 0.994] , (10) 
which, in effect, is simply C = J. In other words, Vanderlinden’s color indices J are func- 
tionally identical with the standards. Since the regression effect is very small, the result 

TABLE 8 
VANDERLINDEN, MISCELLANEOUS RESULTS 


2 


_|| 


Group Pem i ¢ [pe] I [pr] A pr(C —Cy) €01(Vc) €o1(vz) €01 o7 
(1) } (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) 
I.......] 11.75] 0.720) 683 | 0.727} 236.4 | —0.003) —0.003 | +0.211| +0.213) +0.212) 0.166 
FL. 11.35) 0.494; 617 | 0.487; 86.62) +0.010 —0.004 +0.098 +0.100, +0.099 0.100 
All , ia Siai1 .....| +0.004 Bar Ne Be es 0.133 

TABLE 9 


VANDERLINDEN, COEFFICIENTS 


Group by | be By Be B Pi Pe 
(1) (2) (3) (4) (5) (6) (7) (8) 
I ...| 0.935+0.034 1.047+0.037| 0.957+0.034) 0.948+0.037, 0.953+0.025) 13.9 40 
F... oe 1.025 .038 0.970 036) 1.051 039° 1.028 .036| 1.039 .027| 4.9 36 
| I .038) 0.988 037, 1.012 039 1.008 037! 1.010 7 | AC Borden 
II* ..| 0.934+0.031) 1.052+0.037) 0.947+0.032)' 0.947+0.037;| 0.947+0.024)......)..... 
Wtd.......| 0.967+0.025)..... Aer Say ear 0.994+0.018)......}..... 
0.975+0.018 


Unwtd.....| 0.971+0.024 Le ; seater choentts Perr go li. Se Fone 


| 








* Unweighted solutions. 
is, practically speaking, a complete confirmation of Vanderlinden’s calibration. The ad- 
justment of the standards for accidental error has not, therefore, appreciably affected the 
systematic relations. ira 
To find C, we should ordinarily use equations (43*); but, since here we have C = /, 
sensibly (for all the data together both means are 0.607), we find from equations (41*) 


Coe I — (1 —0;) Uf), (11) 


where 0; is given by equation (6). The adopted values of C, were found with the data in 
Table 8, columns 11 and 12, but the mean-square dispersion o7 = 0.133 and ¢€o7 = 
+ 0.125 might equally well have been used. Further, since B is sensibly unity, these nu- 
merical data, together with equations (6) and (11), give as a general reduction formula 


for Vanderlinden 
O:127 


I 


Cy=I1 (I —0.607), (12) 
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where it is to be remembered that ; is one-sixteenth of Vanderlinden’s weight. C, has 
been replaced by Cy, since, as will appear in a moment, there is no certain evidence of any 
magnitude error in C,. The results from equations (11) and (12) are therefore accepted as 
final, and their deviations from the standards appear in Table 7 under the heading 
a 4 oll Cy.’ 

Grouped according to magnitude, these differences give the unweighted means in the 
third column of Table 10. For the first four groups the agreement is poor; but, since each 
group includes only 4 or 5 stars, the influence of accidental error may still be appreciable. 
On that account, the bad agreement can scarcely be accepted as evidence of a magnitude 
error in Vanderlinden’s values of C,. It should be noted that the agreement of Cy with 
the original C,, standards, as shown by the last column of Table 10, is in some respects 
better than with C. 

TABLE 10 


VANDERLINDEN, DEVIATIONS* FOR MAGNITUDE GROUPS 














NPS | Pgem | C—Cy AD [pi] Cm—Cv 

1:2; 5,28; 10 6.6 —3.4 +3.4 54.3 —2.4 
4r, 12, 4s, 13. | 10.0 —3.2 5.8 2253 —3.8 
14, 7r, 350, 5s | <9i:0 +6.2 7.8 43.3 +3.0 
15, 6s, 8r, 16.. | “ie +2.8 2.8 Ia | +3.2 
17, 18, 10r, 7s | 12.4 | +0.5 5 36.4 +1.5 
TOMe. UNE | oe? en | 13.0 | —2.0 4.0 59.0 —1.8 
22, 23, 12r, 24. ee —1.2 P-2 47 .3 —0.5 
25, 8s, 26, 27, 28. 14.7 +1.0 +5.0 23.3 —5.4 
All | +4.2 | 3190 | -0.8 


* Unit, 0.01 mag. 


The deviations C — Cy for the omitted stars are +0.26 for Ir and —0.22 for 345 of 
H.A., Vol. 48. 
IV. GOTTINGEN “‘AKTINOMETRIE” STARS 


Some further information on the behavior of the observed colors of bright stars may 
be gained from the groups of A ktinometrie stars measured by Hertzsprung® and by Van- 
derlinden.!° These stars are listed in Table 11. In the third column are the colors defined 
by Jp = GA Pg m — PD Vis ™, where it will be noted that the final visual magnitude 
from Potsdam Pub., Vol. 17, has been substituted for the provisional value used in the 
A ktinomeirie. 

The reduction of Jp to the International System was found from 155 stars in the 
Mount Wilson polar catalogue" for which there are both GA (polar section) and PD 
magnitudes. The color relations are complicated and apparently not wholly independent 
of magnitude. The corrections used are roughly represented by 


Cp—Jp= + 0.20 —0.10/p, (13) 


in which Cp denotes the reduced color index. The principal departures from this formula 
are for Pg m < 5.5, for which the first term on the right is +0.13, and for Pg m > 7.0 


9 Pleiades, Table 11. 
10 Praesepe, Table 6. 


11 Seares, Ross, and Joyner, ‘“‘Magnitudes and Colors of Stars North of +80°,” Carnegie Inst. of Wash. 
Pub. 532, 1941. 
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and Jp < 0, for which the coefficient of Jp is about —0.2. The actual correction used for 
any star may be found by forming the difference Cp — Jp from Table 11. The well- 
known dependence of Jp on right ascension for stars in the 0°-20° zone is ignored, on the 
assumption that it is not observational error but a consequence of space absorption. 


TABLE 11 





GOTTINGEN ‘‘AKTINOMETRIE” STARS 





























VANDERLINDEN HERTZSPRUNG 

GA | GA | | | GA | GA 

Mo | pew | Pf Sem oe TP ee fe 
2766*. 6.39 | —0.67 | —0.30| —36 || 2766*.....| 6.39 | —0.67 | —0.30 | (—42) 
3189. 6.63 = Si 1 —6.20 | + 4 2764* ..| 5.47 | —0.41 | —0.19 (—53) 
3237 . | 5.88 —0.43 | —0.20| + 4 2800* | 6.88 | —0.40 —vU.10 +35 
3331. | 4.73 —0.42 | —0.22 +21 2759* 6.17 | —0.35 | —0.122 —18 
2764* . | 5.47 | —0.41 | —0.19 —3l1 2757* 7.20 —0.17 | +0.06 — 6 
2800* . | 6.88 —0.40 | —0.10 —16 || 3040* 7.85 —0.16 | +0.07 —12 
2759*.. iy —0.35 | —0.12 —19 541 |. &.02) | 0.00 | +0.14 —14 
3327 : | §:33 —0.31 | —0.10 +13 539 | 5.93% | 0.00 | +0.19 — 7 
3148. . | 6.13 —0:21 0.00 —14 512 | 4.84 | +0.04 | +0.17 —19 
3194. . | -O:9% —0.21 | +0.02 — 3 549 6.36 +0.04 | +0.24 —17 
3336 | 4.43 —0.17 | —0.01 | (+45) 544 6.93 +0.07 | +0.23 —12 
3196 6.23 —0.17 | +0.04 —22 542 5.84 +0.18 | +0.35 — 8 
2757* 7.20 —0.17 | +0.06 —21 509 6.95 +0.21 | +0.37 +15 
3040*. . 7.85 —0.16 | +0.07 — 2 2814* 7.61 +0.21 | +0.39 — 4 
3199. . 7.07 +0.04 | +0.22 —13 532 7.13 +0.28 | +0.43 — 6 
3279. . 5.94 +0.06 | +0.25 +9 80 6.56 +0.58 | +0.72 —35 
Siamese) eee +0.07 | +0.26 +13 498 | 4.98 +0.82 | +0.86 — 1 
2814*. . | 7.61 +0.21 | +0.39 + 8 || 2760* .| 6.21 | +0.94 | +0.97 —13 
3146. . 7.35 +0.23 | +0.40 +11 2816* 6.73 | +1.06] +1.15 +15 
3241. . 6.55 +0.37 | +0.53 +24 Ia. 6.31 +1.07 | +1.09 —10 
3200. . 1:22 +0.37 | +0.52 +27 528 5.05 +1.12 | +1.12 +22 
3218 7.45 +0.74 | +0.87 +20 2805* 8.59 +1.14 | +1.23 +24 
2760*. 6.21 +0.94 | +0.97 + 6 2954* 7.88 +1.22 | +1.33 +15 
3165. . 8.11 +1.00 | +1.11 + 3 2765* 7.47 +1.43 | +1.51 —12 
2816". . 6.73 +1.06 | +1.15 +23 || 2848.. 5.32 | +1.46 | +1.43 | (+45) 
2805*. . 8.59 +1.14 | +1.23 0 3047 *. 8.71 +1.46 | +1.54 0 
2954*. . 7.88 +1.22 | +1.33 +13 3042* 7.47 +1.75 | +1.78 +24 
3204. 7.80 +1.26 | +1.37 —i11 3486* 7.64 | +2.52 | +2.42 +32 
3274. . 7.89 +1.26 | +1.36 — 7 
2765*. 7.47 +1.43 | +1.51 —14 
3047*.. 8.71 | +1.46| +1.54|] + 6 
7. 8.21 +1.65 | +1.75 +13 
3042*. 7.47 +1.75 | +1.78 +25 
3236 7.06 +1.77 | +1.71 — 2 
3486*. 7.64 | +2.52 | +2.42| +418 


| 


* Observed by both Vanderlinden and Hertzsprung. 


t Unit, 0.01 mag. 


Our interest centers in the differences Cp — Cy and Cp — Cy in the last columns of 
the two divisions of Table 11, where, as before, Cy and Cu represent colors derived from 
effective wave lengths. Cy was found from the mean regression formula (0; from Ta- 
ble 9) 


Cy = 0.97Iy + 0.02 , (14) 
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which, combined with equation (9), gives 


: A — 4238 - 
cialis 199 — (15) 

From 34 stars we then find for Vanderlinden 
Cp —Cy = +0.01+0.03 . (16) 


This small difference (for Pg m = 7.0) is in harmony with the conclusion already ex- 
pressed that there is no evidence of magnitude error in Vanderlinden’s color indices. 

The comparison for Hertzsprung required, first, the calculation of the effective wave 
length from \ = 3944.21 (1 = separation of spectral images), next, the derivation of Jy 
from equation (2) and of C, from Table 4; whence for 25 stars, mean Pg m = 6.7, 


Ce —C, = —0.11+0.04 , (17) 


a difference attributed to magnitude error in Hertzsprung’s results. 

Formulae (16) and (17) both involve the rather uncertain color correction summarized 
by equation (13). Further, they are based on differences that obviously are still affected 
by color equation. But, since both series of measures cover the entire range of color, it is 
not likely that the zero points are seriously disturbed. Moreover, from 14 of the 15 stars 
observed by both Vanderlinden and Hertzsprung (No. 2800 is discordant), we find di- 
rectly for Pg m = 7.2 

Cy —C, = —0.13+0.04 , (18) 


free from any doubt affecting formula (13). Equations (16) and (18) together give 


Cp —C, = —0.12+0.05 (19) 


’ 


practically the equivalent of formula (17). This agreement affords justification for ac- 
cepting the difference (17) as a magnitude correction to Hertzsprung’s colors at Pg m = 
6.7. In Séction II, however, we have found that C — Cy = Oat Pg m = 12.0. Hence, as- 


suming a linear relation, we may write 
Cp —C, = +0.021(m—12.0). (20) 


Since Cp has been reduced to the International System, this relation is essentially the 

same as equation (7), already accepted as expressing the magnitude error of Hertz- 

sprung’s colors for polar stars between Pg m 9.1 and 14.2. The double check on the gen- 

eral relations, supplied by equations (17) and (19) and by (7) and (20), relieves some- 

what any doubt raised by the relatively large mean errors affecting the various formulae. 
Finally, since Cy = C, + magnitude correction, we have 


Cp —Cu = Cp —C, — 0.021 (m — 12.0), (21) 


the formula used to obtain the differences in the last column of Table 11. The assumption 
that the linear correction (20) applies over the entire magnitude interval for which formu- 
la (21) was used may not be wholly correct, but a good majority of the differences thus 
found are less than would have been obtained with the correction (17) used as a con- 
stant. 
V. RESULTS FOR NGC 1647 

An attempt to confirm the foregoing results for Hertzsprung by a comparison of his 

effective wave lengths” for stars in NGC 1647 with Mount Wilson color indices" has led 


12 Mt. W. Conir., No. 100; Ap. J., 42, 92, 1915. 
13 Seares, Mt. W. Contr., No. 102; Ap. J., 42, 120, 1915. 
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to a contradiction. So far as the record goes, the wave lengths are on the system used for 
the polar stars. Values of J were therefore computed with equation (2) and reduced to 
the International System with the data of Table 4. The color indices depend on polar 
comparisons, 5 for Pg m and 5 for Pv m. The 47 stars observed in common for which p; > 0 
give 


Cuw —Cy= —0.27. . (22) 


The original comparison in Mt. W. Contr. No. 102 gave Cw — Cu = — 0.16 fora wave- 
length constant of 4234 A. Substitution of the constant used here would change this dif- 
ference to —0.25, practically the same as the value (22). The other variants in the reduc- 
tion therefore have little influence. 

This difference, however, should be zero. The mean error of Cmw is + 0.06.'4 The wave 
lengths depend on 12 plates—6 Lumiére = and 6 Seed 27—the latter reduced to the sys- 
tem of the former. The zero point of Cy therefore supposes that the 6 Lumiére plates are 
representative of those used for the polar stars—possibly a doubtful assumption; but, 
even at that, much of the discrepancy is still to be accounted for. Hertzsprung’s results 
for the Pleiades, on the other hand, as will appear in a later Contribution, seem to be con- 
sistent with those for the polar stars. 


VI. COLOR INDEX AND EFFECTIVE WAVE LENGTH 
We now return to the question raised in the Introduction as to the agreement of the 
observed and the computed relations between color index and effective wave length. The 
substitution of equation (2) and the coefficients (5) into the functional relation (3) gives 
for Hertzsprung’s data 


mio 
C= +0.158+1.005. £236 ¢ 


"> a (Zenith, Lumiére X). (23) 


This relation refers to the weighted mean zero point defined by the observations of polar 
stars before correction for magnitude error; but, since the mean of these corrections is 
zero (see third column of Table 6), it also applies to the corrected colors. 

Similarly, equation (9) substituted into (10) gives for Vanderlinden 


\ — 4242 


C= +0.004+0.994 93 (Zenith, Seed 30). (24) 


The reduction of the Lumiére plate to the International System (Seed 27 plate) is 
+30 A,! to be applied to the wave-length constant 4216. The color sensitivity of the Seed 
30 plate may be taken as identical with that of the Seed 27. The wave-length constants 
in both formulae (23) and (24), however, must be increased by 23 A’® to reduce the re- 
sults from the zenith to the North Pole for comparison with the computed relation (1). 
Applying these corrections and simplifying, we have, for the altitude of the pole at 
Mount Wilson, 


A = 4237+199C (Hertzsprung), (25) 
+z +34 

= 4264+ 194C (Vanderlinden), (26) 
+2 +3.6 

= 4242+ 195C (Computed), (1) 


14 The probable error given originally as +0.035 should have been 10 per cent larger. The sampling 
error in the mean residual was overlooked. 


15 Mt. W. Conir., No. 100, p. 5; Ap. J., 42, 96, 1915. 


16 Hertzsprung, Polar Stars, p. 3; Vanderlinden, Praesepe, p. 19. 
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where the effective wave lengths are for photographic magnitudes, and the magnitudes 
and the color indices C are on the International System. 

The mean errors appended to the coefficients of C are significant, but the 2 A uncer- 
tainty indicated for the constant terms is only an expression of the internal consistency 
of the measures and takes no account of the much larger uncertainty arising from the ob- 
server’s habit of setting on the spectral images. Hertzsprung bisected the images;!’ 
Vanderlinden set on the center of gravity,!* a method which corresponds closely to the 
definition of the computed wave lengths. Another circumstance affecting the agreement 
of the two observers is the reduction of the Lumiére plates to the International System. 
Owing to the discrepancy brought to light in Section V, the correction of 30 A may be 
doubtful. : 

The computed change of 400 A in \ for the temperature interval 30,000°-3,000° is 
fully confirmed. The agreement between the observed and the computed wave-length 
constants depends partly on the influence of departures from black-body radiation in the 
stars and partly on the assumption that the effective temperature of an HD AS star 
(C = 0) is 11,000°. An error here of 1000°, however, would make a difference of only 12 A. 
From these details it appears that the computed wave lengths should be adequate for all 
calculations in which they are ordinarily required. 


17 Pleiades, p. 353 18 Praesepe, p. 13. 








COSMIC STATIC 
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ABSTRACT 


Cosmic static is a disturbance in nature which manifests itself as electromagnetic energy in the radio 
spectrum arriving from the sky. The results of a survey at a frequency of 160 megacycles per second show 
the center of this disturbance to be in the constellation of Sagittarius. Minor maxima appear in Cygnus, 
Cassiopeiae, Canis Major, and Puppis. The lowest minimum is in Perseus. Radiation of measurable in- 
tensity is found coming from the sun. 


Experiments on the measurement of electromagnetic energy at radio wave lengths ar- 
riving from the sky have been conducted at Wheaton, Illinois, for a number of years. 
Preliminary results have already been published.' During the year 1943 new and im- 
proved apparatus was put into operation and considerably better data were obtained. 

The electromagnetic energy is captured by the mirror shown in Figure 1 and is directed 
to the mouth of the drum at the focal point of the mirror. Within the drum are a pair of 
cone antennae. These convert the electromagnetic energy into alternating current. This 
current is fed from the tips of the cones up a parallel-wire transmission line to the re- 
ceiver-mounting on the end of the drum. On this mounting is attached a five-stage ampli- 
fier of about 90-decibels gain over the frequency range 156-164 megacycles per second. 
It uses type 954 acorn tubes and a circuit arrangement involving transmission-line ele- 
ments. The output of the amplifier is rectified by a type 9006 diode, and the resulting 
direct-current voltage is fed down a concentric cable into the house, where the associated 
power supply and recorder equipment shown in Figure 2 are located. 

It is well known that considerable amounts of random-charge voltage are generated in 
the grid and plate circuits of the first tube of a multistage amplifier. This background 
random-charge voltage will be rectified by the diode and appears as a constant direct- 
current voltage, Von, at the end of the concentric cable. Its magnitude has been the point 
of much investigation and serves as a reference level for the calibration of the intensity of 
cosmic static phenomena. The value of V., is noted on a meter before and after a set of 
data is taken. During the actual taking of data, V., is canceled out by a small battery so 
that the cosmic static may be more easily perceived. 

The mirror of Figure 1 is mounted on an east-west axis so that it may be pointed to 
any angle of declination between the limits of —32°5 and +90° along the north-south 
meridian. One of the circular tracks is calibrated in degrees. The mirror is set to point at 
the desired declination; and then, as the earth rotates, the mirror sweeps out a band in 
the sky along this particular declination. Whenever the mirror passes over a cosmic static 
disturbance, energy is collected, and the voltage at the end of the concentric cable in- 
creases by an amountAV,, The recorder of Figure 2 is set to a chart speed of 6 inches 
per hour. If no cosmic static is intercepted, the recorder will draw a straight line on the 
chart. If cosmic static is encountered, the pen will move up by an amount AV o,. Figure 
3 shows sample charts taken at various declinations. 

If no cosmic static had been intercepted, the recorder would have drawn a line of some 
constant slope. The magnitude of this slope is unimportant, provided the line remains 


1G. Reber, Proc. I.R.E., 28, 68, 1940; Ap. J., 91, 621, 1940; Proc. I.R.E., 30, 367, 1942. 
2 G. Reber, Electronic Industries, 3, 89-92, 1944. 
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Fic. 1.—Sheet-metal mirror, 31.4 feet in diameter, 20 feet in focal length, used for collecting cosmic static 
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Fic. 2.—Power supply and automatic recorder for cosmic-static investigation 
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on scale for the required length of time. On the charts of Figure 3 this slope has been 
drawn in. The rise of the curved line above the straight one indicates cosmic static, and 
its magnitude is AV,,. The small peaked rises are due to the ignition noise from passing 
automobiles. The sharp spikes are caused by opening and closing of switches. Central 
Standard time is noted in the margin. Right ascension in hours is marked by short lines 
on the chart. The plane of the galaxy is indicated by the mark at P. 

Referring to a previous paper,’ the intensity of cosmic static is 


2U 


[ =———__—_—__, (1) 
Fae m A DeP », 
where 
U = 15.1 X 10-"“A watts/M.C. band , 
Ea = 1.00 = Drum efficiency , 
E,, = 0.85 = Mirror efficiency , 
A =7 X 10° sq. cm. = Mirror area , 
¢, = 8° = Resolving-power in plane of electric vector , 
» = 6° = Resolving-power in plane of magnetic vector , 
and 
AV, 
dame! 
V on 
Assembling these values gives 
I= 10.6 X 10~"‘A watts/sq.cm., cir. deg., M.C. band . (2) 


Several charts are taken at each declination under consideration. All charts of like 
declination are then worked up, the right ascension for a given intensity is determined, 
and the results are averaged to give mean right ascension for this intensity. About two 
hundred charts were obtained in 1943. The final results plotted on a flattened globe are 
shown in Figure 4, a and 8, for the two hemispheres of the sky. The constant-intensity 
lines are in terms of 10~” watts/sq. cm., cir. deg., M.C. band. The small numbers at the 
centers of major maxima are the top values in this direction. The points at declination 
— 48° in Figure 4, a are beyond the normal range of the collector machine. They were 
obtained as the result of an accident when the machine was run off the end of the track 
in a heavy snowstorm. It lodged with the mirror nearly vertical and the drum somewhat 
out of focus and resting in the service tower. These points show the general trend of the 
phenomena but are not of a high order of accuracy and, consequently, are connected with 
dashed lines. 

Too little is known about the cause of this phenomenon to read a great deal from Fig- 
ure 4. However, it is suggested that this disturbance is in some way connected with the 
amount of material in space. Since the wave length is long (1.87 meters), the absorption 
caused by dust is small. Therefore, the intensity is roughly indicative of the amount of 
material between us and the edge of the Milky Way. On this basis the various maxima 
point to the directions of projections from the Milky Way. These projections may be 
similar to the arms often photographed in other spiral nebulae. In the case of the Milky 
Way this general picture would call for the center toward Sagittarius, and arms in the 
directions of Cygnus, Cassiopeiae, and Canis Major. A minimum occurs in Perseus, in- 
dicating that we are nearest the edge of the galaxy in that direction. The maximum in 
lower Puppis is possibly a general rise toward the center. This region from Puppis to 


3 Proc. I.R.E. 30, 376, eq. (20), 1942. 
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Scorpius is out of reach at the latitude of Wheaton. However, it is deserving of study, as 
it may contain other minor maxima. 

It has been suggested that this long-wave radiation could be set up in the corona of 
the sun. Until recently no positive evidence was available. However, the new apparatus 
was sufficiently stable to allow some data to be taken during the day in spite of severe 
automobile noise. Figure 5 shows a series of charts taken over several months as the sun 
passed through the center of the Milky Way. V., is different on the various charts; hence 
they are not strictly comparable. In any case the sun had the rather surprising center in- 
tensity of 10 10-* watts/sq. cm., cir. deg., M.C. band. In spite of the apparent great 
strength from the sun, this source must be greatly discounted when explaining the origin 
of cosmic static. If it were the source and the Milky Way were made of average stars like 
the sun, a very large area in Sagittarius would have a visible intensity equal to that of the 
sun. Since this is not the case, some other cause must be found to make up the difference 
of 20 or 30 mag. 

A few other objects, such as the moon, the Pleiades, the Orion Nebula, and the spiral 
in Andromeda have been tested without conclusive results. The last object seems to be 
at the threshold of sensitivity of the present apparatus, namely, 0.2 10-* watt/sq. cm., 
cir. deg., M.C. band. Further improved sensitivity will probably pick up a variety of 
other objects, and an increase in resolving-power will probably show more detail in the 
galactic structure. 








ON THE ORIGIN OF SMOKE PARTICLES IN THE 
INTERSTELLAR GAS* 
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ABSTRACT 

This paper attempts to give a theory of the formation of solid particles from the interstellar gas. After 
a brief outline in Section I cf the present data pertaining to the interstellar gas and smoke in the region 
of the sun, a formula for the temperature of the smoke particles is derived, in Section ITI, supposing the 
smoke particles to be heteropolar crystalline particles. 

In Section IV it is shown that if the density in the gas clouds is smaller than a certain characteristic 
density, the problem must be attacked differently from the cases in which the density is larger. In Section 
V the case of p < penar is treated. The probability for radiation capture, important in that case, is dis- 
cussed in Section VI. 

In Section VII the case p > p¢nar is treated by a method used by Becker and Doring in their theory of 
the formation of liquid drops in supersaturated vapor. Now the velocity of smoke formation decreases 
very rapidly with increasing p. 

The result of Sections V and VII is that there exists an optimum density for the smoke formation; this 
density will nearly coincide with the characteristic density. 

Finally, Section VIII gives an estimate of the maximum size of the smoke particles and discusses the 
total smoke density in our part of the galactic system on the assumption that the condensation has 
stretched over a period of the order of 10% years. The density of the diatomic molecules is also discussed. 


I. INTRODUCTION 


Only a part of the mass of our galactic system is taken up by the stars. The mass of 
the interstellar gas and of the smoke! particles in that gas, taken together, is of the same 
order as the mass of the stars.” Since Eddington’s original investigations* many papers 
have been published about the composition, temperature, density, etc., of the inter- 
stellar gas.” Hydrogen is by far the most abundant element. 

Lindblad’ has discussed the possibility that the solid particles have been formed by 
condensation from the interstellar gas. He found that the maximum size of the particles 
which follows from the law for the light-scattering in the smoke clouds (A~ law’) can 
be explained on the simple hypothesis that there exist particles acting as nuclei for con- 
densation and that every atom falling on the surface of such a nucleus is caught by it, 
because of the low temperature (3° K) of the latter. He did not inquire into the problem 
of the formation of the nuclei. 

That problem will be investigated in the present paper, which is partly an elaboration 
and partly a completion of the author’s lecture at an interacademical colloquium in 
Utrecht. 

*|This manuscript was submitted for publication by Dr. Bart J. Bok, chairman of the Committee 
for the Distribution of Astronomical Literature of the American Astronomical Society.—Eb. | 


| The term ‘‘smoke”’ for the solid interstellar particles was suggested by Mr. van de Hulst (J. H. Oort, 
Nederl. Tijdschr. Natuurk., 10, 238, 1943). Considering the probable process of formation, this name ap- 
pears to be more adequate than that of “dust,” by which they have usually been described. 


2T. Dunham, Jr., Proc. Amer. Phil. Soc., 81, 277, 1939. 
3 Proc. R. Soc., A, 111, 424, 1926. 


+B. Strémgren, Ap. J., 89, 529, 1939. 5P. Swings, Ann. d’Ap., 1, 1, 1938. 
6. Schénberg, Ergeb. Exakt. Naturwiss., 19, 1, 1940. 
7M.N., 95, 20, 1934; Nature, 135, 133, 1935. 8 See, e.g., Hall, Ap. J., 85, 145, 1937. 
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II. SYMBOLS USED 


The following symbols have been used: 


p(w) Density of radiation at the frequency w 
w@) Fundamental frequency of the crystal; w/c = 1000 cm- 
m Reduced mass of an ion in the crystal; m = 2.5+10-*5 gm (nitrogen atom) 
e Effective charge of an ion in the crystal; e = 107! e.s.u.° 
o Surface of an atom; o = 2+10-" cm? (surface of a graphite sphere divided by 
the two-thirds power of the number of atoms contained in it) 
7 Number of atoms in a crystal 
T; Temperature of a particle consisting of 7 atoms 
Trad Temperature of the stellar radiation;!® Traa = 10,000° 
T, Temperature of the interstellar gas; Tz = 10,000° 
v Mean velocity of the hydrogen atoms in the interstellar gas;!° v = 1.5 «10° cm 
sec™ 
p, p’ Number of atoms per cm’ in the interstellar gas 
g Dilution factor of the radiation;!® g = 107'4 
u; Binding energy of an atom in a particle of i-atoms; wu; = 1 e.v. 
N; Number of crystals consisting of i-atoms 
O; Surface of one crystal of z-atoms; O; = 77/%¢ 
Z; Total surface of all crystals of i-atoms; Z; = N,O; 
27. Collision time; Tt. = 107 sec: 
i, y; Probability for an impinging atom to stick to the surface of a crystal 
AE Dissociation energy of a diatomic molecule 
C1, C2,.... Numerical factors of order 1 
K’, K”,.... Nonspecified factors 
c Velocity of light; c = 3+10'° cm sec" 
h Planck’s constant; 4 = 6.6-10-?’ erg sec 
h Dirac’s constant; h = h/2r 
Boltzmann’s constant; k = 1.4+ 107" erg degree 
a; Number of colliding atoms which in 1 sec stick to 1 cm? of the surface of a particle 
of i-atoms 
b; Number of atoms which in 1 sec evaporate from 1 cm? of the surface of a particle 
of 7-atoms 


= 


=~ 


Ill. TEMPERATURE OF THE CRYSTALLINE PARTICLES 


If there should be a temperature equilibrium between the atoms of the interstellar 
gas (1, = 10,000°) and the diatomic, triatomic, and polyatomic particles, the number of 
particles consisting of i-atoms would decrease rapidly with increasing 7, and condensa- 
tion would be entirely out of the question. The density of the radiation in space, how- 
ever, is small;!° therefore, the emission of radiation of a polyatomic particle will not be 
counterbalanced by the absorption of radiation, and the temperature of the particles will 
decrease with increasing 7. As a consequence, the conditions for the accretion process 
will become gradually more favorable, until, for sufficiently large i, the temperature has 
become so low that every atom (except probably the hydrogen and helium atoms?) falling 
upon a smoke particle is caught by it. 

As a model for the smoke particles we will use heteropolar crystals, which are small, 
compared to the wave length of the stellar radiation. Inasmuch as there are only slight 
deviations from harmonic binding between the atoms, these will emit and absorb radia- 
tion approximately as one large harmonic oscillator (only the fundamental frequencies 
contribute). A harmonic oscillator with mass M, charge e, and frequency w absorbs and 
emits per second the following energies (assuming kT X hw; viz., only a small fraction 


9 We have taken about one-fifth of the elementary charge, corresponding to Dennison’s (Phys. Rev., 
31, 503, 1928) figure for HCl. For the actual crystals, e may be expected to be a good deal smaller. 


10 A, S. Eddington, of. cit. 
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of the radiation oscillators is in the first excited quantum state, whereas higher excita- 
tions can be neglected): 
827*huwe 


. oleae (1) 





Eabs = 7 p (w) and | = 


In our case we must use for particles of i-atoms: « = ie, M = im, T = Tj, and 
w = wo. The radiation in interstellar space is approximately a diluted Planck radiation; 
therefore, the formulae (1) become 








22 3 ath wet 
82 e*h gw — Sa*hwe? ner; (2 
37 car anc Sem = 1 ek ie : ) 
m c3 ( e'/k Tra — 1) mC 


Fabs =1 
The atoms colliding with the particles and those evaporating from them are practically 
all hydrogen atoms; they carry with them per second the following energies: 


Eon = C7 oa pvkT, and Eo = Coi?? 0 pvkT; . 
The energy balance yields the following equation: 


3 9 9 3 
: . 82 e7h guy may . 8rrherwo " 
CyopvkT 74 +1 peace (eho/k Tra — 1) —1 = Coop vRT 2/8 +4 ——_—. € “oki. , 
mc* m c3 


On the left-hand side the ratio of the coefficient of 7 to the coefficient of i?/° is approxi- 
mately 10~*; on the right-hand side their ratio is larger than 10‘ for T; ~ 100° K. 
Thus, the following equation holds approximately : 


csopumec*kT, i-"3 = pe— 44-8 
82° e* hws " (3) 


eho /kTi — 





The p and 2 in formula (3) may be taken to refer to the hydrogen atoms in the inter- 
stellar gas, while o, m, e, and w» are quantities characteristic of the composition of the 
crystals (which can be safely assumed to contain little or no hydrogen). Using for all 
these quantities the values given in the list and using 2 cm~ for p, we obtain from formu- 
la (3) 

83 


1+ x4 log i 


If we had taken for p a value one hundred times larger and for e a value ten times 
smaller, we would get: JT; = (182/1 + »; log 7). We are, therefore, certain that the 
temperature pertaining to the internal degrees of freedom of the particles is very low, 
even if 7 is not more than 2 or 3. In the region of large 7 the formulae for our crystal model 
are Clearly rather different from those holding for a black body, but it seems physically 
justifiable to use this model for the determination of 7; in the region of i-values, where 
this temperature is significant for our problem. 


(the log is to the base e) . (4) 


IV. THE CONDENSATION PROCESS; CHARACTERISTIC DENSITY 


Assuming that a quasi-stationary situation has been established, so that the number 
of particles containing a given number of atoms remains practically constant, we can ex- 


press this by the equation ; . 
J = OL2;— O4iZiti. (5) 


A similar equation also occurs in Becker and Déring’s theory" on the formation of 


l Ann. d. Phys., Ser. V, 24, 719, 1935. 








INTERSTELLAR GAS 291 


liquid drops in a supersaturated vapor. The quantity 7 is the number of particles ‘flowing 
through” the various particle sizes; the number of new smoke particles formed per second 
will clearly depend on j. 
Using the condensation-evaporation picture, we obtain the following formulae!®'* 
for a; and 0;: 
a; = Cayip'v’ = y,e", (6a) 


b; = Csy! mocap nn GETS os yy! eBi—(ui/k Ti) (6b) 


We see that, apart from the factor y;, a; is independent of 7. We may take 6; and u; 
practically independent of 7. The quantity ); is still very much dependent on i through 
7; appearing in the exponent. 





TABLE 1 
u | % | e 
(E.V.) | (Cm) (E.S.U.) | Pchar 
| sio- =| 4 108 
(1000 (10 4-104 
; Ree eee by a | 
(2000 10-10 4-105 
10™ 4-108 
| 
} {107 4-108 
(1000 10-4 4-102 
Beh Rae ia 4 | 
(2000 =| #8107 200 
107 2 
f10-" 20 
(1000 | 10-4 0.2 
i | 
| Pere ee ee < 
\2000 =| «= f107° 2-10-8 
| 10-4 2-107? 











The ratios b;,:/a; decrease gradually to values smaller than 1 when 7 increases. We 
can distinguish now between two cases—viz., the case where these ratios decrease from 
a value originally larger than 1 and the case where these ratios even from i = 1 onward 
are always smaller than 1. 

Assuming all quantities appearing in our formulae to remain constant, with the ex- 
ception of p, the first or the second case is realized according as p is larger or smaller than 
a certain characteristic density. We can determine this characteristic density by calculat- 
ing 7; from the equation a; = 6:41 and then solving p from equation (3), putting 7 = 1. 
The result is 

har 


log Phar = A ———(B —a). (7) 


Using different values for u, w/c, and e, we have computed Table 1 for penar. The value 
we choose for u depends on the assumption of the nature of the evaporation. If molecules 


12 The term p’ in formula (6a) indicates the density of the atoms constituting the crystal; p’ differs, 
therefore, from the p in formula (3) and will be much smaller. 

13 In 6; there appears yj — 1 (instead of yi), since the evaporation probability is dependent on the 
number of impinging atoms sticking to a particle of i — 1 atoms. Except for small 7, yj = y;. For the de- 
duction of the formula for }; see, e.g., Schafer (Einf. Theor. Phys., 2, 609, Berlin-Leipzig, 1929). 
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evaporate from the crystal, « may be a good dea! smaller than in the case where only 
atoms evaporate. Since pehar will nearly coincide with the optimum density for the smoke 
formation (cf. Sec. VII), the conditions will be most favorable for this formation if p 
nearly coincides with pehar. 

From Table 1 we see that the order of magnitude of pehar depends first of all on the 
choice of u. Since particles for which u is small will not be formed, because of their large 
evaporation, it seems probable that u has approximately the value of 1 e.v. Since the 
composition of the smoke particles is still less known than that of the gas, our choice for 
wo/c and e necessarily remains somewhat arbitrary." 

In the following sections we will treat the two cases (p < Peharand p > Pehar) as if they 
could be separated rigorously, although there will, of course, be a certain transition range 
of p-values. 

V. FIRST CASE: p < Pehar 


Assuming in equation (5) the terms 0;,:Z;41 to be negligible, we get 
j = 4,2; = Cgop'v'y; Co > ee ee ee) 


As in formula (6a), p’ is the density of the atoms constituting the crystal. 
Using formula (8), we obtain 


N= = (9) 
a,O; a,O; 7 v/s 


Except for small values of i, we may put y; = 1, and formula (9) becomes 
N;=1Nyi-** . (10) 


We see the importance of 71, the probability that a diatomic molecule is formed when 
a collision of two atoms occurs. In ordinary chemical kinetics the formation of diatomic 
molecules takes place through a three-body collision. The ratio of the number of three- 
body collisions to that of two-body collisions is, however, only of the order 10~* in inter- 
stellar space, whereas the ratio required to explain the observed smoke density would be 
much larger. It is, therefore, necessary to explain the formation of diatomic molecules by 
radiation capture (1.e., association accompanied by emission of radiation). 


VI. ESTIMATE OF /¥1 


To estimate the probability, 71, of the formation of a diatomic molecule by radiation 
capture, we will first consider the following rough model. When the two atoms that are 
to form the molecule approach each other, the system will, during the collision, possess 
a dipole moment which varies with the time; and radiation will therefore be emitted. 
This emission will be calculated on a rough correspondence basis analogous to Kramers’ 
treatment of X-ray transitions.'° 

For this purpose we assume the potential of the interaction forces of the two atoms, 
considered as a function of their distance apart, to have the shape shown in Figure 1, 
and we wish to calculate the probability of a radiation capture in the two-particle system 


so defined. 
The relative velocity of the atoms will be a function of the time. A representative type 


14 The sublimation heats of 12, H.0, Ca, and BaO are 0.22, 11.26, 43, and 90 Cal., which correspond to 
u-values of about 0.01, 0.5, 1.9, and 4 e.v. It must be borne in mind, however, that an exact theory should 
demand a thorough sorting-out of the different possibilities of the building-up of a smoke particle. 

16 Swings (A p. J., 95, 270, 1942) has also urged the necessity of taking radiation capture into considera- 
tion, but for a different purpose. 


16 Phil." Mag., 46, 836, 1923. 
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of this function is shown in Figure 2. The corresponding acceleration will be a function 
of two 6 functions!” 


|2AE’ 
a (t) a Eb 9) —é(t—+7,.)], 
with the Fourier analysis: 
ec a oa ee 
a(t) = Vf 2ie**’"t sin 2mvr.dv. 


The total classical emitted radiation will formally be given by 


2e? \ 19 2e? 16AE at 2 
35 flew) |*di= lle : =f sin? 2avr dv 
3¢ ? ’ 


5° m 


(e is an effective charge entirely comparable with the effective charge in the previous sec- 
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Using Kramers’ application of the correspondence principle,'® we obtain an estimate 
for the average energy actually emitted by quantum processes by replacing the bound- 
aries of the integral by 1 and 7». 

Because v1 — v2 & 10" sec and 7, ~ 107" sec, it is permissible to replace sin? 2xv7, 
by its mean value 3. At every molecule formation approximately $/(71 + v2) is emit- 
ted. We obtain, therefore, ; 

2e? 2 (v2—) 8AE 
1=> a a - - 
3c2 h(vetv,) m 

32 v.—v, e? AE 
a Aled . 

Om vety, hc mc? 


or 
71 (11) 


17P, A. M. Dirac, Principles of Quantum Mechanics, p. 72, Oxford, 1935. 
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For the formation of CH molecules we obtain, for instance, approximately y; ~ 107°. 
It should be borne in mind that the mechanism of radiation capture actually may be 
more complicated. In fact, when two atoms approach each other, two or more electronic 
states may be realized and a radiation capture may occur which is accompanied by elec- 
tron transitions. According to the considerations and figures of R. S. Mulliken,'® this 
will hold for CH, CN, NJ, CO*t, and BH (and, therefore, presumably also for CH*; data 
of Herzberg, cited by Swings," confirm this conclusion), but not for NH, OH, NO, and 
NaH. In that way, yi may be much larger. A calculation of 71 taking into account this 
possibility of electronic transitions yields for CH the approximate value of 10~"°. It seems, 
however, that for other compounds (except, probably, CN) y: will be much smaller. 
' Tam greatly indebted to Professor Kramers for the following estimate of 1 in this 
case: 
If A(r) is the Einstein probability for the transition between the two possible elec- 
tronic states of the molecule, it is easily shown that, when taking into account the dif- 
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ferent possibilities during a collision, the cross-section for a radiation capture will be 
given by 


Ona= Onn n= ff4erea (1) e-vorne [p (YW nel Jar. (12) 


In this formula U(r) is the energy of the molecule in the upper state and U’(r) that 
in the lower state (U and U’ tend to zero for r + ©), T is the temperature of the atoms 
involved in the capturing process, F(r) is a function which for imaginary argument is 
equal to zero, whereas for real positive argument it is defined by 


F(x) = Sef e-rstie, 


while f is the probability that, when the two atoms meet, they will find themselves in the 
upper electronic state under consideration. 

In the case of CH the ground state *P(C) + ?S(H) splits into ‘II (g = 8), * (g = 2), 
4> (g = 4), "II (g = 4) (the g’s are the weights of the respective states). The radiation 
capture corresponds to *2 — *II transitions. Thus, f in this case equals 2/18 = 1/9. 
From an inspection of the curves for U(r) (22) and U’(r) (?I1), one infers that for T ~ 
10,000° the factor e~Y¥/*T (F’ — F) equals about 1 between r = 0.5 and 7 = 1.5 A, 
whereas it can be neglected for other r-values. Thus Qraqa becomes ~ (42/9) 10-*4 A 
(where r = 1 A). With A ~ 10° sec and Qoon = 1.5 - 10~°, this gives for y: the esti- 
mate 10~'® mentioned above. 


18 Rev. Mod. Phys., 2, 60, 1930. 
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VII. SECOND CASE: p > Pehar 


In this case we are in the same situation as Becker and Déring.'! The ratios 6;4;/a; de- 
crease gradually with increasing 7 from a value larger than 1 to values smaller than 1. In 
this case a quasi-stationary situation will be established where at first NV; will decrease 
rapidly as a function of 7 until we have reached a critical range of 1-values (this critical 
range appears for b;4:1/a; ~~ 1). After that NV; will decrease according to the formula: 
N; = Ki’; in the latter range the condensation predominates largely over the evapora- 
tion. The particles at the end of the critical range may indeed be considered as the nuclei 
for the further (easy) smoke formation (see Fig. 3). Of course, the curve representing 
N; will break off somewhere in the pure condensation range, because the period over 
which the condensation has stretched (presumably about 10° years) has been too short 
for the formation of larger particles. 

We shall now eliminate, as Becker and Déring have done (cf. their formula [7a] and 
the calculations following thereupon) Z2, Z3,...., Zn—1 from equations (5) by writing 
them in the following form: 














° rm 
ra = Z Pa Za 
a, ay 
J be eS z,22 al 7,030 
a2, a, a20, 
jbsbs baba = babs 
23020, a2, 43420, 
jbe-as+.-bs 7 dnt-++-dabs_y babs 
An—2An—1 ..-- QA Qn—2 --.. G20, Gary ccse By 


A summation of these equations gives 
Risnae & 

















Z,-— —Zr 
j= . Qn—1--... ~ Zi (13) 
n—l bond 
pe aR 
with 
Buck. Pe (14) 
a a Qe aj-2 Aj-1 


Since the ratios 6;/a;-1 are at first larger than 1 and finally smaller than 1, R; reaches 
a maximum for i = ig, where ig is that particular value of i for which };/a;1 = 1. 
Using for a;, b;, and T; the following formulae, 


a= vyie*, (6a) 
b= yj_,c8 ATO ’ (6b) 
eho /kTi = pe—4q-14 , (3) 


we get for R; approximately" (cf. Becker and Déring) 


R, = € €(i-1) log ig— Ci log i+ Ci ( 9% y/) —1 , 


where C = u/3hwp. 
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0 

. a ° 

For S~ R; we get thus approximately 
i=] 


reS%elp'o’)-!. (16) 


Since zp and Pehar Satisfy the following equations, 


§ log ip = "#8 (8 — a) —A+log p (17) 
and 
hw 
u 


in =( -.) | (18) 


so that we obtain for 7 the following formula: 


u/he 
P= cog pty! (Oe) em (u/Bh) (0/pchar)?® (19) 
7. = Cgsdp “tu = _ é / 0 /Pchar’ , 
Pchar 


- 
~I 
~~ 


log Pchar = A ———(B —a), 


we get 


From formula (19) it follows that above the characteristic density the velocity of 
smoke formation will decrease with increasing density. Since u/3hwo is of the order of 1, 
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we arrive at the conclusion that smoke formation will be practically absent in a system 
where the gas density is only a few times larger than the characteristic density. Together, 
formulae (8) and (19) present us with 7 as a function of p (see Fig. 4). There will exist 
an optimum density which will only differ from the characteristic density by a factor of 
2 or 3. 
VIII. MAXIMUM SIZE OF THE SMOKE PARTICLES; SMOKE DENSITY; 
DENSITY OF THE DIATOMIC MOLECULES 

Equation (5) is, of course, not suited for the determination of the maximum size of 
the smoke particles reached in a given interval of time. We have instead to use the equa- 
tion 

dN; . “ 2 

gp tii — Obi — OL i+ bi 42s. (2 )) 
(We assume, for the sake of simplicity, that the exhaustion of the interstellar gas is 


negligible.) 
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In the condensation range we may neglect terms with 6 and, putting rt = op’v’t, 
6;' = y7,7°/*, we obtain 2 
dN; 

peal mT 


‘dt 


5g ey (21) 
These simultaneous differential equations can be solved.'® For the initial conditions 
at t= 0: Ni = NY, Ne = N3 =....= 0, the solution is 


‘—1 1 ment 
: vA = es aes ; 
N,=N°T] o> (22a) 
7=1 


enn 
TT] 51-379 


kAj 


v;= Ns, a (226) 
1" 2rvVv —-1 


Il C] — %6;) 
7=1 


where the integration path is clockwise round the poles of the integrand. We see from 
formula (22a) that terms with 6;'7 > 1 will not materially contribute to N;; 6y'7 is 
certainly small, compared with 1 (a period ¢ = 10° years corresponds to rt ~ 1000, using 
for p’: 10-4, the approximate density of oxygen). Since diatomic molecules in their 
lowest vibration state (from eq. [4] it follows that 7, ~ 83° K) will have a chance of cap- 
turing a third atom in a purely mechanical way, y2 must certainly be expected to be 
much larger than 7. For the moment we shall assume 6;'7, 6;'7, etc., to be much greater 
than 1. About 6;'7 we shall decide nothing at first (67'r <1 means that the density 
of the diatomic molecules, and therefore also the stream of larger particles developing 
from these molecules, is still increasing with the time). We then obtain, approximately, 
in the region where |x|63; <1, 


Nié ex(l1/3] i1/3—7) 
1 DT rT ~ ——$$_________________qy, 23 
vie RS b aaa i 


It now follows from formula (23) (assuming y2 >> y1 and y1 < 1) that 


or 





Nee Ar) _ ey, (li/slit/ “7)) [1 <i< (37)3], (24a) 


4 
N,;=0 [i> (37r)8]. (246) 
From formula (24a) we get 
N 2 iern, (yor > 1), (25a) 
Nie i-/8N, (7 — 3-118) (yor K1). (255) 


The maximum size is given by the following formula, which is practically equivalent 
to Lindblad’s results:’ 
(37)%= (3ap'v't)®. (26) 

Using the values p’ = 10-4 cm~* (approximate density of oxygen atoms), ¢ = 3 - 10" 
sec, ¢ = 10~ cm’, we get imax = 10°, which does not contradict the observed extinction 
law,?° since it corresponds to a particle size of about 1000 atomic diameters, i.e., of about 
2000 A. 

19. Rutherford, Radioactivity, p. 331. Cambridge, 1905. 


20Q. Struve, Ann. d’Ap., 1, 143, 1938. 
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The total smoke density now becomes 


*max 


PA fate’ 
Psm = > Nam 


+=2 
or 
3 nr 24/3 ~ 
Psm = 4 my,N 14max ’ (2 / a) 
ny 35/3 - 
Psm = mt myi72N 14max - (2 / b) 


For the density of the diatomic molecules we get from formulae (25a) and (250) 


Nez" N, (yor >> 1), (28a) 
72 
Neoxv1Nir (yet K1). (285) 


These simple formulae involve the assumption that the smoke formation may be 
considered as due to the agglomeration of heavy atoms, all of one kind, and that this 
simplified picture holds even for the first steps in the process where diatomic and tri- 
atomic molecules are formed. 

If we wish, on this basis, to explain the observed smoke density’ of 10-*° gm cm~%, 
we find from formula (27), assuming for the density of the heavy atoms N; ~ 10-4 cm“ 
(corresponding to tT ~ 10%), 

ma@10-", y2-> 1073, (29a) 
or 
"17222 10-', «107, say maz10-", yo2oz10-4. (2956) 


These values of y: would both be theoretically permissible (see Sec. VI). An estimate 
of y2 has not been performed; but that yz ~ 10~’, or larger, seems not very likely. 
For the density of the diatomic molecules we would get 


N2<« 107-8 (30a) 
Noa10-". (300) 


In both cases this density would be so small as to be practically unobservable. 

Our conclusions would be substantially the same if we had chosen J, to be larger by a 
factor of 10, but this would make the linear dimensions of the maximum size of the par- 
ticles also ten times larger. 

An important question is: How can these results be reconciled with the observed pres- 
ence of the diatomic molecules CH, CH*, and CN in interstellar space, with densities of 
the order 10~*? Of all the hydrides of the atoms in the beginning of the periodic system, 
the probability of the formation of CH and CH* by radiation capture outweighs, accord- 
ing to theory, by far that of the formation of the others, like VH,OH, NaH (see Sec. VI). 
This is, of course, a satisfactory result, and it seems not improbable that the first step 
in the coagulation process is precisely the formation of CH by radiation capture. For the 
corresponding 71, the theoretical estimate gives approximately 10~'°. The next step would 
be the mechanical capture of either a second hydrogen atom or some heavy atom, the 
capture of the former being more probable because of the larger hydrogen concentration. 
The corresponding ‘2 is very difficult to estimate theoretically; but from the observed 
CH density, one would find the approximate value of 10~’. Indeed, for Ncg we have 


aNcu 
dt 


or 





= mNcoNyv > y2aNcutNy ; 
giving 


New = mn Ne (1 ma e297 Ny%y") = N1 Ne (1 — e —1.85-10%,) 
Y 


2 3 





ex 


ro 
m 
CO 


to 
at 
ge 
he 
th 


th 
th 
ge 
he 
la 
pe 
at 


Ww 
de 


fo 


as 





INTERSTELLAR GAS 299 


Taking Dunham’s*! values, Vow ~ 2 - 10 and Nc =~ 3- 10-%, we find that the 
exponential term can be neglected and that 


¥2—= iss 10 . 


(In view of the fact that Dunham’s carbon concentration is very different from the 
much lower concentrations given by other authors, this value is rather uncertain.) 

If C—> CH — CH; actually should be the initial steps in the smoke formation, our 
rough interpretation of the observed smoke density will no longer hold. First of all, we 
must consider more closely the subsequent steps. It is clear that these will certainly not 
consist in the capture of hydrogen atoms only, since these will evaporate again. Heavy 
atoms must necessarily now be added; a certain amount of hydrogen atoms may be added 
too, but their number will, at its highest, be of the same order as the number of other 
atoms. In a detailed theory one might try to take the capture and evaporation of hydro- 
gen into account, but it seems safe to use the simplified picture that after CH2 (or per- 
haps after CH; or CH; for simplicity we will, however, start directly after CH2) only 
those atoms are captured whose density is of the same order as that of carbon. 

We can now use again the differential equations (21), but with this difference: that 
the values of dy’ and 67! are no longer equal to y: and 22?/* but are larger by a factor 
Nu/ Nc, for which we will take 3 - 10+, corresponding to p’ ~ 10~4 used in formula (26); 
the value of 7, however, remains the same (viz., tT ~ 10°). If, now, 6;'7, 6717, etc., are 
all large, compared with unity, we would, from formula (27), using yi ~ 10~", clearly 
get a smoke density which is too large by a factor of 10°. 

This difficulty can be overcome if we remember that the first steps of the capture of 
heavy atoms by the CH; molecule need by no means be easy, so that, even if 6;'7 is 
large compared with 1, the quantities 6;'7, 6y'7, etc., may eventually be small com- 
pared with 1. This means that, for instance, the probability for the capture of a carbon 
atom by CH: or CH3 or C2H:2 during a collision is still small compared to 10~%, as may 
well be the case. It is clear that this will have a diminishing effect on the final smoke 
density. With 6;'7 and éy'r <1, d;'7, dg'7,....>>1, we get from formula (22) 


130 oe ). pe 


The factor between the first parentheses is the same as the expression for psm in for- 
mula (27a). 

The factors ysr and y47, and perhaps one or two more, may easily account for the 
required factor 10~*. 

As long as we are not better informed about the capture probabilities 3, 4, etc., it 
will be difficult to predict a precise value for psm; but there is, as yet, no particular reason 
to fear that the theoretical picture is in contradiction with the observations. 

Some remarks may still be made about CN. This molecule is rather easily formed by 
radiation capture. The 71, corresponding to this process, should be smaller than in the 
case of CH, perhaps by a factor of 10 or so. The total number of CN molecules formed 
in the course of 10° years from carbon and nitrogen in the interstellar gas becomes, how- 
ever, many powers of 10 smaller than the observed density (~10~*); and their forma- 
tion by direct capture seems, therefore, to play an insignificant part. The presence in 
space of CN should perhaps be ascribed to evaporation from particles originally built up 
along the CH line. If this is the case, other diatomic molecules should likewise be ex- 
pected. 


for the total smoke density 








Psm >= (35m Nir? vt 





I wish to express my thanks to Professor H. A. Kramers for his advice and constant 
assistance and to Professor J. H. Oort for much helpful criticism. 


21 Pub. A.A.S., 10, 123, 1941. 








SOLAR CONCENTRATIONS OF THE HYDROXYL RADICAL 
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ABSTRACT 
The discrepancy between the observed and calculated concentrations of OH in the disk of the sun, as 
found by Russell, is reduced upon recalculation based upon a new measurement of the energy of dissocia- 
tion of the OH radical. 


A comparison between the calculated and observed concentrations of certain mole- 
cules on the surface of the sun was made by H. N. Russell.? He defined S as the concen- 
tration of molecules per unit area on the surface of the sun expressed on an arbitrary 
scale. Experimental values of log S were taken as 3, 2, 1, or 0 according as the lines ob- 
served were conspicuous, medium, weak, or barely visible. The theoretical values were 
calculated by the methods of spectroscopic thermodynamics. The results obtained, 
though qualitative, were satisfactory for most of the molecules considered. 

Of these molecules, OH showed the greatest discordance. A value of 5.3 was computed 
for log Sou, whereas the experimental value was only 3.0. Russell suggested that the 
discordance in the data for this radical might be due partly to the difficulties in the 
calibration of faint lines near \ 3000. 

The calculation of Russell was made using Bates’ value’ of 5.0 electron volts for the 
energy of dissociation of OH. Since the value of log S is sensitive to this constant, it 
seemed worth while to recalculate log So, using the value of 100.1 kilocalories, or 4.34 
electron-volts, obtained by Dwyer and Oldenberg.* 

The value of log S is obtained from the equation 


log Son = log So +log Sy —log Kou — 12.6, 


in which log Koz is the only term containing the dissociation energy of OH. The equa- 
tion for calculating log Kog is an involved one (eq. [3] of Russell’s paper); and when 
the calculation is made using the new value of the dissociation energy, the result ob- 
tained for 5740° is 2.2, instead of Russell’s value of 1.6. Upon substituting this new 
value in the above equation, the result for log Soz is 4.7 instead of 5.3, the value obtained 
using the old dissociation energy. This is still considerably removed from the value of 3.0 
obtained experimentally but is 25 per cent closer than before. The discordance is made 
less than that in VH, where the experimental value was 2.0 and the calculated value 4.0. 

Tables of the free-energy function —(G° — U})/T have been published? for H, O, and 
OH for temperatures up to 5000°. From these tables and the formula® 


nxadg (Pou), 008 
R Y i RT 
1 Work done while Charles A. Coffin Foundation Fellow at the Research Laboratory of Physics of 
Harvard University; now at Trinity College, Hartford, Connecticut. 

2 Ap. J., 79, 317, 1934. 
3 Bates, Phys. Ber., 12, 2465, 1931. 4J. Chem. Phys., 12, 351, 1944. 
6 Landolt Bornstein, Physikalische Chemische Tabellen, 3d Erg., Table 265, 1936. 
6 Glasstone, Textbook of Physical Chemistry, p. 860. 
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the value of log K may be calculated for the temperature of 4720° found on the spots. 
This gives 1.1 instead of Russell’s 0.6; and the resulting value of log Sog is 6.2, compared 
with Russell’s 6.7. No observed value is given by Russell for the case of the spots, so 
that there is no experimental check at this temperature. 

F. E. Roach’ has made a calculation of log S - f, where f is the absolute intensity fac- 
tor, for several of the molecules discussed by Russell. The trend of the results, as com- 
pared with Russell’s, seems to indicate lower f-values for OH than for the other mole- 
cules considered. Absolute f-values are known only for OH* and CN, and the values for 
OH are about a tenth of those for CN. If it is generally true that OH has smaller f-values 
than the other molecules considered by Russell, then the discrepancy between his ob- 
served and calculated values for OH on the disk would be still further reduced. 


The author wishes to express appreciation to the Charles A. Coffin Foundation for a 
fellowship. 


7Ap. J., 89, 110, 1939. 8 White, J. Chem. Phys., 8, 79, 1939. 








A REPORT ON NEW SPECTROGRAPHIC MATERIAL OF 13 CETI 
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ABSTRACT 

This paper is concerned principally with the measurements of 108 spectrograms of the triple system 
13 Ceti, which were taken during the interval from September, 1928, through January, 1944, and with 
the discussion of the variations in the systemic velocity of the spectroscopic system, the absence of spec- 
tral variations, and the determination of an improved period for the spectroscopic system. 

The previously found correlation between y, which is the systemic velocity of A, and V, which is the 
relative radial velocity of B with respect to A, is confirmed. According to the equation y = T — B+ J 
this correlation determines new values. These values are ! = +9.4km/secand 8 = 0.25 (mass of B/mass 
of the total system). This value of 6 gives the masses of the visual components as M, = 1.8 © and 
M, = 0.6 ©. No significant variations in the spectrum were found. From a displacement of 0.11 day 
of the observed phase from the predicted phase of minimum velocity, P = 2.081877 days. 


1. The system 13 Ceti AB (a = 0307, 6 = —4°09’, 1900.0) is a visual binary 
with A= 5.6 mag. and B= 6.4 mag., as given by R. G. Aitken.! According 
to the Henry Draper Catalogue,’ the photometric magnitude of the system 13 Ceti 
(HD 3196) is 5.24, the color index is 0.56, the photographic magnitude is 5.80, and the 
spectral type is GO. According to W. J. Luyten, ® using the value of the absolute parallax, 
p = 07050, which he determined, and his final elements of the visual orbit, the absolute 
dimensions of the system are: 

a = 4.9 astronomical units 
g = 1.3 astronomical units 
total mass = 2.4 © 


The brighter visual component A is a spectroscopic binary with the components desig- 
nated A; and Ag. A; is the only star of the system which appears with certainty on the 
spectrograms. However, it is believed that since B is only 0.8 mag. fainter than the bright 
component A, it should disturb the spectrum of A; to some extent. The principal un- 
solved problem of this system is the apparently peculiar variation in the y-velocity of the 
spectroscopic system. These y-velocities do not define a velocity-curve which represents 
the motion of A around the center of mass of the visual system. In addition, other ques- 
tions are raised by the variations in the orbital elements of the spectroscopic system and 
by the possibility that the light of the system may be variable. 

2. The star Ho 212 = 13 Ceti AB was discovered to be a visual binary by G. W. 
Hough‘ in 1886. Elements of the visual orbit have been published by Aitken.’ M. Mag- 
gini® has also derived the elements of the visual orbit from interferometer measures. All 
the visual observations given in Burnham’s and Aitken’s catalogues and a later observa- 
tion by Van den Bos, together with the measurements of Maggini, have been rediscussed 
by Luyten,’ who gives the following elements for the visual system 13 Ceti AB: 


Q = 24° e = 0.73 
t= +52° P = 6.91 years 
w = 73° T = 1925.94 
a = 0244 Angles increasing 
1 Pub. Lick Obs., 12, 5, 1914. 3 Ap. J., 78, 231, 1933. 
2 Harvard Ann., 91, 47, 1918. 4A.N., 125, 3, 1890. 
5 Op. cit. See also Lick Obs. Bull., 3, 90, 1905; 4, 107, 1907; 11, 60, 1923; 12, 173, 1927. 
6 4.N., 233, 97, 1928. 7Op. cit., p. 230. 
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P. Slavenas* used 13 Ceti as a comparison star in a photometric investigation and sus- 
pects it of being variable by 0.2 mag. with a period of 0.4692 day. 

In 1907 E. B. Frost® found that the brighter component A of 13 Ceti was a spectro- 
scopic binary. Since that time the observations of 13 Ceti with the Bruce spectrograph 
have been continued, with interruptions; and from time to time the plates have been 
measured and new orbital elements have been derived. P. Fox'® derived orbital elements 
from 18 plates taken in 1906 and 1907. J. S. Paraskevopoulos" discussed this system in 
the light of his measurements of 25 plates taken in 1908, 1912-1913, and 1919-1920. In 
addition, he remeasured the 18 plates of 1906 and 1907 for which he obtained essentially 
the same results as Fox. A. Pogo,” from the much more extensive data from 110 plates 
taken in the period 1906-1928, published additional elements of the spectroscopic orbit 
and discussed the system. Luyten! rediscussed all the available observations of 13 Ceti 
up to 1928, both those concerning the visual system AB and the spectroscopic system 
AiAe. In view of the fact that some of the anomalies of this system have not been satis- 
factorily explained, observations of it have been continued. 

3. All of the 108 spectrograms were taken with the one-prism arrangement of the 
Bruce spectrograph attached to the Yerkes 40-inch refractor. This combination gives 
about 20 A/mm at Hé6 (\ 4101.75). A list of the plates, together with the data and re- 
sults, is given in Table 1. 

The spectrograms were measured on a Gaertner machine, and the measurements were 
reduced with the aid of a dispersion table. The stellar and comparison lines which were 
measured are listed in Table 2. All these lines were measured on each plate if possible, 
but on a few underexposed plates one or more of these lines had to be omitted. In order 
to eliminate any systematic differences between the velocities derived from plates on 
which all star lines were measured and from plates on which not all star lines were 
measured, a correction was derived and applied to the velocity as given by each star 
line. This correction was determined from those plates on which all of the star lines were 
measured and was taken as the negative of the average for all such plates of the devia- 
tions of the velocity as given by each star line from the mean velocity for the plate. 
These corrections were determined and applied separately to the plates falling into the 
groups as given in Table 3, which also lists these corrections. With these corrections ap- 
plied to the lines of those plates on which not all of the star lines were measured, the mean 
velocity was determined for each plate. This velocity was then reduced to the sun by 
means of the graphical method described by G. Van Biesbroeck.'* The phases, in days, 
given in Table 1 are counted from Tmin = 1906 Sept. 30.250 G.M.T. = JD 2417484.250, 
corresponding to the passage of the brighter component of the spectroscopic binary 
through the descending node. No correction was made to reduce the phases to the center 
of mass of the visual system or to the sun. This small correction might have slightly re- 
duced the scatter of the points, but the effect upon the variation in the y-velocity would 
have been negligible. 

From the phases and velocities reduced to the sun, which are listed in Table 1, the 
corresponding points defining the velocity-curves were plotted, as shown in Figure 1. A 
velocity-curve was determined by adjusting the elements found by the method of Leh- 
mann-Filhés until a good fit was obtained for the two well-observed seasons, 1934 and 
1942. For the compromise curve finally adopted the eccentricity and the longitude of 
periastron are: e = 0.05 and w = 275°. The y-velocity for each of the eight seasons in 
which observations were made since 1928 was determined by adjusting this curve along 
the velocity axis until the best possible fit was obtained. In obtaining this fit, no shift in 


8 4.N., 233, 125, 1928. 

° Ap. J., 25, 60, 1907. 12 4p. J., 68, 116, 1928. 
10 Ap. J., 27, 372, 1908. 13 Op. cit., p. 225. 
4p. J., 52, 110, 1920. 4 Ap. J., 64, 258, 1926. 
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TABLE 1* 


RADIAL VELOCITIES OF 13 CETI 


Dido | hans Uncorr. 

Date Mid- | Quality | (Days) Velocity 

exposure | iis | (Km/Sec) 

1928 Sept. 16... 5:23 g | 0.067 | —27.6 

Sept. 17 5:10 p 1.058 | +33.3 

Dec. 22 coroe = g 2.074 —29.8 

Dec. 24 :26 g 1.056 +47 .4 

1929 Jan. 16... 0:42 | g 12825 +45.2 

1932 Sept. 23 6:49 g 0.416 —10.2 

Oct. 2 8:43 f | 1.168 +38.3 

Oct. § 7:00 p 0.851 +23.8 

1933 Aug. 24 7:59 p 0.286 —22.9 

Aug. 27 10:00 | g | 1.288 +37.2 

Sept. 8 6:00 | f | 0.630 +17.4 

Sept. 21 as | f ri2e +35.8 

sept. 29... 6:01 g | 0.812 32.9 

J eS ee 6:36 g 0.590 +15.9 

Oct-14... . 5:26 g 1.214 +40.5 
Oct. 18 6:02 f 1.075 +43 

Dec: 25: .. 0:44 f 0.154 —24.6 

1934 July 18... 8:40 g 1.462 +20.4 

July 20 9:18 f 1.407 +25.5 

July, 21 8:25 4 0.288 —21.4 

July 24 9:39 g 1.257 +38.2 

July 30 8:53 f 0.980 +37 .0 

Aug. | 9:29 g 0.923 +32.9 

Aug. 3 8:53 p 0.816 +24.1 

Aug. 17.. 8:05 g 0.210 —24.8 

Aug. 21 9:48 g Oni —27.0 

Sept. 26 8:29 p 0.670 +24.0 

Sept. 28 7:03 g 0.530 + 7.6 

Oct. 2 6:33 f 0.345 —15.7 

Oct. 2 1 EK Y- g 0.386 — 8.7 

Oct; 7. 5:36 g 1.141 +42.7 

Oct. 8 6:21 g 0.091 | —26.2 

Oct. 10 7:44 g 0.066 | —26.1 

Oct..42 6:29 g 2.014 —29.1 

Oct. 13 5:18 g 0.884 +31.8 

Oct. 16 6:25 g 1.848 —13.1 

Gct. 21 4:51 g 0.537 + 8.6 

Oct, - 22 3:45 g 1.491 +18.2 

Oct; 22 5:95 g 1.568 +11.9 

Oct. 26 3:49 f 1.330 | +33.2 

Oct. 30 6:46 g 1.290 +41.2 

Nov. 7 1-37 g 0.747 | =+24.9 

Nov. 15 3:39 g 0.505 0.0 

Dec. 5 1232 g 1.680 + 2.8 

Dec. 10 23:20 g 1.342 +33.5 

1940 Sept. 13. 7:18 p 1.996 —22.2 

Oct. 24 5:35 f 1.288 | +35.4 

Nov. 3. 4:01 g 0.812 +31.6 

Nov. 25 2:54 g 1.948 —19.7 

DEC; «3 3:38 g 1.650 + 6.6 

Dec. 9 ‘Aa g se +26.4 


* The spectrograms were obtained by several observers at the Yerkes Observatory. 
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TABLE 1—Continued 


U.F. er Uncorr. 

Date Mid- Quality (Days) Velocity 

exposure ae (Km/Sec) 

1941 Sept. 26... 4:59 g 1.001 +42.1 
Oct: 35... 5:07 g 1.270 +40.8 

ets. 36: 3:43 g 0.130 —27.8 

Oct. 24.. 2:08 f 1.818 —11.9 

ee. Zo... 4:50 f 0.848 +30.8 

Bec. 6... 2:54 g 1.131 +39.4 
Bec. 15; .., 1:02 f 1.726 — 1.6 

Dec. 20... 2:23 f 0.536 + 4.1 
1942 Jan. 6... 0:18 g 0.794 +23.7 
yan. 24... 0:15 p 0.465 —10.6 

1942 Sept. 27... 6:09 g 0.642 +13.7 
Sept. 28. . 5:16 PG 1.605 +11.5 

Oct. 6 5:42 g 1.297 | =+38.2 
Get. 6 6:49 g 1.343 +35.0 

Oct... 4 4:40 f 0.171 —22.3 

ets ls 5:48 g 0.219 —23.3 

Oct; 7 6:53 g 0.264 —17.5 

Get. -&...:. 4:32 g 1.166 +38.7 
Oct. - 8x. 5:45 g 1.217 +46.1 
Oct, 17... 8:22 p 1.998 —24.6 

Oct. 9... 5:25 g 1.793 — 5.3 

Oct. 19... 6:35 g 1.841 —10.6 
Nov. 6... 4:32 g 1.020 +43 .2 
Nov. 13.. 2:10 g 1.675 + 7.4 
Nov. 13.. 3:18 g t. i290 + 0.7 
Nov. 13.. 4:26 g 1.770 — 1.2 
Nov. 14.. 1:48 g 0.578 | + 8.5 
Nov. 27.. 2232 g 1.118 | +43.0 
Nov. 27. 3:43 g 1.167 +50.1 

Dec. 4.. 2:07 g 1.855 — 7.6 

Dec. 4.. 3:19 g 1.904 —14.9 

Dec: 5... 2°13 g 0.777 | +27.9 

Dec. 5.. 3:14 g 0.820 +33.3 

Dec. 12. 2:19 f 1.536 +20.6 

Dec. 12 3:22 f 1.579 +12.9 

1943 Jan. 9.. 0:24 g 0.310 —24.6 
1943 Aug. 10 8:03 p 1.278 +32.3 
Aug. 17.. 9:36 g 0.016 —23.9 
Aug. 18 8:23 f 0.965 +31.4 
Sept. 21. 6:46 g 1.588 | +14.1 
Sept. 24. . 4:54 g 0.346 — 94 
Sept. 29 7:00 p 1.271 +46.5 

Oct.. 6 a 4:28 g 1.919 —15.0 

0S ey Bee * 5:00 g 0.859 } +38.6 

Oct. 12... 4:24 p 1.670 + 0.8 

Oct. 20.. 3:56 p 1.324 +38.4 
Oct: Ze.4. 4:10 f 0.252 | —15.3 

Cet 22: 3:41 g 1.231 +41.1 
Oct: Za... 3:53 g 2.076 | —29.4 

Oct. 29.. 3:28 g 1.977 | -=—22 
Nov. 28... 2:26 p 0.706 +23.8 

hie: 555. 1:02 g 1.402 | +30.8 

Bec. it... 3:23 g 1.253 | +44.6 

Dec. 20. . 1:27 g | 1.846 | —15.9 

Dee: 33:.... 23:47 g | 2:68 | =e 
DOGG hate. GP o5 e 5 cos 0:02 g 1.214 | -+30.0 
MMS BU risala oases 0:15 p 0.896 +43 .6 
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phase from that of the 1942 season was made except for a very small shift to the left for 
the early seasons (1928, 1932, 1933, and 1934), which was in the direction indicated by 
the improved period derived later. The resulting y-velocities are given on the y-axes of 
the velocity-curves in Figure 1. 

TABLE 2 
LIST OF STELLAR LINES AND COMPARISON LINES USED 
TO DETERMINE THE RADIAL VELOCITY 


WaveE LENGTH IN A | WAVE LENGTH IN A 


ELEMENT a a ee ELEMENT | ae i a 
Comparison* StarT | Comparison* Start 

Ti : eer at 4012.39 ees S| ic” ne See t 4260.48 

Fe | =. 4045.82 4045.83 Fe OY ae oe 4271.54 
Fe | 4063.60 4063.61 ee 4274.58 

MMAR 4071.74 4071.75 Ti 4318.64 

aes: 4078.47 ; By ioe 2 LA Jit e 4325.62 
SS 4132.06 4132.07 BES, Sets ear  os 4341.38 

PTA PRT, (ASMA Rb Ages er 4143.74 Tt. 4344.29 : : 
Be eect 4163.65 os Fe 4383.55 4383 .56 
Fe iS Se erage Ti | 4399.77 : na 
Fe 4235.94 BA ie ca ae Fe : a 4404.76 
Fe.. 4250.46 Fe 4415.12 4415.14 


* Wave lengths from Massachusetts Institute of Technolopy Wavelength Tables, New York: John Wiley & Sons, Inc., Lor 
don: Chapman & Hall, Ltd., 1939. 
Tt Wave lengths from Trans. I.A.U., 5, 193, 1935, by W. S. Adams. 


TABLE 3 


VELOCITY CORRECTIONS FOR THE STAR LINES 


WAVE LENGTH OF 
STAR LINE IN A 


CORRECTION TO VELOCITY (IN KM/SEc) 


1928, 1932, 


1940 and 


and 1933 1934 1941 ioe anes 
4045 .83. +1.0 +2.6 +4.4 | +5.0 | +3.3 
MRR R MRE 2: oh aac cankoge +2.0 +1.1 +1.2 | +1.2 | +2.0 
4071.75. +1.5 | +6.0 +1.7 | +5.4 +4.0 
4132.07. —91 } —9.2 —6.8 —4.1 —5.3 
Oy! ae +1.6 | —0.2 —0.8 +4.2 +3.8 
4250.46... +0.5 | -—0.6 +1.4 —1.0 | —0.6 
4271.54.. —1.8 | —5.2 —3.9 —5.1 | -—4.6 
4325.62. —0.5 —3.4 —5.4 —4.3 —4.2 
4383.56 +6.2 | o.o +6.7 —0.8 —0.5 
BIOs so 5 cvs wees —2.2 | +4.0 +0.7 +1.3 +0.6 
ULES rote +0.8 | +1.5 +0.7 | —1.9 +1.7 





4. If the y-velocities given in Figure 1 and those determined by Pogo are plotted 
against the mean epoch of the observations, it is at once apparent that my y-velocities 
are systematically lower than those determined by Pogo. It is very doubtful that this 
difference is real, for recent independent investigations indicate that the Bruce spectro- 
graph has been giving velocities which are systematically too small by several kilo- 
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Fic. 1.—Velocity-curves of 13 Ceti. Ordinates: radial velocity in km/sec; abscissas: phase in days 
reckoned from Tin = 1906 Sept. 30.250 G.M.T. with P=2 .08186 days. Solid circles represent observa- 
tions of good or fair quality, while open circles represent observations of poor quality. 
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meters per second.'* Consequently, I have corrected my y-velocities for the seasons 1940, 
1941, 1942, and 1943 by adding to them 4.6 km/sec, which is the difference between the 
means of Pogo’s seven y-velocities that are based on more than five observations and 
my four y-velocities for these seasons. No correction was applied to the seasons 1928, 
1932, 1933, and 1934. Table 4 lists the y-velocities for the eight seasons in which I had 
observations and, for convenient reference, the y-velocities determined from five or 
more observations by Pogo. 

If the y-velocities listed in Table 4 are plotted against the phase in the visual orbit, a 
velocity-curve of A with respect to B is not defined. Therefore, it is better to use the 
method adopted by Luyten to reveal any correlation between y and the relative radial 


TABLE 4 


THE y-VELOCITIES AND THE RELATIVE RADIAL VELOCITIES 
OF B WITH RESPECT TO A 


Epock V Y No. of ee V | y Uncorr. | No. of 
=— (Km/Sec) (Km/Sec) Plates ag (Km/Sec) (Km/Sec) | Plates 
1906.90. . —1i1 +10.0 8 1928. 88& — 44 + 8.5 5 
1907 .87.. — 6 +11.0 10 1932.75 +26.6 + 4.7 3 
1908 .89 — | | + 8.0 12 1933.74 —16.2 + 88 9 
1911.72. +25 — 3.0 5 1934.72 — 98 | + 8.2 28 
1912.97... —16 +17.0 10 
1917.06. + 6 +17.0 5 y Corr. 
1923°72 + 4 +18.4 15 (Km/Sec) 
1925.75. +29 + 7.0 5 
1926.87.. —16 +13.0 6 1940.84 —14.8 +12.0 6 
1927.95. . —10 +13.5 19 1941.88 — 8.5 +11.3 10 
1942.84 — 3.7 +14.4 26 
1943.82. + 1.1 +14.1 21 


velocity of B with respect to A. If T’ be the true systemic velocity of AB, V the relative 
radial velocity of B with respect to A, y the observed systemic velocity of A, and B the 
ratio of the mass of B to the mass of the total system, then we have 


y=IT'-—B-V. 


'6 The possibility that the velocities given by the Bruce spectrograph in recent years might be influ- 
enced by a systematic error was first suggested in an investigation of ¢ Tauri by J. A. Hynek and O. 
Struve (A p. J., 96, 425, 1942). This revealed a systematic difference of about 2 km/sec between the veloc- 
ities determined since 1940 at Yerkes and at Perkins. Subsequently, the following four independent de- 
terminations of this error have been made: 

1. In an investigation of x Cancri by O. Struve (A p. J., 99, 216, 1944) the difference in the y-velocities 
as determined from Victoria and from Yerkes plates was found to be +4.2 km/sec. 

2. Recent measures by Miss J. Ringstad of the radial velocity of a Persei from 32 Yerkes plates taken 
in the interval from November 2, 1943, to March 26, 1944, inclusive, indicate that the correction is a func- 
tion of wave length. For the mean wave length, \ 4228, of the lines which were measured in the present 
work, her curve indicates a correction of +6.5 km/sec. 

3. The paper on 48 Librae by P. W. Merrill and R. F. Sanford (A p. J., 100, 14, 1944) indicates a cor- 
rection of +4.0 km/sec for the hydrogen lines and +8.8 km/sec for the metal lines. 

4, Finally, in the present paper the correction is found to be +4.6 km/sec. 

Although the dispersion among these separate determinations is rather large, the mean value, +5.6 
km/sec, should furnish a fairly reliable value of the systematic correction to be applied to the velocities 
determined from plates taken with the Bruce spectrograph since July 15, 1940, when a different collima- 
tor and prism were installed. While testing the spectrograph on April 21, 1944, it was found that the colli- 
mator focus was in error. After proper adjustment the definition of the spectrograph was definitely im- 
proved. Measures of a Bodtis by A. J. Deutsch of 22 plates taken since this change was made show 
that the large positive correction is no longer present. His mean gives a correction of —0.3 km/sec. 
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The value of V for each mean epoch is also given in Table 4. These data are plotted in 
Figure 2. It is important to notice that all the points in Figure 2 which have V greater 
than +5 km/sec are based upon five or fewer observations. In addition, the remaining 
points do not define well the position of the straight line y = T — B+ V. However, I 
have tentatively drawn a straight line by inspection. This line gives 


lr = +9.4 km/sec and B=0.25. 


Since Luyten gives the total mass of the visual system as M = 2.4 ©, the above value 
of 8 gives the following values of the individual masses: Ma = 1.8 © and Mz = 0.60. 
For comparison, Luyten’s previous values are: T = +11 km/sec, 6 = 0.45, Ma = 
1.27 ©, Mg = 1.05 ©. 

5. Previous papers have all made reference to the possibility that another star of the 
system, besides the bright component Ax, might be capable of leaving its record on the 
spectrograms. It has been suggested in particular that the visual component B, which is 
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Fic. 2.—Correlation between the y-velocity of 13 Ceti A and the relative radial velocity of B referred 
to A. Open circles represent Pogo’s values. Triangles represent the uncorrected values, and solid circles 
the corrected values found in the present paper. 


only 0.8 mag. fainter than A, might produce a disturbing effect upon the velocity- 
curves. With this problem in mind, about a dozen good plates were selected at such 
phases in the visual and spectroscopic systems that the relative radial velocity of B 
with respect to A; would be either near a maximum, near a minimum, or near zero. These 
spectrograms were compared in pairs in a Gaertner measuring machine provided with 
two stages. Under these circumstances, favorable to the discovery of any doubling or 
differing character of the lines, no significant differences were found. The range in the 
relative radial velocity of B with respect to A; is from +65 km/sec to —54 km/sec. A 
difference in velocity of 65 km/sec corresponds to a shift in the position of a line of 
0.045 mm or 0.90 A at Hé (A 4101.75), which would be just sufficient to show the 
similar lines of the two components as doubles if they were both present. However, it is 
still possible that spectral variations exist which were not discovered in this compari- 
son, since it was not quite possible to realize the full difference in velocity of 65 km/sec 
in the selection of the pairs of plates and since the lines of the component B would nec- 
essarily be very faint even if they were well separated from the lines of Aj. 

6. The period of the spectroscopic binary system 13 Ceti A, as determined by Pogo 
and by Luyten, is 2.08186 days. It is apparent from Figure 1 that the time of minimum 
velocity is shifted to the right by about 0.11 day. This corresponds to a change in the 
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period to P = 2.081877 days. The neglect of light-time introduces an uncertainty of 
about 3 in the last place. 

7. The observations of 13 Ceti have not been distributed as evenly in the phase of the 
visual orbit as could be hoped for. None of the points in Figure 2 with V greater than 
+5 km/sec are based upon more than five observations. Considering this and the very 
favorable phase of the visual system in the next few years, it is desirable to obtain at 
least 15 good plates per season in 1944.8, 1945.8, and 1946.8, when V will have ap- 
proximately the values +7, +16, and —19 km/sec, respectively. The very critical posi- 
tion of all of these points in Figure 2 can be seen at a glance. It would also be important 
to verify the photometric observations by Slavenas which led him to suspect that 13 
Ceti was variable by 0.2 mag. with a period of 0.4692 day. 


I wish to express my sincere thanks to Dr. O. Struve, who suggested this problem and 
who has given me valuable advice during its progress. I am also indebted to the other 
members of the Yerkes staff for helpful discussions and to Mrs. C. Rezek, Miss J. Ring- 
stad, and to my wife, Grace, for aid in the computations. 
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THE INTERACTION OF A PROTON AND A HYDROGEN ATOM 
IN ITS EXCITED STATES 
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ABSTRACT 
The problem of calculating the van der Waals force between a proton and an excited hydrogen atom 
is considered. It is found that the energy of interaction depends essentially on the inverse second power 
of the nuclear separation, in contrast to the more familiar R~® law. Moreover, the energy may be evalu- 
ated exactly, to as many orders in the perturbation as are desired. 
The numerical values of the interactions are given, in atomic units, for the excited states of hydrogen 
as far asm = 5; and it is suggested how these results can be applied to astrophysical problems. 


I. FORMULATION OF THE PROBLEM 


1. Introduction.—A physical problem of considerable astrophysical interest is that of 
the interaction of a proton and a hydrogen atom in its various excited states; for, on ac- 
count of the enormous abundance of hydrogen in stellar atmospheres, we might, on the 
Lorentz-Weisskopf! theory of collision-broadening, seek in these interactions a cause for 
the broadening of the hydrogen lines in stellar spectra. As is well known, the discussion 
of this latter problem in terms of Stark effect caused by the interatomic electric fields in 
the stellar atmosphere has been carried out by Struve, Pannekoek, Verwey, Unsdld, 
and others.? However, an alternative discussion of the problem in terms of the direct in- 
teractions between a proton and a hydrogen atom may prove useful in extending the 
current treatments of the problem. Accordingly, with this intention we shall examine in 
this paper the basic physical problem. 

The interaction of a proton and a hydrogen atom in the ground state has recently been 
considered by C. A. Coulson,® who has shown that the interaction energy can be ex- 
pressed as a power series in 1/R and that, further, the coefficients of the various powers 
of 1/R can be directly and explicitly evaluated. An examination of Coulson’s method 
with a view toward extending it to the more general problem on hand revealed several 
interesting features of the problem which are not encountered in the simple case treated 
by Coulson. For this reason we shall formulate the problem anew in a completely general 
manner. 

2. Outline of the method.—In considering the problem of the interaction energy, two 
types of forces must be distinguished: the weak interactions, which operate for large 
separations of the nuclei, and the forces which are connected with molecular binding. 
The latter are the resonance or exchange forces and are important for much smaller 
values of R. In this case the wave function for the electron is symmetrical with respect 
to the two nuclei, and the energy of the binding is proportional to e~°®. However, at 
very large distances the exponential term becomes very small, and it is the van der Waals 
forces which become important. 

It is assumed that during the “‘collision” the electron remains confined to the nucleus 
A (see Fig. 1) and that the nuclear separation R is always large compared to the radius 


1V. Weisskopf, Phys. Zs., 34, 1, 1933; also H. Margenau and W. Watson, Rev. Mod. Phys., 8, 22, 1936. 


2 For an account of these investigations see A. Unséld, Physik der Sternatmosphdren, pp. 180-184 and 
pp. 286-290, Berlin, 1938. 


3 Proc. R. Soc. Edinburgh, A, 51, 20, 1941. 
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of the hydrogen atom. Accordingly, the presence of an additional proton 


considered as causing small perturbations. We can expand the perturbing 
V oe 
ay 


in spherical harmonics about AB as axis in the form 


V = — } ae Picos 0) + a Ps (cos O)+... ES 


Now the wave equation pertaining to the perturbed problem is 
(H+V —-E)y=0, 


where H is the Hamiltonian operator for the unperturbed hydrogen atom: 


at B can be 
potential 


(1) 


(4) 


The method of solving equation (3) is to seek expansions for E and y of the forms 


1 1 
E=Ej+—E,+—Et+.... 
oie. 


1 
R 


and 


1 
ve vor, vit 


(5) 


(6) 


where Ey and Yo denote the energy and wave function for the unperturbed hydrogen 


atom. More particularly, 


Ey(n) = — (in atomic units) 


ie. 
2n? 
and 


y= PP Qiym Yo (n, l, m ) — ae a1, m®m () Oi, a ( @7R,, i¢7) 


l,m l,m 
where the ay, »’s are certain appropriately chosen constants and‘ 


b. (6) 1 jal. 
_ — = etm 
m \ op a/ 2 Q ] 


[C214 1) =m)! 


01, m (6) =V ; 2(i+m)! P” (cos 6), 


oe i ON a SEE oa eas, 
a eas (7) Vint tips © Ene (Ps 
and 


p=—f. 
nN 


4 See, e.g., Pauling and Wilson, Introduction to Quantum Mechanics, p. 132, New York 
Book Co., 1935. 


(7) 


, (8) 


(9) 


(10) 


(11) 


(12) 


: McGraw-Hill 
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It will be noticed that we have chosen for Wo a linear combination of the ? linearly in- 
dependent wave functions belonging to Eo(). This is because we do not yet know which 
particular linear combinations will lead to pure states when the perturbation is effective 
(see below). Then, by substituting equations (2), (5), and (6) into equation (3) and 
equating the coefficients of like powers of 1/R, the following equations involving the 
perturbed energies and wave functions are obtained: 


[H—-Eyly=0, (13a) 

| H — Fy] Vy = 11 Wo ’ (135) 

[H —Eo] v2 — 1P; (cos 0) ¥o = Ey, + Eavo , (13¢) 

[H — Fy | — r?P. (cos 0) Wo = rP, (cos A) = Eire + Foy, + Eso . (13d) 
— = — r2P,(c ns ERS Cop " 

[H —Eo] Ws — r°P3(cos 0) Yo — r?P2 (cos 0) ¥; — rP, (cos 0) ye (13e) 


= E,wW3 + Foye + Ey, + Eo 


The essence of Coulson’s method is that these equations can all be solved exactly, to 
aS many orders in the perturbation as are desired. 


e 





Q 
A R B 


Fic. 1.—Proton and hydrogen atom 





The first equation simply describes the unperturbed hydrogen atom. However, owing 
to the fact that the energy levels of the hydrogen atom are degenerate, the solution of 
equation (13a) can be any linear combination of the n? independent wave functions be- 
longing to Eo. To begin with, therefore, we must determine the proper linear combination 
to use. This problem is somewhat simplified by the fact that all the equations of the 
perturbation are trivially separable in ¢, so that for any m we may consider the various 
values of m separately. It will be seen that this means that the perturbation has the 
effect of removing the degeneracy with respect to m—but not that with respect to /. In 
other words, there will be a mixture of the states with different /’s which belong to a 
given and m. 

Finally, the perturbed wave function is subject to two conditions, namely, that it 
should always be normalized correct to the order to which one is working and that it 
should possess no singularities.® 

We are now in a position to consider the detailed solution of the equations (13). In 
accordance with the foregoing remarks, we shall carry out the discussion for the different 
values of m in turn. Now, for any m the greatest value of |m| is m — 1; and correspond- 
ing to this value there is only one possible value of /, namely, m — 1. In this situation, 
of which the Coulson case is an example, Yo contains only one term, and removal of the 
perturbation leaves the atom in a pure state. For all other values of m there are two or 
more possible values of /, corresponding to a mixture of states. Finally, it is clear that to 
complete the discussion for a particular value of n, say, m = g, we should consider all 
values of |m| down to |m| = n — q. 


5 Singularities of the form r~!**(e > 0) are, however, permitted. 
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II. THE CASE |m| =n — 1 
3. The first-order terms.—Consider the simplest case, namely, |m| = n — 1. The un- 
perturbed wave function, Wo, is simply po(n, n — 1, m — 1) as given by equations (9), 
(10), and (11). Hence the first step is to multiply equation (13d) by yj and integrate 
over the entire configuration space. Denoting by dr the element of volume in the con- 
figuration space, we have 


Sy3 [ H — EF] Yidr = EF, 


> (14) 
=fylH —E)yedr =0 
because of the self-adjoint property of the Hamiltonian. Hence, 
E,(n,n—-1,n-—1)=0, (15) 
and equation (13d) becomes identical with the unperturbed wave equation: 
(H —Ey)y,=0. (16) 


Hence y; is an arbitrary multiple of Yo, 
Yi= apo. (17) 


The condition that y be normalized correct to 1/R determines the constant a; for, in 
order that this may be true, we must require that 


Suevidr =0, (18) 


from which it follows that a, and therefore also yj, are zero. 
4. The second-order terms.—Multiplying equation (13c) by yw and integrating, we 
have 
Suz [ H — EF] Yod = frP, (cos 6) Vo vod r = Ey ( 1 9) 
or 
E, = — SrP,(cos 6) Vo vod . (20) 


Since the element of volume is 


dr=r*sin 6drdéd¢, (21) 
the integral contains a factor 


J Pr(cos 0) [P™(cos 6) ]* sin 6d 0 =f [cos 6P™ (cos 6) ]P” (cos @)sin 646. (22) 
0 


0 
Using the relation between the associated Legendre polynomials 


— 1 
cos 6P” (cos @) = ait Pm (cos 6) + ee re. toon 6), (23) 


we can readily show that the integral in question vanishes. Hence 
E,(n,n—-1,n—-1) =0. (24) 


Therefore, equation (13c) becomes 


(H — Eo) po = rP; (cos 8) Yo , (25) 
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or, more explicitly, 
2 bear (35 
2 2 Or 


In view of the form which po has, we may write 





in 9 a2 bp 
r? sin 6 9 06 r? sin? 0 d¢? r 


j (26) 
— Eof2 = rP, (cos 0) Yo - 








y= emp, , (27) 


where 2 now depends only on @ and r. If we neglect for the time being the normalization 
factor, equation (26) becomes 


1 (1 0 ( “ =) 1 0 ° OV, m? WV js \ 
—2 Ur ar \” ar) resin 6 968" 9° 99) — Fasint 6 8S — 7 | og) 
21+1 


= —rP,(cos 6) Pi (cos @) e—*/*p'Li +) (p). 


Introducing the variable p (cf. eq. [12]), we find, after some minor rearrangement of the 
terms, 


, OWs , OW, m2 n ) 
p” § —— )— —Y, — 1, 
p? 35 SD ee WEL = a) p? Paint 6 2 2— 4s 


| 
(29) 
n’ ‘i , 
ai * P,(cos 6)P™ (cos 6) e~9/? p! ve hg (p). 
Without loss of generality, we may write 


We = >” Pm (cos 9) Rnyk(p)- (30) 


k 
Then, 


Sr J PE @ (9 IRny ke) 5 Roy & [= a @ 
wm |p? dp oa, Pt la ae * Se eee 





1 d : dP; a r| ) 


(31) 
m m ns m 9 2 
+5 PE Ray t= LPPRn ef =" Pi (cos 6) Pi" (cos 6) e-*@p1ZA44h. 
The quantity in brackets in the foregoing equation is equal to —k(k + 1)P% (cos @). 


Using this, together with equation (23), we may equate the coefficients of P? on both 
sides of the equation. Remembering that m = / = n — 1, we find 


R k+1 1) 
Se Pe + {A z} Rn w= 0 (k An) (32) 
p> dp ‘dp p> 
and 


1 d pt hme) 4 | ak Bn Me 
p? dp dp 
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It will be noticed that equation (32) and the homogeneous part of equation (33) are 
identical in form with the radial wave equation for the mth quantum state, whose solu- 
tion is any multiple of 

EW 0/2 kT 2k+1 


n+k 


Equation (33) may be solved by making the substitution 


6 i \ 
a? n =e 0/2 pn SS” ¢ P baie ’ (34) 


n+] 
7 


where the c;’s are constants to be determined. According to equation (34), 


/ S. + 4+ /9 + > eP 
R= pe c;,e7" rit)’ + np" Pg 1 >= Ae? uF Saath (35) 
7 
and 
” 9 > + ¢ = 9 —9 4 
Quay eget? (i) 9 + 2a (Ee a) Tete f) ee) 
n, 7 — n 7 nT] q (36) 
> 4 —_— 9 + 
—e€é 0/2 [ p® (Ln n Ad +n p"- ee) +e p/2 pie) ed 


where the primes denote differentiation with respect to p. Substituting these in equation 
(33) and dividing through by p”~', we obtain 


ni 1 


>» Ci p( 9 hart )"%+ [2 (e+ 1) — 9) Ga)" — [ntl bok oem 


n+j 


- pL2n—1, (37) 


a 


This equation can be further simplified by using the differential equation for the asso- 
ciated Laguerre polynomials, namely, 


p (List) + [2(m+1) — p] (L841) = (wn — G1) Et. i38) 
We find 
:' n3 1 ‘ 
2, oi\#— jf) Fi Pa = 4 a ess plo . (39) 
7 


Now, by means of the recursion formulae, 


L'. (1-4 7) +L(p-1-2r+s) +01 rs =O (40) 


r L: 


and 


Lp ~ebeti elt G, (41) 


1 


we can express the product pL3n-} on the right-hand side of equation (39) as a sum of 


Laguerre polynomials, all of order 2” + 1 and having constant coefficients. In this man- 
ner we find 

. 7 
Scan — je ie. 5+. ft Blamed) an | 
al nti 4 2n—112n(2n4+1) 
] 1 > (42) 


Rea t es SO ae Lent! | 
2n(2n+1)(2n+2) “ent2] ) 
a relation which determines the coefficients c; uniquely. Thus 

n§ 1 2(n+1) 
— Ce = SX —-__ ——___ __ - 
' 4 2n—1 2n(2n+1) 


(43) 











ar 


al 


CR 


tk 
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and 
3 1 1 
i . scape eh eel (44) 


and the remaining c’s vanish. The solution for ,, , can therefore be written as 


. ne 1 sali [ - 2(m+1) ,., 
Ruy cH aS G sala | i Pry Hi 
4 2n-1 2n(2n+1) 1 


miami L2nt1 


a In £1) (2n-+2) Pent? 


> (45) 
fe 


Finally, in order that Y may be normalized to the second order in 1/R, Y2 must satisfy 
the condition 


Sbevedr = 0. (46) 


This requires that 


3/2 { Qn—1 1 
fala nce — ‘ sai 2 i(n—1)pPn—1 ) , 47 
a (2"V Vaan —2)1 /2n[(2n—1)!]3 n Ravn (47) 


If x be put equal to 1, the foregoing equation yields the y2 giv en by Coulson. 
5. The third-order terms.—Multiply equation (13d) by Yj and integrate: 


Sy; |H — Fo] 3d + (ot Sr?Pe ( cos 6) vo vod [Has E; . (48) 
The first integral vanishes, and we are left with 
Fe = — fr*P2 (cos 9) YS Yod r . (49) 


From the expression for yo, it is readily seen that the integration over @ gives unity. 
The integration over @ is of the form 


T +1 
["Px(cos 6) [Pr (cos 6)]*sin @d0= f  Pa(s) [Pr(s)]*dz. (50) 
/0 v1 


Now it may be shown that 


1+ m 3l—m+1l—mt+2 ) 

? o Im ° tae nae accanieneaiad Im Im | 

at fal pat a 2+i | IFS | 
/ (51) 

4 l+mi—-m ,l—-m+1l+mt+1 —5{ Pr 

F 2i+1 21-1 21+1 21+ 3 
where use has been made of equation (23) and the further relation 

L+m l+m — l—m+1l—m+2 ) 

3? + =a Im = Im 

3a Ge Prat Te a Bad | 
> (52) 

4 l+ml—m ,l—-m+1l+mt+1 pm. | 

2i+1 2/-—1 21+ 1 21+ 3 oy 
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Hence 


5 a ee ee TS Ee oe Bee, ee ae a ts ae 1) ) 
fi Pas) (Pray tds = 45 [SA at ae os) 3H | 
(53) 


+1 | 
x fo [Pr(s)]%dz. | 


The integral on the right is just canceled by the normalization factor for the Legendre 
polynomials (cf. eq. {10]), so that we finally have 


qf oe i-m  j—-mti beest) 2) sf? ae 
E; = ae at 41 oe ee Shea res lat eRe Cr) dr. (34) 


Now the integral over r defines the mean value of r’, so that 





R= -{5 l+m l—m Pie ae l+m+1 |-3 oa (55) 
iy 2i+1 21-1" 2i+1 21+3 25 ‘mt? - 
where® 
r= [Sn?+1—31(1+1)]. (56) 
Inserting the proper values of m and /, we find 
E;,(n, 2 —1,”-—1) =—(n’?—1). CHE) 


The van der Waals interaction between a proton and a hydrogen atom in a pure state 
is thus seen to follow essentially an R~ law, in contrast to the more familiar R~* law, 
which applies, for instance, in the case of two hydrogen atoms in the ground state. The 
R- law applies, however, only in this special case; and it will be seen in the next section 
how the degeneracy with respect to / brings about a term in Eo. 

The Coulson case, m = 1, differs from the general pure-state case in that E; also 
vanishes. Hence for this case it becomes necessary to consider also the fourth-order 
terms. 

Returning to equation (13d), we have 





[ H — Eo] vs — r°P2 (cos 8) po = (n? — 1) po (58) 
or 
th ae o(r 29s), 1 9g Os _ a » ¥s 
 2lrar Or resin 000\°" 00 r? sin? 6 d¢? r 
(59) 


2 
— Ey; = r°P» (cos 0) vo + (n? —1) Yo. | 


The separation of this equation is made in exactly the same way as before. Omitting the 
normalization factors and writing 


Ys = e808 S” Pm (cos 0) Buy i (p) 5 (60) 
k 


6 See H. Bethe, Handb. d. Phys., 24, Part I, 286, eq. (3.21), Berlin, 1933. 





ii ee 
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we find that the functions $n,% satisfy the equations 





1 yk k 
= d p? IDSs i +} _ eae 6 le (kAn—1,n+1), (61) 
p> dp dp p° p 4 


nynt1 | 


2 ) 
1d (c+ feet) } Linck) Ate ) yn 4 


p” Al dp p 4 
(k=n+1), (62) 
34 n* 2 - 172n—1 | 
as iene - eel: on” J be 2n—1 | 
ae et n—1)(2n+1) 2n—1 ) 
and 
1d dS3nyn—1 toe 1) 
oO dp *)+}- 4 gy mn 
> (kR=n-—1). (63) 
a coe ee D 1) (2 1) e-toc ites | 
*~Tiegre ee Oe ee ae 


Solutions of these equations in terms of Laguerre polynomials can be found exactly as in 
the case of We. Finally, the arbitrary constants which appear in these solutions are de- 
termined by the normalizing condition that Yo and Ws; be orthogonal. This completes the 
formal discussion of the third-order terms. 

6. The fourth-order terms.—The quantity E, is obtained in exactly the same way. 
Multiplying equation (13e) by ¥ and integrating over the configuration space, we have 


Sv* |H —Ey] fadr —Sr?P3(cos 0) p*~odr —JrP; (cos 0) Peyod7 =E, (64) 
or 


= —fr®P;(cos 0) ~*podt —SrP; (cos 0) p* Pedr. (65) 


Now the first term on the right contains as a factor an integral of the type 
T ~+] 
[P, (cos 0) [P™ (cos @) ]? sin ada= P3(2) [P™(2)]%dz. (66) 
“0 J 


Since 
ri 
J 2iP.d2 = 0 (j=; 1,..-+¢i— 1) 66) 
= 
integrals of the above type are equal to zero unless 2/ > 3. Thus the integral in ques- 


tion is zero, at least for s and p states. More generally, we have 


Fi P;([P”] ds=5f ) [Pr]? ‘ds=>f 2(Pr|%dz 


at —} 
} (68) 


3 > 2 | 
a “2 (Ppl tds 
and we have already shown that 


re 
} 2[P"]*dz=0. (69) 
al 


at 
/ 25[P™|*dz=0, (70) 
—1 


Moreover, it is also true that 








320 MARGARET K. KROGDAHL 
since 2° is an odd function of z and [P| is an even function; and thus 
a+] 
/ P3 [P"]*dz=0. (7h) 
nd 


It is further clear that, quite generally, 


+1 
JO Poss (Pr) *ds = 0, (72) 
—I 
since Poaa is a sum of odd powers of z only. 
Therefore, 
E,= —JrP,(cos 0) p*yYodr , (73) 
or, inserting the proper expression for ¥2 (cf. eq. [47]), we have 
1 /2\82,/ 2n-1 © 1 2x \ 
E =_—_— 7 ( ) a < . J p* ( etn 1)oqd 
' V 29 \n, V5(2n=2)! V2n[(2n—1)!]}3%4o = 7! ¢) ¢ 
(74) 


T ead 

x f Pi (cos 8) O,—1, n—1 (0) P”~! (cos 6) sin odo f a! a. | 

0 “¢@ } 

Now the integration over ¢ cancels the factor (27)~’. Also, making use of equation (23) 
and carrying out the integration over 6, we have 


F 7 1 [or j 5) 
~4= —(— —__ — 1Ree~i Roe TOF (75 
: ¢ 2n+1 V2n[(2n—1)!]*4 =" 


Using the proper forms for the radial functions and expressing everything in terms of p, 
we obtain 


_— 1 arin - ateth) 1... ) 
E,y=> >= ——_—= / ail, Be oR | — ——~—__—_~ [tl | 
8 2n+1 2n[(2n—1)!]34, 2n—I 2n(2n+1) 2t2 

+ Leth id | 
_ — —$—$—$—$$$—$__—— ———__— —_ —_— — Fie mi ri ‘ | 
4n(2n+1)(2n+2) 2? ae 
Now the associated Laguerre polynomials have the integral property’ 


< , 
r-22. 2 


PALL dp=uvirivt YS (-1)'"? 
Je p=p es 


r=0 > (77) 
pris )( od eae | 
rT—-s—r r'—s'—T . 23 
Making use of this property and combining all the terms, we find that 
4 
E,(n,n—1,n—1) = —2(n+1) (4n+5). (78) 


If n be put equal to 1, the above expression gives the first coefficient in the Coulson 


9 


case, namely, — {. 


7 See E. Schrédinger, Collected Papers on Wave Mechanics, p. 99, eq. (115), London: Blackie, 1928. 
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III. THE CASE |m| = n — 2 
7. The zero-order terms.—Corresponding to the value |m| = nm — 2 there are two 


possible values of /, namely, / = nm — 2 and/ = n — 1. In accordance with the remarks 
of the introductory section we let 


Yo = ayo(n, n—2,n—2) + byo(n, n—-1, n—2), (79) 


where the yo’s on the right-hand side are given by equations (9), (10), and (11), and a 
and 6 are the coefficients to be determined. 

8. The first-order terms.—Multiplying equation (135) by ¥ and integrating over con- 
figuration space, we have 


Suz [H — Ey] yidr = Ey (80) 


or 
E,=0. (81) 


It will be noticed that this result is valid for all values of |m|, since it depends only on 
the self-adjointness of the Hamiltonian operator. 
Hence, equation (135) becomes 


This equation is exactly the same as equation (13a), and therefore it, too, is satisfied by 


any linear combination of Yo(7, n — 2, m — 2) and Wo(n, n — 1, n — 2). Thus 


¥1 = ayo(n, n—2, n—2) + divo(n, n—1, n—2), (83) 


where a; and 0; are constants unspecified for the present but which will be determined 


later (see sec. 10 below). 
9. The second-order terms.—lf we insert the proper expressions for the zero- and first- 


order terms, equation (13c) becomes 


[H —Ey] Yo — rP;(cos 6) [ayo(n, n—2,n —2) + byo(n, n—-1, n—2)] (84) 
=F, [ayo(n, n—2,n—2) + by (n, n—-1,n—2)]. ‘ 


This equation involves three unknowns, namely, a, 5, and Es. Two relations between 
these quantities may be obtained by multiplying equation (84) by ¥(m, m — 2, n — 2) 
and yj(n, n — 1, n — 2), respectively, and integrating over the entire configuration 
space. Thus, applying equation (72) and making use of the self-adjointness of H, we 
obtain 

— bfrP, (cos 0) ¥*(n, n—2,n—2)Po(n, n—1,n—2)dr = ak, 


) 


and 


bE,. (86) 


—afrP,(cos 0)y*(n, n—1,n—2)po(n, n—2,n—2)dr 


The integral which appears in equations (85) and (86) can be evaluated with the aid of 


expressions (23) and (77); its value is — $7. Hence, the two equations become 

3nb = ake (87) 
and 

$na= bE, . (88) 
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Combining these, we obtain the secular equation for Fe: 


lp oe 
| Ek, — $n 


=i. (89) 
—in E, 
whence 
Fo=+3n (90) 
and 
a=+b. (91) 


The third relation between the unknowns is furnished by the condition that Yo be 
normalized to unity; this requires that 


a+ > =1. (92) 
Solving equations (91) and (92), we find that 
1 1 
—_ — . = +- 03 
a=—Fqi b= tT: (93) 
whence 
1 ) 
Vo= 77 [Yo(n, 2 —2, 2w—2)tyo(n, n—1,n—2)]. (94) 
Finally, the equation for Y2 becomes 
y 1 
[H —-E,|yo— V3 rP,(cos 0) [Wo(n, n —2,n—2) t+Wo(n,n—1, n—2) | 
(95) 


3 1 
=tzn 5 [Yo (n, n—2,n—2)+Wo(n, n—1,n-—2)]. | 
/2 


The discussion of this equation is postponed to a later paragraph (sec. 11 below), where 
it will be shown that a complete solution can be found in terms of hydrogen-like func- 


tions. 
10. The third-order terms.—Equation (13d) for £3 becomes 


[H —Ey| ¥3 —- = 1*P, (cos 0) [Wo(n, n —2,n—2) +Wo(n,n —1,n —2)] 
V 2 


— rP;(cos 0) [ayo(n, n —2,n —2) + byWo(n,n —1,n —2) ] 
=+3n[ao(n, n—2,n—2) + bio(n, n—1,n—2)] 


1 ; 
+— 75 Es(Wo(n, n—2,n—2)+W(n,n—1,n—2)]. 


= / 
~ 


(96) 


} 


Again there are three unknowns to be determined: a, 6;, and E3. Multiplying by 
V3(n, n — 2, n — 2) and integrating over the configuration space, we have 


3 Sr?Pop* (n, n— 2,n—2)po(n, n—2,n—2)dr 


‘ Pe 
— bifrPw*X (n,n —2,n—2)po(n,n—-1,n—-2)dr=+ gO, +) E;, 
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where use has been made of equation (72) and the fact that P: contains only even powers 
of s (cf. eq. [51]). Similarly, 


as ner 
+ 7a SPP Ss (n,n —1,n—2)po(n,n—-1,n—2)dr ) 


“ 
\ 


(98) 
: 1 
— af rPyx (n,n —1,n—2)po(n,n—2,n—2)dr=4 an bit— 7a Es. | 


The integrals containing P2 can be evaluated by making use of equations (53) and (77). 
They have the values 


; n2 z 
Jr°Poyp* (n,n —2,n—2)po(n,n—2,n—2)dr= — > (n —2) (n+5) (99) 


and 


r*Pop* (n,n —1,n—2)Po(n, n—1,n—2)dr= taeda (n —4). (100) 
0 2 


Hence equations (97) and (98) become 


= ‘ : ' Be is 
Fay (H—2) (w+ 8) + 4nd = +4na tek (101) 
and 
+. © inti} in~5) +e dee 102 
V2 2 n )(n— 9) +yna, = t3nb\t /2° 3° ( ) 


Finally, the third condition on the unknowns is imposed by the orthogonality of Po 
and y, which leads to the relation 


1 
‘en 


He: 5 te b= 0. (103) 


Equations (101), (102), and (103) may now be solved for the three unknowns. We have 


Pr i 1 n se 
+n —3n —7e-g (w= 2) (8S) | 
| VS & 
a ‘ 1 n? 
|— fn +3n mse (1 +1) (n-4) 
a, : Vz 2 
Pen 8 | 
| —= +— 0 
wae 7 <a ina ti 
3 =- pepo “ee = 5 (ni — 7). (104) 
|+3n —3n ; : 
Ve) 
1 
—js tis +7 
| V2 
Ss ecida le 0 | 
ive ~~ a | 
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In like manner it is found that 


. 2 ae ze ‘ 
G,= + 73 ain —1); b,= ee yin —1). (105) 


Accordingly, 


1 ; = 
a ~(n —1) [yo(n, n—2,n—2) Feo(n,n—1,n—2)]. (106) 
Woz 


In particular, it should be noted that there is only one value of £3 corresponding to the 
pair of values + $n for Eo. 

11. The function ~2.—Finally, we shall show how the function Y2 may be obtained 
and that it does indeed satisfy the criteria for an acceptable wave function. After the 
Hamiltonian operator has been expanded, equation (95) is of the form 


: @ » Ip2 1 0 . Or 1 oe Mp2) pe 
3 (7 : ~--— (sin 6 —— 


1 ( 
~ 24 Or r’> sin 6 06 00 rsin? 6 d¢° - r 


+a5¥s = rP, (cos 6) [Wo(n, 1, m) +Wo(n, 1+1, m) ] > (107) 


ie sz [Yo(n, 1, m) tWo(n,1+1, m)], | 


where we shall later let m and / have the value m — 2. Setting 


— 


oo = az Cima (8, 17) (108) 


and suppressing the factor 





(GE 2" (GOT 
(J+ m)! n 2n[(n+1)!]3’ 
we have 
141 9 (¥ wm), 1 9/4 et) ee 
2lr2 0 or r?sin 000 06 r2sin? 0° r | 
1 1 so 
+5 Y= -|> rP, (cos 1) 27 D n| | Pre-s p/2 pL?" - | 
r (109) 
pV 2+ 3) C= mF) _ = | 
~ N(QI+1) I+ m+1) V(n—1-1) (nt/141)3 | 
XPM. '? “ ee 1 s 
In terms of p this becomes 
10 /f , OW 1 0 . OW, m? n 
oe 23) 4 —. (4 | ae ee 
p” at Op p’ sin 0 00 mn 06 p” sin? 6 “— ie | 
n3 T - ae eS ey | 
=| ~ V2 pP, (cos 6) +3 % v2] ie o%pigzits | (110) 
iptenemmarss —— | 
(2i+3) (l—mt+1) __ 1 Dm oot pt+ipzits ; tA 


=N (2141) (l44+¢m+1) V (n—I-1) (n+141)3/ tt ‘nt ltl 
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If we write 








Y= pW ae (111) 
: 
then 
) \ 
NX pan [- = ( 2 Cnt) k(k +1) Risk TR .— Qt | | 
ose k p? dp p dp °) \ny + ny k 4 Ras i | 
n> j— 2 : [(21+3) ( (= m+1) | 112 
=" V2[Pi+3] | Pre-o%p!Litst+ ron) C892) 
g Veep ews NGrED GED 
—e —_ ’ I -~ Dm 2 pit! 21+3 |. 
AWisofouiatipe Losi 
Finally, equating the coefficients of Pz’ and remembering that / = m, we obtain 
: = ( ene) Ak LL, ee (k=1+3), (113) 
p> dp dp p° p 4) 
1d ~@: Rny t) § l(l1+1) n 33 ) 
= 2 a . —-—;-¥ 
p? 4 dp 7 p” war 4) \ny l 
ns Res (1+1)?—m? — 3 
ee ee ) 7S (k=), (114) 
+ v2 [3 ct | 
sa as I e~e/2 plt2p2l+3 
V (n—1—1) (n+14+1)? atitl 
2) 1 
1d (42 dike “Del fs (AD CED Bie 
p” a dp p 4 | 
my emt o_o rtizasig g af 23) =m) § (= 741), (115) 
= Zz ” > “- + 3 | - oe — { \ ’ * 
g Ye oer oO er 9 Vary Pi) | 
1 3 aa 
ee oe »—p/2 pl+1 7 21+3 
*Glanle hone petit ) 
and 
1 df ,dK,, 8) ¢ (+2) (+3) ,2 lia, , 
“tage aig P = P ns » en bs F "S > a 7 as +2 
at dp T) . ~ 45 died 


=+7 v2 | 0 —m+1) ) + m+ 2)? | (k =1+2). (116) 
(27+ 1) ( (21+3) (i+m+1) | 


I »—p/2 pl+27 21+3 | 


*V(n 11) (nF141)8* Pmt) 


To solve these equations we first remove from the &’s the factor e~?/?p*. To do this, let 


Ri, p= C/A pA, ,. (117) 
Then 
R’ .= e—e/2} ok A' +k pt-1A} —he-e/2 pk , (118) 
and 
Ri’ , = e/2t pkK A” + 2k pt-1A'’ +k (k —1) p*?A} (119) 


— e/2 i pA’ +k p* 14} + t¢e—0/2 ok 4 x 
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After substituting these expressions in the three equations (114), (115), and (116) and 
dividing through ‘by p*—, we are left with 


. 
pA”! + [20+1) —p] Af + (n-1-1) A, = £5 V2 | 3p | 
ime. (120) 
| (+1)? — m2 1 | 
+N GTH1) IFS) Vin alate RIE ys | + | 
pA” .,+[2(0+2) —p] A! 4,4 (2-1-2) A, 44, | 
n3 l—-m+1 yids 21+3) (i—mt+1) , (121) 
=-— A, - 3 = 
“hs jt eer * VE (2Qi+1) +m+}) | 
1 
7 21+3 
eas rges Pa LF a +14 1)3 Oe tay? ) 
and 
a / 2 n* : ) 
pg P1219) — 01 4, at (eo -! ~- 9) 4, Oa 2 
SI daa > (122) 
«V7 —m+1) (i+m+2)* Sess. » oo pits 
CesT 21+ 3) I+m+1) V(n—I1—1) (nF IF 1)3 wre 
Finally, putting / = m = n — 2 in the foregoing equations, we obtain 
pA’, ot [2(n —1) — | il n ga Re 
n3 ; ; 1 : + (123) 
a / a r 2n— 
“—" phon? + (In —1)2? pL 
"a [2n —p]. od n—1 j 
n> 1 3 - (124) 
ae a ae er eee L2r- 3 eS ees p2n—1 
8 ai Pe Se Ln 27 7 (2n —1) (2n —3) pL, 1 
and 
on” Fiala +t) —el A: A, ) 
n sn —2 (125) 


2n—1 | 


me, x v2 f 
aa Tey (In = 3) (2m = 1)? PEt 


The last of these equations is, apart from a constant factor, identical with equation 
(37). Hence its solution is (cf. eq. [45]) 





nr — 2n—2 2(n+1) ) 
; Saye ofl i: a eS ee 2n+1 
Ins t9V2 ore cD Qn(2n+1) “2+! | 
> (126) 
“ 1 [2 | | 
4n(2n+1) (2n+2) Lent ) 
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n> , 2n =—@ - 2(n+1) Po 
CR = 3 /) ep/2 n oat oles Sai el eee P 2n+1 
il id (2n — 3) ( 2n—1)2 p | 2n(2n+1) tT! 


1 [2 1 
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Consider, next, equation (124). Letting 


soa 2 ae. (128) 
7 
we find 
q 3 - 1 
S =o (G+ a=" v2 | ole 
a j 2n+ 7 8 an a a. 2n—2 3 = | (129) 
V lig 1) (le = 9) pln i]. 


Now, by means of the recurrence relations (40) and (41), the right-hand side of this 
equation can be expressed as a sum of associated Laguerre polynomials of order 2m — 1, 
with constant coefficients. Thus, 





6n 2 ("+ 2) 2 
Ln 3 sel a cee ete ia? Fe ie a IES ay ot, = es Oe i= 1 130 
Pm in—2 2n—1 2-1" 2n(2n—1) 2n(2n—1) (2n+1) anti | ) 
and ' 
pL} = 2nLe-t — > Le, (131) 
and equation (129) becomes 
- 3 1 2n+1 
a “Si ae he fa... n .)) 2 5 _ CF 2n—1 
ont CAPE) Lent i= 7? * 73 2n(2n—1) 
(132) 
Laas 2 L?2r- | , 
2n(2n—1)(2n+1) 2t1]° ) 
All the coefficients c; except c_1 are now uniquely determined; we have 
n3 1 2n+ 1 
co=— —>Vv2 saat i 
8 2n —3 2n(2n—1) 
> (133) 
ne (— 1 1 
¢=—v2 —— a 
8 2n —3 2n(2n —1) (2n+1) 
so that 
= 2n+ 1 
ars — | « FP nndiat- + p>" ) 
Is 2-1 2n(2n—1) 
(134) 
+ 1 2n- | 
2n(2n—1)(2n+1) ) 
Consequently, 
ne j— 1 2n+1 
Ray n-1 =a V2 a 0? pp [2-1 i=-' 
Rng n= ia PE ae *p ‘|e 2-1 2n(2n—1) ™ | 
(135) 
=_— | 
+ 2n(2n—1) (2n4+1) +1]° 
To solve equation (123), we let 
Any n-2 = >. €;L2°>3 (136) 
7 
and obtain 
> ‘ 1 > - 
S* — (fj +2) Les8= +5 V2 | 3 pLet+ pz]. (137) 


(2n—1)? 
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Also, it can be shown that 


? 
as... 49 a a 2a—3 __ aw 2 \37F 2n—3 2 
pLn> re Zn 2 4 =f Lin —1 (2n 2) Lon 3 ( 138) 
and that 
p*Lin—} = 2n(2n — 1)? (2n —2)*Lin—3 — 6n (2m — 1)*L28-3 
6 (139) 
12nL?" a - 2" 3. | 
+ 2n—1 Dy, On ) 
whence 
S are ar . = >\ 2790-2 
dy ~ Ei GH 2) LT = ty V2 | (2n — 3) (2n — 2)*Le=5 
: > (140) 
6 6 
gs ee a 
+ in—1)? al 2n(2n—1)2'* } 
Equating coefficients, we find that 
n 3 
co=t >v2—~—T» 
8 2n(2n—1)? 
_.* - 6 
c_= +—-vV2 ———>, > (141) 
: 8 (2n—1)? | 
ne — A oe | 
C3 = +-~V2(2n —3) (2n —2)? 
8 
and c_2 is arbitrary. Thus 
) n’ i) —p/2 ,n—2 -4 7 2n—3 9) ; ? V\ 27 2n-3 ) 
Ray n—2 = tagve eupr | ¢ + (ze 3) hae — 2) 
' (142) 
6 3 
a | Panady 3 aL wee [> 3 | 
(2n—1)? 2-1! ° 2n(2n—1)? 
Finally, combining all the various functions, We is found to be 
nh | ts 
Yo = = . (-) | _2n—3 — — I = = ei(n—2)¢ 
V 20 \n 2(2n —4)! V2n[(2n —2)!]' + (143) 


2¢Pp 2p r—2, 
x Yad on) n "hy on pny n +e Ras = ei 


Through the functions Rp, n-2 and Rn, n-1, ¥2 involves two arbitrary constants, ¢ and c’, 
which are, in fact, the coefficients of po(n, nm — 2, nm — 2) and Wo(n, n — 1, n — 2). One 
condition on these constants is given by the requirement that y be normalized correct 


to 1/R: 
Serv drt 2fpsfedr =0. (144) 


In addition, two further relations between the quantities c, c’, and E, will be obtained 
when integrating the equation for Ey. These conditions make the problem determinate. 
IV. DISCUSSION OF THE RESULTS 


The solution of the perturbation equations (13) for other values of |m| can be carried 
out exactly as in the case |m| = n — 2 and presents no new problems of principle. In 
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each case the various matrix elements encountered in the integration of the equations 
can be evaluated by using equation (77) and the various recurrence relations between 
the Legendre polynomials. For the case |m| = n — q, say, the quantity E2 is always 
obtained from a secular determinant of order g, while the determination of E3 involves 
the solution of a symmetric determinant of order g + 1. 





TABLE 2 
n m l Eo Ei E2 Es Es 
1 0 0 a 0 0 0 3 
1 1 0 +6 9 
2 an ee oe a 0 ees Saw aaeea 
0 0,1 3 a, | 
2 2 0 +36 — 1377 
1 1,2 g +9 
ote Sesiaes —d 0 since neni 
0 +36 
0 0, 1,2 sinew ae eee eee 
9 72 
3 3 0 +120 —3360 
2 z.3 +6 +72 
Oo | +120 
4 1 1,2,3 — J 0 = sonnet seein 
| +12 —72 
| +6 | +72 
o | @h23 ee Re: sdetails 
18 —312 
| 4 | 4 0 | +300 — 14697 
| 3 3,4 / +45 | +4225 
0 +300 
2 | 2,3,4 a ah ne 
15 0 
5 — Jj 0 1p +225 
| 4 223% : - mahal 
+ 4y —375 
| | 0 +300 
| 0 | 0,1,2,3,4 +15 0 
| — — sail “ a —— 
| 30 —900 


The first two coefficients, Z. and E3, have been calculated in this manner as far as 
q = 5, that is, up to and including the state m = 5; and there is no difficulty in principle 
in extending them to as high a value of as is desired. The results, as found for the 
separate values of |m|, are given in Table 1, together with the unperturbed wave func- 
tion which specifies the mixture of the states. In Table 2 will be found the numerical 
values of the interaction energies for the various quantum states. 
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The most striking fact shown by the calculations is that, because they follow essential- 
ly an R~ law, the interaction energies for a hydrogen atom and a proton are very much 
larger than other interactions which have thus far been considered, that is to say, those 
in which the perturbing particle is an unexcited hydrogen atom. Moreover, the energy 
coefficients, especially the £3’s, increase rapidly with increasing n, a result of special sig- 
nificance for problems of line broadening. By way of comparison it may be recalled that 
for the interaction between two hydrogen atoms in the ground state, the van der Waals 
constant—which is the coefficient of R-*—is approximately —}ar?,,, where a, the 
polarizability of the hydrogen atom, is 4.5 in atomic units. 

The results given here for hydrogen may be applied, with a few minor changes, to 
ionized helium, doubly ionized lithium, etc. If Z denotes the charge on the nucleus, the 
perturbing potential becomes 


¥wee (145) 
R r 


This introduces a new term in R™, as a result of which £, is found to be Z — 1. But the 
higher-order equations are unchanged. More important, however, is the change of the 
scale factor. Instead of equation (12), the relation between 7 and p is now given by 
2Z 
- 


_ 14¢ 
pee, (146) 


and the radial part of the unperturbed wave function contains an additional factor, Z°/*. 
The result of this is that, when Z differs from 1, EZ, and E; must be divided by Z and 2’, 
respectively. 

The application of these interaction energies in the formation of stellar absorption 
lines will be considered in a later paper. 


I wish to express my sincere thanks to Dr. S. Chandrasekhar for suggesting this prob- 
lem and for many helpful discussions and criticisms. 
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ABSTRACT 


The perturbations of the excited levels of helium due to the interaction with a proton are found and 
are compared with the displacements caused by a homogeneous electric field. It is found that, for the order 
of stellar densities considered, the nonhomogeneity of the fields due to the presence of such charged par- 
ticles cannot be ignored. Finally, the results of the present theory are used to calculate the displacements 
of several triplet lines of astrophysical interest. 


FORMULATION OF THE PHYSICAL PROBLEM 


1. Introduction.—The Stark effect of the helium lines in early-type stellar spectra has 
been studied by various writers, including Struve,' Foster and Douglas,? and Adams and 
Merrill.’ In the physical discussions relating to this problem extensive use has been made 
of the investigations of J. S. Foster‘ on the Stark effect of the helium lines under the ac- 
tion of homogeneous electric fields. However, these discussions have not always been 
completely satisfactory—as in the case of the line \ 4469.96, identified by Struve as 
arising from the forbidden transition 2 p—4f among the ortholevels. Thus laboratory in- 
vestigations have shown that this line, which is of zero intensity for zero field strengths, 
becomes progressively shifted toward the violet as the field strength increases. On the 
other hand, this line appears in stellar spectra at the position for zero field strength. 
However, it may be pointed out that the conditions under which the Stark effect appears 
in stellar spectra are not strictly comparable with those under which it is produced in the 
laboratory; for in stellar spectra the Stark effect arises from the influence of charged par- 
ticles—principally protons—and the electric fields caused by charged particles are non- 
homogeneous, in contrast to the laboratory fields which are homogeneous. It is therefore 
of interest to examine in what way the nonhomogeneity of the fields modifies the present 
theoretical expectations. It will be seen that this effect is not negligible. 

2. Formulation of the quantum mechanical problem.—The potential which acts on a 
helium atom, due to the presence of a near-by proton, is 


2 1 1 
Pim tte (1 
: =. 
or® 
a r . r 
V = 2 P, (cos @;) — Be P.(cos 6,;) —.... 
(2) 
To To | 
—R P, (cos Ae) — RB P, (cos 02) ae ty } 
1 Observatory, 61, 53, 1938, and the references given in this paper. 
2M.N., 99, 150, 1939. 4 Proc. R. Soc., A, 114, 47, 1927. 
3Ap. J., 97, 98, 1943. 5 See the preceding paper (Ap. J., 100, 311, eq. [2]). 
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where R, rj, and r; are the distances from the proton to the helium nucleus and to the two 
electrons, respectively. Thus, to find the displacements of the helium lines caused by the 
action of nonhomogeneous fields, we must consider the perturbation problem involving a 
proton and a helium atom in its excited states. 

Now the wave function for an excited state of helium can be written, in a first ap- 
proximation, as 


Y= [ts (1) thay tm (2) a (2) thay tev, (3) 


where the w’s denote the normalized hydrogen wave functions for each of the two elec- 
trons, the electron 1 under the influence of an effective nuclear charge 2, and the elec- 
tron 2 under the influence of an effective nuclear charge 1. The energy corresponding 
exactly to a wave function of this type is just the sum of the hydrogen-like energies for 
the two electrons, namely, 


E=-2 (atomic units) ; (4) 


2n? 
and hence in this approximation the excited levels of helium are degenerate. However, it 
is known that this is not strictly the case and that the various term values of helium cor- 
responding to the same quantum number » for the outer electron are separated by small 
but finite amounts. On the other hand, these term separations become progressively 
smaller with increasing /, that is, the difference between a d and an f term is much smaller 
than that between the s and p terms for the same value of ; and in this sense the energy 
levels for the higher values of / might be considered to be “partially degenerate.” Hence 
the small differences between the energy levels can be regarded as the result of an intra- 
atomic perturbation which tends to remove the degeneracy inherent in the use of the 
hydrogen-like functions. Accordingly, we shall begin on the supposition that the problem 
of the intra-atomic perturbation has already been solved and shall say that, correspond- 
ing to the wave functions (3), the values of the perturbations in energy are given by the 
observed energy differences between the helium levels. 

This, then, is the situation with regard to the unperturbed helium atom. For the prob- 
lem at hand, there is superposed upon this an external perturbation of the form (2), due 
to the proton; and it is necessary to determine in what way the combination of atomic 
and external perturbations acts to modify the energy levels of the helium atom. From the 
principles of the general perturbation theory for the degenerate case, it may be expected 
that, when the helium levels are ‘‘semidegenerate,” the external perturbation will tend 
to remove the degeneracy and may be more important in this case than for levels already 
well separated by the atomic perturbation. 

From the astrophysical standpoint it is of primary interest to know how the external 
perturbation varies with the distance R, or, equivalently, with the average density of the 
protons. If R is very large, the external perturbation will be small, and the main effect 
must necessarily be that of the atomic perturbation. On the other hand, as R decreases, 
the external perturbation must become relatively more important. Moreover, as R ~ar- 
ies, the different terms of the external perturbation (2) become of different magnitudes 
relative to each other,® and we need to know which of the terms are dominant for the 
range of atmospheric densities. 

The question of the precise value of R to be used in these calculations is a little difficult 
to settle, as it is affected by any uncertainty in the value adopted for the density of pro- 
tons in the atmosphere. However, an idea of the order of magnitude of the distances in- 
volved can be obtained by adopting as the average density of protons 


log np = 14.48, (5) 


6 However, as R — o~, the dominant term arises from the “nonhomogeneous” term in P2 (cos @) (see 
§ 3 below). 
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as given by Unsdld for the BO star r Scorpii.? Assuming that the value of R effective in 
the perturbation is the same as the average distance between particles, we obtain 


R~=~1.6 X 10° atomic units . (6) 


Hence we may say that the distances of primary interest will be roughly of the order of 
10-104 atomic units. 

3. The interaction of a proton and a helium atom as R becomes infiniie.—It is 
clear that as R approaches infinity the principal term in the perturbation must 
come from the diagonal matrix elements of the external perturbation (2). Now the 
first term in the series which gives a nonvanishing diagonal matrix element is the one in 
P» (cos 6). Since this term is due to the nonhomogeneity of the field, it gives at once a 
rough indication of the role which the fields due to a charged particle may be expected to 
play. More particularly, we have 


; 1 
AE, lm — 2R3 


(7) 
+, (2) Un, 1, ~tt7 Tt" [u, (1) u,, ly m (2) +4, (2) Un, 5m (1) | dridre J 


Now it can be shown that, because of the indistinguishability of the two electrons, the 
terms in #; have no effect on the matrix element and that in making such integrations it 
is necessary to consider only the outer electron. Thus, 


1 

R3 
The matrix elements are therefore of the same type as those considered in the preceding 
paper and can be evaluated in the manner described there (cf. eqs. [49] and [55] in the 
preceding paper). 

It is of interest to have the numerical values of these matrix elements for a number of 
excited states of helium. These are given in Table 1, as far as nm = 6 for the outer elec- 
tron. The sign of the matrix element gives the direction of the shift A EZ; if the shift is 
negative, the energy is Jowered by the perturbation, and vice versa. In particular, if we 
consider the 4f level, we find 


S[ 1r2P2(cos 0,) + 12P2 (cos 82) ] [11 (1) tn; 15 m (2) 


ABEL, yn = — fr?P, (cos @) un, — ayer (8) 


AEy ~ ~ 25 +0(R-). (9) 


In other words, for this case the nonhomogeneous term causes a lowering of the 4f level, 
which tends to shift the 2p—4f line toward the red. Hence it may be expected that for 
large values of R, i.e., low densities, the violet shift predicted for this line on the basis of 
laboratory data will be somewhat compensated by a red shift due to the nonhomogeneity 


of the field. 
THE QUANTUM MECHANICAL PROBLEM 


We proceed now to a discussion of the more general case. 

4. The case n = 2.—Consider, first, the simplest case of orthohelium, namely, that 
for which the outer electron has the quantum number = 2. Corresponding to this there 
are essentially two states, 1s2s and 1s2p, which are separated from the energy (4) by 
known amounts, which will be called €; and e2, respectively. If the discussion is limited to 
the case m = 0,° then the two wave functions corresponding to these energies are 


1 
Wa = 7 ltr (1) teas 0 0 (2) — tr (2) Ha, 0) 0 (1) J (10) 


TAp. J., 100, 105, 1944. 

8 This is the only value of m for which all the levels corresponding to a given m are included. More- 
over, levels for which m = 0 generally correspond to the strongest transitions and are affected the most 
by external perturbations. 
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and 


1 
Y= — 1) U2, 1,9(2) — 1 (2) ue, 1,9(1) J, (11) 


<= [u 
respectively. Now, in terms of the general perturbation theory, this situation can be de- 
scribed by saying that the matrix corresponding to the “atomic” perturbing potential 
is already in the diagonal form: 

(" ") 
0 €2 . 


To add to this the external perturbation, it is necessary to find the various matrix ele- 
ments of the potential (2), construct the new matrix representing the sum of the two 
perturbations, and reduce it again to the diagonal form. 

Let us denote by &, n, and ¢ the matrix elements of V which contain P;, P2, and 
P3, respectively, and keep for the time being only terms up to the fourth order in 1/R. 


TABLE 1 
n, l,m R*AEn,1,m n, l,m R® AEn, i,m n, l,m Ri AE. 2.0 n, l,m R3AEn, l,m 

20:0... 0 4,0,0 GO He9056.....:. 0 6, 0,0 0 
ES eee —12 | 4,1,0 — 240 th 2.) de — 600 6, 1,0 — 1260 
2 agi Ss Ie + 6 || 4,2,0 — 144 i IE —2799 || 6,2,0..... } —58,68 
3,0,0. 0 | 4,3,0 — 96 || 5,3,0.. — 00 || 6,3,0.. — 696 
: as ese eS hot |’. +120 nig SS Ss — 1590 6, 4,0 — 79,60 
32.0. —36 || 4,2,1.. — 72 4.3 + 300 65:0... — 420 
<7 Sy Sa +36 oy ee — 72 ey AS — 1850 ar — 630 
$2.42... —18 Se ee aa +144 Lo ae — 225 0.2, 2. — 2984 
S22. 2 +36 re oe 0 aS aa — 18s 65.3... — 522 
ne ee +-27,00 6,4, 1 — 33568 

a3. 2. 0 ee ae — 378 

eS ee $90 0.2.2. f5rfs 

S308... 0 

6, 4, 2. — 1584 

6,5, 2 — 252 


Some of the matrix elements vanish because of the orthogonality property of the Le- 
gendre polynomials. The secular equation for the total perturbation is 


os ,. E12 S12 | 

ary a 
te 0. (12) 

i a os “a +3 r | 


When expanded, correct to the fourth order in 1/R, this becomes 


(4) (@—2) + (2d) Bt (qd) B=, (13) 
where it may be noted that the ¢ matrix elements are absent. 

In the discussion of this equation it is convenient to choose €, = 0, which means only 
that it is agreed to refer all the perturbations to this level instead of to that specified by 
equation (4). In this scheme of reference, €, becomes just the difference in energy be- 
tween the two levels. Hence the equation for \ becomes 


=r (aot Wt) +e Bao. (14) 





1s 
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The quantity e; is the observed difference between the orthohelium levels 1s2s and 
is2p ;° its sign is negative, and, expressed in atomic units of energy, 


6 = —0.0420653. (15) 


For the necessary matrix elements we obtain the values 


2m; nu=0; noe = —12; (16) 


and equation (14) becomes 


i. 


2 
2d (- 0.0420653 Fz) +0.0420653 x 


Although this is a simple quadratic, the constants involved differ too much in order of 
magnitude to warrant use of the usual formal solution. Thus, if R = 10%, which is proba- 
bly near the lower limit for values of astrophysical interest, the quantity 12/R* is about 
10° times smaller than e€; and is at least 1000 times larger than the quantity 9/R*. An- 
other way of looking at the situation is to note that the constant terms are equal for a 
value of R equal to 18 atomic units, which is well below the range of interest. Hence we 
are justified in neglecting the R~ term in. this case and in writing the solutions of the 
equation as 


A, =e, = —0.0420653 (18) 
and 
12 
ho = — Re (19) 


The meaning of these solutions is that the external perturbation does not affect the 
first, or s, level at all and that it lowers the second, or p, level by the amount 12/R%. 
Moreover, it is seen that the perturbation of these levels is caused only by the nonho- 
mogeneity of the field. We shall return to the discussion of these solutions in the final 
paragraph, where it will be shown how they affect lines arising from these levels. 

5. The case n = 3.—Consider next the set of levels corresponding to the value n = 3 
for the outer electron. Again taking m = 0, we have to consider the s, p, and d states, 
for which the hydrogen wave functions are %3, 0,0, #3,1, 0, and 43,2, 0. Constructing the secu- 
lar determinant exactly as before and keeping only terms up to 1/R‘, we obtain 





| m1 Si) Sa 13 | 
| ate pet Re R | 
} | 
€or, fa N22 £o3 , £2: | 
| 34 38 eae BS ll (20 
Rt R —e* fe sas 
| 
131 E32, £32 133 
R Rt Re Te 
or, expanding and choosing e3; = 0, 
—¥4+¥ fa tet 4+ 24D] feete U+ (ate) Bta% | 
; y 4 > (21) 
ae " a 
+ a + a | + e1€2 oe is = 0. 


9 See, e.g., Bacher and Goudsmit, Atomic Energy States, p. 220, New York: McGraw-Hill Book Co., 
1932. 
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The necessary matrix elements have the values 


—72; we=—-36; &&%=54; %=27; (22) 


3 
to 
to 
I 
t 


m=O; 


and the energy differences, derived from the observed term values, are 


= —0.0130552; e&= —0.0024471. (23) 


Again the large difference in the relative orders of magnitude of the different terms is 
present; and we can obtain a measure of the relative importance of the R~* and R~4 
terms by equating the sum of the constant terms to zero. Thus we find that for R = 300 
atomic units the two terms are equally important; while for R = 10% the 1/R* term 
certainly makes the main contribution. Hence the solutions of the equation are simply 


hs ang; me — 0:0930552. (24) 
72 72 . 
and 
36 
A3 = ~ Re (26) 


meaning that the p and d levels are both lowered by slight amounts. Again the perturba- 
tion is caused by the nonhomogeneity of the field. 

6. The case n = 4.—The secular equation governing the perturbations for the n = 4 
level is 








| N11 E12 | Sie Ni: S14 

pote ete Ri | 

| £01 i S21 a S23 $23 24 | 

RR ee R?' R R | 

| | = @ (27) 
731 §32 £32 1.23 Esa, 63s 

| Re RR i ae RR | 

| | 

S41 142 £43, £43 144 | 

Rs ®R RR ot =| 


If €, is chosen to be zero, this becomes, to the fourth order in 1/R, 


M3 Jatetet+ tatiats ae | + [exes teres tee + (ee +6) 





2 2 2 
XE (ete) B+ (ate) + (a tebe) mt 38 Se Be) sad 





_ r | exerts teres Bt + 6s 22 +e T+ (ees teres +e) tt — 6 oh 


| 
| 
| 
| 
\ 
£2 22 
aR fas — (4 +e) — it | + eees 2 Rs 1 -#_ 0. | 
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The three energies corresponding to the atomic perturbation are found to be 


e,= — 0.0052603 ; é= —0.0010725 ; e; = —0.0000362; (29) 
and the various matrix elements occurring in equation (28) are 
m=O, no = — 240, ns3 = — 144, nus = — 96; ) 
; p30) 
fi2= 180, £53 = 115.2, £3, = 64.8. 


To obtain a measure of the relative sizes of the different terms, we have the equation 


E}€2€3 es = €1€2 ee (3 1) 
or 
=". (32) 
1) 44€3 


Upon inserting the numerical values, we find that 


R~18,600. (33) 


This means that for values of R up to 18,600 atomic units the R~ term is more important 
than the term in R~ in determining the effect of the external perturbation on the f level. 
The reason for this large value of R is the extreme smallness of the energy difference, 
€3, Which shows how the external perturbation becomes more important as the levels tend 
to be ‘“‘semidegenerate.”” Thus we are no longer justified in ignoring the 1/R* terms as 
was done in the previous cases. 

Substituting the matrix elements wv into equation (28), we obtain 


240 144 _ 240 

MM atete— RT Re 75 | + [ae tae tee— (ate) 

ae 96 360 240 . 96 
~ (ate) — gs (ate te) — Er |- d [exe 163 — 4163 | 5 a) 
> (34) 

144 96 96 180 64. 8, 233.2 * 
~ €1€2 RS RR) Re €2€3 as Ue he Rt (te) — Re a| 
96 64.8 

~ Re €1€2€3 — Rt €€2 = 0. 





Again, because of the different orders of magnitude of the quantities involved, it is not 
feasible to apply the usual methods of solution; but the following procedure appears 
to be adequate. If we make the substitution 


240 gd 144. 96 35 
qi=41; ee Pena q4= — Re (35) 
equation (34) can be written in the form 
360 ., 180 64.8 

(X= qi) (X= 92) X=) A= go) =e B= [Se late) +E], | 

s (36) 
64.8 
si” i €1€2 


R 








340 MARGARET KIESS KROGDAHL 


or, more simply, 


1 
IT(A — q,) = pi (C2? + Cid + Co), (37) 
where 
co= 360, } 
te = 180 (€, te) — 64.8€, oe (38) 
and 


Co = 64. 8e;€2 . 


Since the right-hand side of equation (37) is a very small quantity, we may write 


A= qtAgq., (39) 
where A q; is small. Then, neglecting the powers of all small quantities, we obtain 
LOE 
Aq: I] (qi— 95) ~AGi T] (es — es) maa cat + exes + 60), (40) 
tJ tJ 
whence 
Agi~ py 1 co€; + cxe: + co. (41) 
[] «0 
iA#Jj 


If i = 1, we have 


aaa 1. 360¢; — [1 80 (e, +3) + 64.8 Je, + 64. Sere, (42) 
R' €, (€; —€2) (€: —€;) 





Combining all the terms of the above expression, we obtain 


1 180 
RS om 43 
an Ra —-e@ — 
Hence, 


180 42982 
Meaty FG Ss; Rt ’ (44) 


1 € 


signifying that the energy of the s level is lowered by 42982/R‘* atomic units. Likewise 
we find that 
240 68183 








Ae = & — _— ld Rt ’ (45) 
144 1678891 
As = €3 — — ae ‘ (46) 


and 
96 . 1790055 


— Rt Ri ara 


Ny = 





Thus the p and d levels are lowered in energy, and the f level is lowered or raised depend- 
ing on whether R is greater or less than 18,600 atomic units. 

It can be shown by an analysis similar to the above that the terms in 1/R° are negli- 
gible in comparison to the 1/R* terms. The only important matrix elements containing 
P,(cos @) are those along the principal diagonal, and hence they may be regarded as 
small corrections to the 1/R* terms. 
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DISCUSSION OF THE LINE SHIFTS 

The results of the preceding section can be directly applied to calculate the theoretical 
displacements of several helium lines of astrophysical interest, as a function of the quan- 
tity R. Many of these lines arise from one of the first levels considered, namely, 1s2p, 
which was found to be lowered by an amount equal to 12/R*. Hence, the shift of any line 
starting from this level is given by the difference between the displacement of the upper 
level and the displacement — 12/R*. The shifts of these lines, measured in atomic units of 
energy, are given in Table 2; positive shifts are to the violet, and those with a minus sign 
are to the red. 

Two lines are of special interest, namely, \ 4713 and \ 4470. For the first of these, 
coming from the 2p—4s transition, the shifts due to the R~* and R~™ terms are opposite 


TABLE 2 
r Notation | Shift Remarks 
re er aes 24 : ; BIG Oe 
5876. . -»2s| speed 9 — Ri Shift due to nonhomogeneity of field 
: | ne ea ; > 
| Ss ener | 22p—4s_— | +R ( 1 -=-) Shifts to red if R<3582; to violet if R>3582 
epee 228 299 Shift predominantly due to nonhomogeneity 
7 Bhece 2p—4p | a i+ ) of field 
R | | 132 /, , 12720 Nonhomogeneity of field adds significantly 
4472...........|  2p—4d | ae (1+— a to shift toward red 
" | 84 21310) Shifts to red if R>21,310; to violet if 
4470....... apt | a (1) Re21 310 
ws a Tit Doe ie 
TABLE 3 
Compensation by Compensation by 
R~3 Term R™3 Term 
R (Percentage) R (Percentage) 
Te ie ae aac ate 4.7 RWS ns d-ou cae ciate ee 47 
> | ere ee | | re ey 
SS oe ya ee PG |) aR a tree Od 94 
PI as Sot iceses 33 


in sign and combine to produce zero shift for R = 3582 atomic units. As we have seen, 
this is well within the region of astrophysical interest; and the nonhomogeneity of the 
field certainly cannot be ignored. 

The second line, whose apparent lack of displacement is of considerable interest in 
connection with the B stars, arises from the forbidden transition 2p—4f. Here also the 
two terms are of opposite sign and combine to produce zero shift for R = 21,310. This 
value of R is quite large compared to the estimate of § 2; and if R is of the order of 10*- 
104, the resultant shift from the perturbation considered here is to the violet. However, it 
is of interest to see the relative effects of the 1/R* and 1/R* terms on the displacement, 
for different values of R. This is given in Table 3, which gives the relative compensation 
by the term in 1/R’, which shifts to the red. It is apparent that, even if R is in the thou- 
sands, this compensation is not negligible. Finally, in order to account for the displace- 
ment of this line in terms of this theory alone, we should have to increase the effective 
value of R by a factor of approximately 10. Assuming that the effective R is the same as 
the mean distance between protons, this would mean that the density of these atmos- 
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pheres should decrease by a factor of 10%. However, it is not at all impossible that the 
effective value of R to be adopted is appreciably larger than the average distance between 
protons.!° If the effective R were three times as great as the average distance between 
protons, a decrease in density by a factor of 30 would be required. 

So far we have considered only the transitions m = 0— m = 0. For transitions in- 
volving other values of m the discussion can be carried out in a similar manner. But 
without going into details it is clear from our discussion in §§ 3 and 4 that the dis- 
placements of the levels with n = 2 and m = 3 will be given predominantly by the non- 
homogeneity term in R~* for the values of R of astrophysical interest.!! In other words, 
for these levels the displacements will be given with entirely sufficient accuracy by the 
values in Table 1. However, the situation with regard to levels with n = 4 is somewhat 
different. But in view of the earlier remarks concerning the levels with m = 2 and 
n = 3 it is apparent that we may now also consider transitions to the levels (4, /, 0) 
from lower levels having m different from 0. Thus, considering the 4f level, in addition 
to the transition (4, 3, 0) — (2, 1, 0), we may also consider the transition (4, 3, 0) - 
(2, 1, +1). For these transitions the shift will be given by (cf. Table 1 and eq. [47]) 


_ 102 | 1790055 
R R 


7 fe), ae) 
77 “et J 


Since the two terms are now equal for R = 17,550, the compensation due to the R-% 
term is somewhat greater for these transitions than that given in Table 3. In addition, 
the decrease in the effective value of R from 21,310 to 17,550 means that the decrease in 
density for zero shift can be cut down by a factor of 2. That is, instead of the factors 10° 
and 30 given in the preceding paragraph, we should have 500 and 15, respectively. 

In any case, it will be seen from Tables 2 and 3 that the 1/R* term is certainly not 


negligible for any of these lines, for the order of atmospheric densities which is involved. 


AE ( (4, 3,0] >[2,1,+1]) = 








(48) 





I wish to thank Dr. S. Chandrasekhar for suggesting this problem and for many help- 
ful discussions of the physical principles involved in its solution. 

10 Tt should be further pointed out that the effective R can be different for different lines, depending on 
the magnitudes of the interaction energies. 


1 Tt should, however, be pointed out that as far as the levels (2, 1, 1) and (3, 2, 2) are concerned, we 
have only the nonhomogeneity term in R™. 
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ABSTRACT 


Stellar models are considered in which the ratio of the mean molecular weight in the core to the mean 
molecular weight in the envelope varies from 1 to 2. It is found that, as u-/, increases, the fraction of the 
mass and radius inclosed in the convective core decreases, while the total radius and luminosity of the 
configuration increases. 


In examining the evolution of the main-sequence stars it appears useful to consider 
stellar models in which the convective core and the point-source envelope have different 
mean molecular weights; for, as the nuclear reaction takes place predominantly only in 
the convective core, we may expect the mean molecular weight of this region gradually to 
increase. With an increase in the molecular weight, we can no longer let the mean molecu- 
lar weight u-, in the core be equal to »,, the mean molecular weight in the envelope. 

In an investigation carried out by M. Schonberg and S. Chandrasekhar! two values 
of the ratio u./u, were considered, namely, u-/u.e = 1 (the standard Cowling model) and 
c/ Me = 2. It is now proposed to determine the effect of intermediate values on the frac- 
tion of the mass and radius inclosed in the convective core and the total radius and lumi- 
nosity of the configuration. 

We shall consider a composite model made up of a central core described by the 
Lane-Emden function of index n = 3 and a point-source envelope. In constructing this 
model the method used was that proposed by Chandrasekhar;? in such a configuration 
the values of the temperature, pressure, and mass of the core should be identical at the 
interface, along with the condition that the effective polytropic index m attain the value 
1.5 at the interface. We then have 


P(r;)-=P(1ri)e3 T(r). =T (ride; M(1r;)-=M(1;)-; n=1.5, (1) 


where P, M, and T denote the total pressure, the mass within the radius r, and the tem- 
perature, respectively; c refers to the core, e to the envelope, and 7 to the interface. 
Introducing the homology invariant quantities « and v defined as in Chandrasekhar’s 
Stellar Structure (pp. 146 ff.), we have for the conditions at the interface: 
= 4r p. (r;) r Ke . 


Ke . _ 2GM.(1:) pe( Ti) be 
pe. M,(1;) Me’ 5 r.P.(17;) Me 





(2) 


The Fairclough? solutions of the Lane-Emden equation of index $ were used for the re- 
gions of the star inside r = r;. The regions outside r = r; will be governed by the same 
equations as for the point-source model with negligible radiation pressure. Seven inte- 
grations (due to Miss I. Nielsen) for the point-source model with solar values of L, M, 
and R, and uw = land log xo = 24.992, 24.892, 24.792, 24.692, 24.592, 24.492 and 24.392, 
respectively, were available. 

For the various values of u./u,. assumed, a series of parallel curves, determined by the 
right-hand sides of the equations (2), were obtained in the wv-plane; and it was found by 


1 Ap. J., 96, 161, 1942. 
2 An Introduction to the Study of Stellar Structure, p. 352, Chicago, 1939. 


3 M.N., 92, 645, 1931-32. 
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interpolation that point-source envelopes could be fitted to convective cores for the 
values of log xo given in Table 1. 

In Table 2 the quantities 
a ; _M (13) 
*; and v= a 








which give the fraction of the radius and the mass occupied by the convective core, are 
tabulated. The boundary of the configuration is reached at & = &, and y = Yu. 


TABLE 1 
Mc/ Me log xo Uc/ Me log xo 

Bs uns | 24.737 Ie 24.929 

i |e 24.817 DER ye a 24.961 

ae 24.871 Y Ree wee 

Ee 24.905 | eo i 

TABLE 2 
| 
Lo 
| 2€ | ¢ 10-% 
Uc/ Me q v £1 | v1 | Sy, Me [Ee al ( 

| | | Se JS va 
so eee SS Seereweree: Seeeernee: ottal ikem 
1.0 0.171 | 0.150 | 7.06 | 3.15 | 0.897 | 0.576 
ae 152 | 137 | 8.07 3.62 | 0.981 | 662 
me 138 | 126 | 9.06 4.10 | 1.060 | 722 
13 12 | (114 | 10.10 | 4.73 | 1.110 | 763 
1.4 114 | 101 | 11.35 5.56 | 1.144 | 794 
he 1 100 | 089 | 13.40 6.82 | 1.258 | 815 
So | a | as) OS 7.88 | 1.382 | 816 
2.0 0.087 | 0.081 | 16.2 S74 1 e485 | 0.806 

| 





Assuming that the central temperature remains constant during the evolution, we 
can use the following relation to determine the effect of increasing u./u. on the radius of 


the star: 
ne 2 £1 u.H GM 





al ar me (3) 
2 2 ££ HGM 
ee bene Wl 
ak fae Tt (4) 


The variation in R will thus be governed only by the factor 2u.£1/5y1 if JT. is assumed to 
remain constant. This factor is tabulated in Table 2. 

For a homologous family of stellar configurations based on Kramers’ law of opacity, 
the luminosity is given by a formula of the form 

M>5 
as 7.5 
L=Lh Koo Be 3 ( 

where Ly is a characteristic constant of the family which can be obtained directly from 
the integrations. If L, M, and R are expressed in solar units in the foregoing equation, 
then 


wn 
~~ 


Ih = (Ko) int « (6) 














a 1.0 1.2 1.4 1.6 1.6 2.0 


Fic. 1.—The curve illustrates the variation in the radius for constant central temperature as a func- 
tion of the ratio of the mean molecular weight in the core to the mean molecular weight in the envelope. 
The ordinates represent the radius in certain units appropriate for the problem. 





1.0 1.2 1.4 16 1.8 2.0 
bh 


Fic. 2.—The curve illustrates the variation in the luminosity for constant central temperature as a 
function of the ratio of the mean molecular weight in the core to the mean molecular weight in the en- 
velope. The ordinates represent the luminosity in certain units appropriate for the problem. 
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Combining equations (5) and (6) we have, 





= Lo EF: * 1 5770.5,,7.5 ” 
AT 5 ue 16H) at ee (7) 
Es 
5 


It is clear from equation (7) that, if the central temperature is assumed constant, the 
variation in the luminosity will be governed by the factor Lo[#é1u-/p1}-”; this factor 
is tabulated in the last column of Table 2. 

The variation of the radius and the luminosity of a star for varying u./u. and for con- 
stant central temperature is illustrated in Figures 1 and 2. It isseen that as the hydrogen 
is transformed into helium the fraction of the radius occupied by the convective core 
decreases from 0.171 to 0.087 and the mass contained in the core decreases from 0.150 
to 0.081, while the radius of the configuration increases by a factor of 1.65. At the same 
time the luminosity increases until it reaches a maximum at approximately u./ue = 1.8 
and then starts to decrease slowly; over the whole range the luminosity increases by a 
factor of 1.40. 


I wish to express my thanks to Dr. S. Chandrasekhar for suggesting this problem and 
for many helpful discussions. 
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ABSTRACT 
Bethe’s law of energy generation on the carbon cycle, taken along with the stellar equations of equilib- 
rium, gives, for an assigned central temperature and composition, two central densities, p,, and p,,, 
such that for a central density p, < p,-, there can be only a radiative transfer of energy and for p. > pe, 
all stellar models will be entirely convective, with no radiative envelope. A stellar model of the convec- 
tive radiative type is possible only for a single p, lying between p,, and p,,. A stellar model with a central 
temperature of 7, = 20.2 X 10° K and an H: content of 35 per cent, has been worked out and found 


to be in close agreement with the sun. 
I. INTRODUCTION 


Stellar models of the convective-radiative type have been considered, especially after 
the formulation of the recent energy-generation law by Bethe,! to be the most suitable 
of the configurations for description of the physical conditions within stars of the main 
sequence. Blanch, Lowan, Marshak, and Bethe? have recently calculated the tempera- 
ture-density distribution in the sun by integrating the stellar equations from the bound- 
ary, using the observed values of the mass, radius, and luminosity of the sun as boundary 
values. It has been found that such a model, starting as a radiative one from the bound- 
ary, changes, shortly before arriving at the center, into a convective one and that it can 
be constructed only when its H2 content is taken to be 35 per cent (He content = zero). 
About 98 per cent of the total heat energy of the model obtained after completing the 
solution was found to be generated within the convective core according to Bethe’s law. 
But when the total luminosity was calculated from the temperature-density field of the 
solution by Bethe’s law of energy generation, it came out to be about one hundred times 
the observed luminosity with which the integration was started. More recently Hoyle 
and Lyttleton*® have worked out the internal constitution of the stars from the point of 
view of Bethe’s law. They have approximated the exact exponential law of Bethe by a 
power law, which has simplified their calculations considerably and enabled them to ar- 
rive at certain similitude relations involving L, M, and R of stars. They have-not, how- 
ever, considered the variation of the guillotine factor with density and temperature 
while calculating the radiative envelope. In the present paper we have constructed a 
stellar model of the convective-radiative type based on Bethe’s law of energy generation 
in its strict form and have taken into consideration the variation of the guillotine factor 
with density and temperature, which may serve as an approximate solar model. 


II. METHOD OF PROCEDURE 


In the solar model constructed by Blanch, Lowan, Marshak, and Bethe, referred to 
above, Bethe’s law of energy generation is not included in the boundary-value problem 
solved. It is used subsequently to calculate the luminosity from the density-temperature 
distribution given by the solution of the boundary-value problem. We have formulated 
the problem here as follows: Given the usual stellar equations and Bethe’s law of energy 
generation, and with assigned composition and central temperature, to find the solution 


1 Phys, Rev., 58, 434, 1939. 2Ap. J., 94, 37, 1941. 3M.N., 102, 177, 1942. 
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satisfying the external boundary condition p — 0, T — 0, simultaneously. We know the 
problem admits of only one solution. The method of procedure here has been to find the 
appropriate central density, p., which will give us the required solution. It may be noted 
that Bethe’s law is included in the present formulation of the boundary-value problem. 

Suppose we start the integration from the center with a given central temperature, 
say about 20,000,000° (usual for the “standard model’) and an H, content of 35 per cent 
(He content = 0), and study the cores that are formed for varying central densities. For 
small radiation pressure the convective core may be regarded as a Lane-Emden poly- 
trope of index n = 3/2. To find the stage where convection ceases and a radiative gradi- 
ent is established, we must know the luminosity, ZL. This Z may be calculated from Be- 
the’s formula by making use of the density-temperature distribution of the 3/2 poly- 
trope. After performing a series of integrations for the core with varying central densi- 
ties, we have found that there exist two values, p., and per (per < pe2), dependent on the 
assumed central temperature and composition—values such that, if the central density 
Pe < pei, the configuration is entirely radiative, there being no convective core (without 
meaning, however, that the corresponding solution is suitable as a stellar model satisfy- 
ing the external boundary conditions). For p., <p. < p,, the core will be convective for 
a distance, after which the temperature gradient will change into a radiative one. But 
for pe > pe, we obtain an all-convective configuration, there being no radiative envelope 
at all. In this last case, for every p- > p,, there will be an all-convective stellar model, 
which will be a 3/2 polytrope. It is not thereby meant that the generation of energy 
would in such cases extend up to the surface. Such stellar bodies, if they exist, would 
have fairly high central densities. 

A convective-radiative configuration will correspond to a case pe; < pe < pe. But 
every value of p, within this range will not furnish a significant solution satisfying the ex- 
ternal boundary conditions of the radiative envelope. We have determined the significant 
p- by trial integrations. The foregoing behavior of the solutions for a given central tem- 
perature and composition and for varying values of p, is quite general for all central 
temperatures, at least of the order of 20,000,000°. The existence of the limits p., and p,, 
can be analytically proved. We have also verified the existence of all-convective models 
by several numerical integrations. 

In the present paper we have confined ourselves to the calculation of stellar configura- 
tions, assuming the “‘standard-model”’ central temperature of about 20,000,000°, the 
generally accepted H2 content of 35 per cent (He content = 0), and Bethe’s formula in 


its strict form es i a / 
€ =e ple 8/1 .. (1) 


where € is a constant involving the H2 content and B is a physical constant having the 


value 
B= 56X (2-107)'4, 


Further, the opacity formula of Kramers, 


Ko p 
— t 73-5? (2) 


has been used with Strémgren’s table for the guillotine factor 1.4 
III. THE EQUATIONS 


We start with the stellar equations of equilibrium in the usual notations, 


dP GM(r) dp,_ _ «ep L(r) (4) 


ee ee. a 3 oe 
dr r? Py 2) dr c 4mr?’ 





4S. Chandrasekhar, An Introduction to the Study of Stellar Structure, p. 269, Chicago: University of 
Chicago Press, 1939. 
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with 
k 
— T1177. i as Din 
I aH pl + jal"; pr=jal 
and 
dM (r) _ ‘ dL(r) _ - 
a ee : (5) ae nie é€. (6) 


The values of x and ¢ are given by formulae (2) and (1), respectively. 

For the present we shall be interested in temperatures for which the contribution of 
electron scattering to the opacity is negligible. The guillotine factor ¢ is a function of the 
density and temperature. Numerical tables for ¢ have been given by Strémgren‘* and 
recently by Morse.’ In our calculations Strémgren’s table has been used. As we shall be 
dealing with configurations, with negligible radiation pressure, we shall take the con- 
vective core to be a 3/2-polytrope. For integration it is convenient to reduce the equa- 
tions (3)—(6) to the forms (cf. Chandrasekhar, op. cit. pp. 352-354) 


d ner. oy. an do Q 0° AF] 

ae 67%) D) ¢2 (7) dé t ? ’ (8) 
dy 9 Q) dl 2 Q9—? ae 1/3 +9 
~~. we oft ) — = g29—2/3¢—b/0'/* £2 10 
ae, - rei 


by the substitutions 
r=ai, p=p.o, T=T.6, M(r) =Mvyy, L(r) =Ll (11) 


if a, p-, T-, Mo, Lo satisfy the relations 
ae 
8ruGH p.’ 


2 


a~ = 


(12) Mo=4mp.a*; (13) Lo=4meqp?T a (14) 


and 
Kolo 3 pe 5 B 
PO. Se 2. A ; 2 oe, 16 
"tear = Ti oa 


The constant xo in the opacity formula (2) is connected with the Hz and He contents X 
and Y, respectively, by the relation 


Ko= 3.9K 10 (1+X) (1-X-Y). (17) 
As we have assumed that the He content = 0, we put Y = O and take for xo the value 
ko = 3.9 X 107° (1 — X?). (18) 


With the known density-temperature relation (o = 6°/*) for the 3/2-polytrope we can 
integrate equation (10) and obtain 


1g) = fore b/O\/? £2q ¢ (19) 


as the value of the luminosity in units of Zo at any desired distance &. The total luminos- 
ity, L(€), in terms of the central density and temperature will have the form 


A oe 
L(t) = 410 (<7) Tol6 pi/71( E) . (20) 


5 Ap. J., 92, 27, 1940. 
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We have to distinguish between two cores. There will be a convective core on the sur- 
face of which the temperature gradient will change and the radiative envelope will be- 
gin. We shall describe later how this core is to be determined. Besides, there is an energy 
core within which the whole of the energy generation takes place. The boundary of this 
latter core will be reached when we arrive at a sensibly constant value of / in course of 
integration. We shall see below that these two cores are not identical; and, in general, 
the energy core will be slightly larger than the convective core for Bethe’s law. 


IV. EXISTENCE OF THE LIMITS p-, AND pe, 


In this section we shall show that for a given central temperature and composition the 
two limiting densities, p., and p,,, mentioned in Section II, exist. The existence of the 
first limit, p.,, has been shown by one of the authors in a previous paper.® He limited his 
discussions to a central temperature of 7, = 20 X 10° K and adopted the value of €o 
originally given by Bethe. But the method of determination of this limit is generally ap- 
plicable. We now proceed to prove the existence of the second limit, p,,. 

An adiabatic temperature gradient is characterized by the following relation:’ 


dT Y2—1dP_ dP 
Ty, Ppp (21) 
where 
4—3 - 
ke ( B) (y-1) (22) 





62+ 3(y—1) (1—B) (448) ’ 


with 8 and y having their usual meanings. For negligible radiation pressure 6B ~ 1. 
From equations (3) and (4) we obtain by division 


dT dP 
et et 23 
T Yrad P ’ ( ) 
where 


i ebte) 2 ‘ 
Yrad = T64cG M(r) py’ (20) 


A stable convective gradient exists so long as 


: ; : : Yad i Yrad » ( 2 5) 
which is equivalent to the relation 
._— , 1 § »-p 
2). 3 A) (26) 


Tr, 4nrcGM(r) p,° 


If p, be small compared to P, we obtain, using the value of x given by equations (2) and 
(17), 


== 3.9X 108 (5 )(1+X) (@-x-7)04+3x49r)2.4.02 
of een aH j 3. 2V ies Z: (2 


r 


—_ 


) 


~I 





In writing this equation we have replaced yw by 2/(i+ 3X + }Y) and the guillotine 
factor ¢ by an average value 7. The mass M(r) here refers to the polytrope n = 3/2 (the 
radiation pressure being negligible) and is given by the well-known expression 

dé 


M (é) =4rp.at(-# 5 ; 


6U. R. Burman, Proc. Nat. Inst. Sci., India, 8, 306, 1942. 
7 Chandrasekhar, of. cit., p. 223. 
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Using equation (20) for the luminosity, we obtain 


L(&) 1 
pal T-2) —____ 
Mz) > °" day I(é,T.), (28) 
(-F 2, 
where J(£, T.) stands for the same integral as for / in equation (19). Hence in terms of 0 
and & variables the condition (26) for the stability of the convective gradient takes the 


form 
4(T,.—1) 





wee GF pf (X, Y)J(&, T.), (29) 
where 
A =3.9X 10% (=a) = (30) 
FS (2X, ¥) = 3(1+2) (1 —- FZ — F) +See, (31) 
14. 0) « Scores RE (32) 


ont a 


Since the H2 content X occurs as a factor in the expression for €p in the energy-generation 
formula (1), we have in the foregoing ¢) = «,X. To consider the case of no helium, we 


take Y = 0 and replace f(X, Y) by 
f(X) =X (1 — X*) (14+3X). (33) 


This function {(X) vanishes for ¥ = 0 and X = 1 and possesses a maximum near about 
X = 0.7. As we are working with negligible radiation pressure (6 ~ 1), we may take I, 
to be practically constant. Taking the ratio of the specific heats, y = 5/3, we write the 
value of 4(I': — 1)/T2 as 1.6. The function /(£, T.) given by equation (32) can be cal- 
culated for an assigned 7, and for different values of £. The results of numerical compu- 
tations of the function J(é, T.) for two values of T., viz., T., = 20 X 10° K and 7,, = 
21 X 10° K, are plotted against £ in Figure 1. These curves each have a minimum with 
two sides going upward. The function 4(T2 — 1)/T2 is represented by a straight line 
parallel to the é-axis, and this line will generally lie above the previous curves. It is evi- 
dent that for the chosen value of /, and given X, a value of p, may be so taken that the 
displaced curves represented by the right-hand side of equation (29) will lie entirely 
above the line 4([ — 1)/T2. For such a value of p, the inequality (29) will not be vio- 
lated, and consequently convection will prevail throughout. The minimum value of p, 
(for given T, and X) for-which the configuration will be all convective will be that one 
for which the corresponding displaced curve just touches the I, line. From Figure 1 it 
will also be clear that this critical minimum value of p, for an all-convective configura- 
tion will be lower, the higher the central temperature T., the composition remaining 
unaltered. 

So far, we have been speaking of the effect of variation of the central density p, in 
equation (29) for a given central temperature of 7, and for composition X. We now sup- 
pose X to vary, T, remaining unaltered. Now f/(X) has a maximum value (about 1. 1). 
Taking this maximum value of f( X), it is clear that we can find a value of p,, say p/, for 
which the curve represented by the right-hand side of equation (29) will just touch the 
I, line. Consequently, for any p, > p, it will generally be possible to obtain an all-con- 
vective configuration simply by varying the H2 content X, for an assigned 7,. 

Further, owing to the existence of the maximum of f(X), the same minimum value p,, 
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of p. mentioned above will exist for two different compositions, the central temperature, 
however, remaining the same. It may be noticed that the function f(X, Y) has no other 
maximum than at (X = 0.7, Y = 0), mentioned above, so that when the He content 
is not negligible this particular feature may not arise. 
V. INTEGRATION OF THE EQUATIONS 

We now proceed to the integration of the equations given in Section III. It has been 
stated before that for a given T. and H2 content (He content = 0) there exists only one 
significant p, giving a stellar model satisfying Bethe’s law and the boundary conditions. 
In consideration of the standard model and other ideas regarding the constitution of a 


star like the sun, we have undertaken two integrations for 7, = 20 X 10° K, 7. = 
20.2 X 10° K, an H2 content of 0.35, and u = 1. The significant central density has been 


en 4(%-1)/f ail 














4 —_—_ 

Fic. 1.—These curves show the variation of J(t, 7.) with & for central temperatures 7., and 
T.. (Te, < T..). The function 4([ — 1)/I2 is represented by a straight line. The right-hand side of in- 
equality (29) will be represented by a bodily upward shift of the curves. Only the left wings of the dis- 
placed curves above the I; line will be significant. A suitable value of p, will shift the curves to touch or 
lie entirely above the I. line. 


found after a number of trial integrations. The method of calculation of the luminosity 
function has been shown in equation (19). 

To satisfy the external boundary conditions, viz., s — 0 and 6 — 0, simultaneously, we 
have followed the method of Cowling.*® The convective core is broken up arbitrarily at a 
definite value of § = &;. The continuity of the temperature gradient (d6/dé) at the inter- 
face & = &; then determines the coefficient Q in equation (8), / being calculated from 
equation (19). The elimination of Lo between equations (14) and (15) gives an equation 
in which every member is known except p,. The terminating of the convective core arbi- 
trarily at £ = é; corresponds to this value of the central density. Although the convec- 
tive core ends at this distance £;, the energy core may still continue, that is to say, / may 
not still attain a constant value. We now proceed with the numerical integration of equa- 
tions (7)—(10). The function / is found to attain a constant value quite early, when the 
energy core ends. Equation (10) is now dropped and the integration continued. By trial 


8 Tbid., p. 351. 
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the value of &; is so determined that the boundary conditions (c—0 and @—,0 
simultaneously) are satisfied. It is found that only one such £; can be obtained, which 
means that for a given 7, and H2 content there is only one p, giving a stellar model con- 
sistent with Bethe’s law. 

Our first integration was for 7, = 20 X 10° K, in which case the luminosity Z was 
found to be somewhat below the solar value. It was then found by trial that a central 


TABLE 1 
DISTRIBUTION OF TEMPERATURE, DENSITY, MASS, AND LUMINOSITY IN 
A STELLAR MODEL WITH 7, = 20.2 X 10° K, u = 1, 
X = 0.35, €9 = 2.4 X 107° 





é T+1076 p y | 1+ 1075 
RE Ae Us Ta 20.20 45.50 0 | 0 
1.1250 16.32 33.05 0.3930 | 0.3742 
Tote ie Saale 16.16 32.57 0.4162 | 0.3760 
ae 15.86 31.58 0.4649 0.3785 
1.25 15.56 30.53 0.5161 0.3800 
1.30 15.27 29 46 0.5696 0.3815 
eae tt ee 14.70 27.25 0.6830 0.3828 
S22 22 14.16 25.00 | 0.8036 0.3837 
1.6 13.64 22.74 | 0.9294 0.3840 
is ae er 13.15 20.55 | 1.059 0.3840 
ee ee 12.69 ee ee ee een 
1.9 12.27 16.43 ae I eR eee 
2.0 11.89 14.56 As ae” USS 2 ee See 
29 11.24 11.29 .. ee bev 
yo 10.77 8.61 Se fo a eee 
2.6 10.43 6.52 y ons Yn aS ere aie 
2.8 | 10.18 4.95 ate PS. che tee 
SOA: 3 eee 10.02 3.81 PAT ee 
cy ee ee eee Ee 9.83 3.00 FG Fc caeoeeks 
ce oe ae! | 9.60 2.39 a > a ee ee 
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SEN oo a nae | 9.08 1.42 | | SR eee 
re ae eee 2 8.53 1.02 Bee 2) oe 
43. | 7.88 0.738 | SO ho o3 eee ee 
4A. 7.29 ee... Oe eee 
4.6. 6.65 0.379 | eee OR chee 
46.. 6.01 > ie! ere 
Cot | Sa A ce 5.40 Game. F: Bee | OE ee ess 
Clo 4.82 OSes... - Se es. 
5.4.. 4.27 “eS Re Ee: 
5.6.. 3.77 0.0547 ee a ae 
5.8. 3.27 0.0381 2 ST AE ee eh 
6.0. 2.76 0.0268 ee? Bt gh oe os 
Gr2-. 2.23 0.0188 0 | SAI arn one 
6.4.. 1.74 0.0131 9" GRE RE Se oi 
O26 ooo ek | 1.2 0.0091 OE. 9 Rich Oe 
See | 1.01 0.0046 2 6th: 5 Cotes ce 


temperature of 7. = 20.2 X 10° K gives a closer agreement with the observed solar 
luminosity. The mass then becomes slightly greater than the solar value. Results of inte- 
gration of this latter case, 7. = 20.2 X 10° K, are given in Table 1. The integration is 
stopped at the distance = 6.7, where the temperature 7 ~ 1.10° K, the density p ~ 
0.005 gm/cm®, and the rest of the radius is calculated by Strémgren’s method.’ The 
original integration was carried out in about a hundred steps, of which about forty are 


9Zs. f. Ap., 2, 345, 1931. 
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inserted in the table. It may be noted that the convective core occupies 14.4 per cent of 
the total radius and incloses 12 per cent of the mass of the star, and, further, that only 
about 3 per cent of the total energy is generated within the radiative envelope. 

In the case of JT. = 20 X 10° K the integration is stopped at & = 5.9. Extrapolation 
by Strémgren’s method then gives the complete radius R = 7.2 X 10° cm. The mass 
and luminosity are given by M = 2.0 X 10*3 gm and L = 3.0 X 10° ergs/sec. 


VI. CONCLUSIONS 


With a central temperature of 7, = 20.2 X 10° K and an H2 content of 0.35 per cent 
(He content = 0), there exists one stellar model, which, while strictly obeying Bethe’s law, 
gives L = 3.7 X 10** ergs/sec, M = 2.12 X 10** gm., and R = 8 X 10!°cm. The cor- 
responding central density p, equals 45.5 gm/cm *. These are in fairly good agreement 
with the solar values. 

Our further integrations have shown that for nearly the same composition an increase 
in 7, would considerably increase L, which is very sensitive to T7,. An increase in the He 
content X will also cause an increase in L. But if we confine ourselves to the composition 
X = 0.35, which is widely held, it appears that the approximate solar model should have 
a temperature of about 20,000,000", the same as suggested by the “‘standard model.”’ On 
the other hand, the ‘‘standard-model”’ central density should be considered to be too 
high. A composite convective-radiative model for a star like the sun definitely demands a 
lower value of the central density, probably somewhat below 50 gm/cm‘*. 

Speculations regarding sources which might lead to a better agreement of the model 
with the sun are possible in different directions. The most obvious suggestion seems to 
be the giving-up of the idea of 35 per cent H2 content in the composition of the solar ma- 
terial. A higher percentage of Hz alone or an admixture of H2 and He with a slightly 
higher central temperature may lead to a better result. For the central temperature we 
have assumed that the contribution of electron scattering to the opacity is certainly 
negligible, but the guillotine factor in Kramers’ opacity formula is too complicated to be 
properly taken account of in numerical calculations. We have not made use of Morse’s 
table (expected to be more accurate) for the guillotine factor, which differs considerably 
from Strémgren’s table; instead, the latter has been used exclusively in our calculations. 
The opacity factor will not greatly influence the luminosity value in our calculations, 
since it really adds to the advantage of integration from inside. Although we have used 
Bethe’s formula in its strict form, it may, however, be pointed out that the constant in 
the formula which is in part due to the assumption regarding the composition of the 
materials taking part in the carbon-cycle reaction has considerable influence on the cal- 
culations. A large variation of this constant may lead to widely different results and even 


to a failure of the model. 
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ABSTRACT 
In this paper the solution to the problem of line formation given in an earlier paper is obtained in its 
numerical form in the first three approximations. Tables for computing the residual intensity are given. 
1. Introduction.—In an earlier paper! the “‘standard case”’ in the theory of the forma- 
tion of stellar absorption lines has been considered and the solution obtained in the form 


| n —k 
len Lee "a! Ayo 


1,=I(u;) = 6,4 SS — 44) (G=41,...., +), (1) 
| 1 1 + aike | 


where the y,’s represent the Gaussian division of the interval (— 1, +1), the &,’s the n 
positive roots of the equation 


1=(t-)) 8, (2) 


and the L,’s (a = 1,...., ) the m constants of integration to be determined by the 
boundary conditions 


Sy me. i=1 n). (3 
aia te me ( us ; ). ( ) 
Furthermore, in solution (1), ¢ denotes the total optical depth, \ is a constant related to 
the ratio of the line to the continuous absorption coefficient (cf. II, eq. [87] ) and which 
depends on the frequency in the line considered, and a,, and 8, are two constants which 
represent the coefficients in a Taylor expansion of the Planck intensity B,,, valid near 

t=0: 

B,, om Avo + byt e (4) 


In this paper we propose to study this solution in greater detail. 
2. The formula for the residual intensity—We shall first derive the formula for the 
residual intensity. This is defined by 
F,(0) 
r= —— 5 
F.(0) ’ (5) 


where F, (0) denotes the emergent flux at the frequency considered and F. (0) the in- 
tensity of the background in the continuous sprectrum. Since 


+1 
F=2f Tudu, (6) 
—1 


1S, Chandrasekhar, Ap. J., 100, 76, 1944. Referred to hereafter as “II.” 
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we can write, in the approximation in which solution (1) is valid, 


=2S* Jju;a;. (7) 


= 


Substituting for the /;’s according to equation (1), we obtain 


ath. (8) 


Accordingly, for the emergent flux we have 


[3A WL 
F,(0) =$6,)1— eo rae (9) 


To obtain the emergent flux F, (0) corresponding to the background continuum, we 
have to pass to the limit \ = 1 and » = 0 in the foregoing equation. But the result can 
be obtained more readily by starting with the equation of transfer appropriate for this 
case; for the resulting equation then admits of an elemental integration, and we obtain 


F.(0) =a,+2b» , (10) 


where it should be noted that the quantity 0,, [ = b, (1+ 7) | is now defined in terms 
of the expansion 


B,, = dy, + b» 7 , (11) 


7 denoting the optical depth for the continuous opacity only. Combining equations (9) 
and (10), we have 
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Since equation (4) is to be regarded as a Taylor expansion valid near ¢ = 0), we can readi- 
ly find an explicit expression for 6,/a,,. Clearly, 
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where 7) denotes the boundary temperature. Using Milne’s well-known relation 


M=TM%(1+ 37), (14) 
we derive 
b — 3 Ms0i (<*) —_ 3 u ee 1 (15) 
a 8 1a) EF Ht iss’ , 
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Equation (12) can now be re-written as 
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The &.’s are now determined by the conditions 


Sv _& —=hp,—8d(1+y)z (¢21,....,%). (20) 


ai 1 nike 


Now equations (2) and (20) allow us to derive values of k. and &, for all values of \ < 1. 
To obtain the limiting form of the solution for \ = 1, we proceed as follows: It can be 
readily shown that, as \ — 1, the characteristic roots k; tend to 


1 
—[({1-—3(1—-—A)a,] (A 1). (21) 
. , ‘ Mi 
From this we derive 
L£;— pha; (ui—3 [1+] 4) (1-2) (A 1), (22) 
and the formula for r becomes 
1 yy 
2 + 4x _ QiM; 
Pepe ek Ci 2 
; i (23) 
Since b a; tends to } as n—»~, r— 1 as the order of approximation increases. 
i=1 n 
Hence the departure of > a;u; from 4 is an index of the accuracy of our approxima- 
+=] 


tion. 


3. Numerical results —The numerical forms for the first three approximations to the 
solution have been worked out for various values of \ and x and for the most important 
case:e = OorA = (1 +7)". 

But before we tabulate these solutions, we may note here the equations that deter- 
mine the characteristic roots in the first three approximations. They are: 


2= 32, (24) 
miuské— (a tAluites—Z]jkRe+A=0, (25) 
and 
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In Table 1, the resulting roots &. for various values of \ are tabulated. 
In Tables 2, 3, and 4 we have tabulated the residual intensity as derived after the 
evaluation of the necessary constants. 


TABLE 1 


VALUES OF k 


SECOND APPROXIMATION TuHIRD APPROXIMATION 






































FIRST 
APPROXIMATION | = - 
(ki) 
sit ki ko ki ke k3 
0.05.. 0.387298 | 2.01257 | 0.379497 3.24943 | 0.379484 | 1.23255 
0.10 0.547723 | 2.05519 0.525560 3.29669 | 0.525430 | 1.24087 
0.20. 0.774597 | 2.14577 0.711876 | 3.39312 0.710456 1.26096 
0.30... 0.948683 | 2.24183 0.834508 | 3.49150 | 0.829085 1.28609 
0.40... 1.09545 | 2.34138 0.922637 3.59119 | 0.909563 1.31607 
0.50. 1.22474 2.44271 0.988751 3.69160 0.964672 1.34962 
0.60. . 1.34164 | 2.54448 1.03980 3.79227 1.00260 1.38474 
0.70. 1.44914 2.64575 1.08012 | 3.89279 1.02909 1.41957 
0.80. 1.54919 2.74589 1.11259 | 3.99286 1.04801 1.45283 
0.90... 1.64317 | 2.84450 1.13917 | 4.09225 1.06192 1.48385 
0.95 1.68819 | 2.89315 | 1.15071 | 4.14163 1.06752 1.49843 
_ = | ~ ~ = 20 
1.00. 1.73205 2.94134 | 1.16126 | 4.19078 1.07242 1 .o1238 
TABLE 2 
VALUES OF r GIVEN BY THE FIRST APPROXIMATION 
ae = ne - 
| 
| 0.1 | 0.125 | 0.15 | 1/6 | 0.175 | 0.20 | 0.225 | 0.25 | 0.275] 0.3 1/3 | 0.35 
0.05 | 0.1790} 0.1952] 0.2093) 0.2178} 0.2218] 0.2330] 0.2429} 0.2519| 0.2600] 0.2674] 0.2741| 0.2762| 0.2802 
0.10 | 0.2671! 0.2862! 0.3030) 0.3131) 0.3178) 0.3310) 0.3428) 0.3534! 0.3630) 0.3717) 0.3797) 0.3822) 0.3870 
0.20 | 0.4013] 0.4221] 0.4404] 0.4513] 0.4564) 0.4707| 0.4835| 0.4950) 0.5054| 0.5149] 0.5235] 0.5262] 0.5315 
0.30 0.5104} 0.5309) 0.5488) 0.5595) 0.5646) 0.5786) 0.5912) 0.6025) 0.6127) 0.6220} 0.6305) 0.6332) 0.6383 
0.40 | 0.6057| 0.6250) 0.6418] 0.6519) 0.6567| 0.6699| 0.6817| 0.6924, 0.7020) 0.7108] 0.7188] 0.7213] 0.7261 
0.50 0.6917} 0.7094] 0.7248) 0.7341! 0.7385] 0.7506) 0.7614) 0.7712) 0.7800} 0.7880) 0.7954] 0.7977| 0.8021 
0.60 0.7710) 0.7868; 0.8006; 0.8089 0.8128) 0.8237) 0.8334) 0.8421) 0.8500) 0.8572) 0.8638) 0.8658) 0.8698 
0.70 0.8450) 0.8588) 0.8709 0.8782) 0.8816) 0.8910, 0.8995; 0.9071) 0.9140) O 9203} 0.9260 0.9278) 0.9313 
0.80 0.9148) 0.9265) 0.9368) 0.9429, 0.9458) 0.9538) 0.9610; 0.9675) 0.9733) 0 9786) 0.9835) 0.9850) 0.9880 
0.90 0.9810] 0.9906) 0.9989) 1.0039} 1.0063) 1.0129) 1.0187) 1.0240} 1.0288) 1.0331] 1.0371] 1.0383] 1.0407 
0.95 1.0130) 1.0214) 1.0288) 1.0333) 1.0354) 1.0412) 1.0464) 1.0510) 1.0553) 1.0591] 1.0626) 1.0637] 1.0658 
1.00 1.0442! 1.0516) 1.0580, 1.0619} 1.0637) 1.0688) 1.0733) 1.0774! 1.0810! 1.0844] 1.0874] 1.0884] 1.0902 
| 
TABLE 3 
VALUES OF r GIVEN BY THE SECOND APPROXIMATION 
| 
| z 
| 
r ° , i aes S480 ae : ines ta 
| 0.1 | 0.125] 0.15 | 1/6 | 0.175 | 0.20 | 0.225 | 0.25 | 0.275 | 0.3 | 0.325] 1/3 | 0.35 
0.05 0.1729! 0.1884) 0.2021) 0.2103) 0.2141] 0.2248) 0.2344! 0.2430] 0.2508) 0.2578] 0.2643] 0.2663] 0.2702 
0.10 | 0.2559] 0.2741] 0.2899) 0.2995| 0.3040) 0.3164) 0.3275) 0.3376) 0.3466) 0.3549] 0.3624) 0.3648) 0.3693 
0.20 0.3822| 0.4014) 0.4182) 0.4282] 0.4330! 0.4461! 0.4579) 0.4685] 0.4780| 0.4868) 0.4947| 0.4972] 0.5020 
0.30 0.4855] 0.5038] 0.5198) 0.5294) 0.5339] 0.5465) 0.5577} 0.5678] 0.5770) 0.5853] 0.5929] 0.5953] 0.5998 
0.40 0.5766) 0.5933} 0.6078) 0.6166) 0.6207) 0.6321] 0.6423) 0.6515) 0.6598] 0.6674} 0.6743] 0.6765] 0.6806 
0.50 0.6598] 0.6744] 0.6872) 0.6948) 0.6984| 0.7084) 0.7174) 0.7255) 0.7328) 0.7394] 0.7454] 0.7473] 0.7510 
0.60 0.7374| 0.7497) 0.7604) 0.7669} 0.7699} 0.7784) 0.7859) 0.7927) 0.7988! 0.8044] 0.8095] 0.8111] 0.8142 
0.70 0.8107] 0.8205) 0.8291) 0.8343) 0.8367| 0.8435) 0.8495) 0.8549) 0.8599] 0.8643] 0.8684] 0.8697] 0.8722 
0.80 0.8805} 0.8878] 0.8942) 0.8980) 0.8998) 0.9048} 0.9093) 0.9133) 0.9170! 0.9203] 0.9233] 0.9242) 0.9261 
0.90 0.9475] 0.9522) 0.9563) 0.9587) 0.9599) 0.9631) 0.9660) 0.9686] 0.9709| 0.9730} 0.9750] 0.9756] 0.9768 
0.95. 0.9801) 0.9835) 0.9864) 0.9882) 0.9890) 0.9913] 0.9934) 0.9952] 0.9969} 0.9984} 0.9998) 1.0003) 1.0011 
1.00 1.0122) 1.0142) 1 0160 1 am 1.0175] 1.0189] 1.0202) 1.0213 1.0033 1.0232) 1 0240) 1.0243] 1.0248 
| | | | | 
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It may be of interest to compare these solutions with that derived by the more familiar 


Milne-Eddington approximation of setting K = 3 J. We have? in this approximation: 


— 
Vit 
path, ee (27) 
Wit V3 


In Table 5 the comparison between this solution and the ones obtained in this paper is 
made. 
TABLE 4 


VALUES OF r GIVEN BY THE THIRD APPROXIMATION 


x 
Z £ Pa ema) 
0.1 1/6 0.25 1/3 0.35 
RE ‘i. -..: Se ee | 0.2690 
ce... ......) Meee 1... 0.3395 |..... ..| 0.3670 
0.20 : 0.3794 | 0.4248 0.4645 | 0.4928 | 0.4976 
0.30..........| 0.4815 ZZ. 2 
O.4 cenecd Oe 0.6446 | | 0.6729 
0.50. ....| 0.6542 0.7174 |. -..) 0.7419 
0.60 |  @2353 0.7836 | | 0.8040 
0.70 | 0.8042 | 0.8451 |.. | 0.8610 
0.80 : .| 0.8739 : 0.9028 |.. | 0.9141 
0.90..........| 0.9409 0.9576 |.. | 0.9641 
' eee Sl ee 0.9841 |..... | 0.9881 
ase 1.0057 |...... Se boo csoce. | 1.0116 


TABLE 5 


COMPARISON WITH EDDINGTON’S APPROXIMATION 
(Standard Case: =0.20) 


| 





Eddington’s First Second Third 
x Approxima- Approxima- Approxima- Approxima- 

tion tion tion tion 
Cite he ree 0.3575 0.3746 | 0.3568 | 0.3541 
Ts eT 4719 
0.250...........} 6299 | 6600 | = 6246 | ~—.6193 
PAN ho erga iat is 8186 | 1is%. | . 7666 
MELON 5555. cla selene 0.8115 | 0.8503 | 0.8032 | 0.7961 





2 Eddington, M.N., 89, 620, 1929. 
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ABSTRACT 


The radial velocities of 71 stars have been determined from 237 spectrograms. Sixty-nine stars are 
regarded as members of the cluster. The mean velocity for all 69 stars is +4.08 + 0.68 (m.e.) km/sec. 
If the stars are divided into two groups, according to rotational velocity, 50 of low rotation give +5.19 + 
0.70, while 19 of high rotation give +1.17 + 1.41 km/sec. No explanation is offered for this systematic 
difference. The largest range in velocity for any star is 54 km/sec (No. 13). This star and No. 33, having 
a range of 45 km/sec, are regarded as spectroscopic binaries, while 8 other stars are suspected. The ques- 
tions of internal motions and of spatial differences in the velocities are briefly discussed. 


Nearly all of the brighter stars in the Pleiades have exceptionally broad and ill-defined 
lines in their spectra. The radial velocities determined from these stars are very uncertain. 
Those which are listed in Moore’s catalogue! show a considerable amount of scatter. 
Very few radial velocities have been published for the fainter members of the cluster, al- 
though there have been numerous investigations of their proper motions. Trumpler? has 
recently published a mean velocity of + 7 km/sec for an unspecified number of stars in 
the cluster, which probably include many of the stars discussed in this paper. Pearce 
presented at the June, 1944, meeting of the American Astronomical Society results from 
measurements made at Victoria. These were not available to us until after the completion 
of this paper. From measurements of the brighter stars in the cluster he found, on the 
average, +7.86 km/sec. 

The present investigation was undertaken in order to determine an independent value 
for the radial velocity of the Pleiades, using for this purpose not only the brighter stars 
but also those of intermediate brightness—to about magnitude 9.0. We were especially 
interested in finding whether the cluster contains a large percentage of spectroscopic 
binaries of considerable range, as does, for example, the galactic cluster NGC 6231. Final- 
ly, an attempt was to be made to discover whether there exist any spatial differences in 
the radial velocities of the various cluster stars or any differences depending upon the 
physical characteristics of the members. 

The present discussion gives the results of measurements of 237 spectrograms of 71 
stars. Of the 237 spectrograms, 230 were taken with the quartz spectrograph attached 
to the 82-inch McDonald reflector, giving a dispersion of 55 A/mm at Hy; 4 were taken 
at McDonald with the {/2 glass spectrograph, giving a dispersion of 78 A/mm (Nos. 
4066, 4067, 4068, 4069); and 3 were taken with the Bruce one-prism spectrograph at- 
tached to the 40-inch telescope of the Yerkes Observatory, giving a dispersion of 26 
A/mm at Hy (Nos. 12629, 12630, 12640). At least 2 spectrograms per star were obtained. 

Of the 71 stars, one (our No. 23) is Hertzsprung No. 310,‘ and another (our No. 22) is 


* Contributions from the McDonald Observatory, University of Texas, No. 97. 
1 Pub. Lick Obs., 18, 1932. 
2 Pub. A.S.P., 56, 68, 1944. 


3 The shell spectrum of Pleione has been omitted in this investigation, since it has been dealt with in 
a recent paper by Struve and Swings (A p. J., 97, 426, 1943). It is not certain that the velocity of the shell 
spectrum is identical with the velocity of the cluster. 


4 Mem. Acad. R. Sci. Denmark, Ser. VIII, 4, No. 4, 1923. 
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not listed as a member. The remaining 69 stars were taken from Trumpler’s list of mem- 
bers of the cluster.® Most of the stars on our program were of photographic magnitude 
9.0 or brighter, and only 8 were fainter. The faintest star (our No. 1) is of magnitude 10.1. 

Three stars in our list are marked by Trumpler as “uncertain members,” and 4 as 
‘probable members.” The radial velocities for these stars are as follows: 


TRUMPLER’S “PROBABLE”? CLUSTER MEMBERS 





Our Trumpler’s 


ee No. Plates Velocity 
OBS ite oe Se S 142 2 — 7.0 
LR tei tae 8 Pont S 26 2 +28.1 
CREEKS, crac pe, 47 2 + 1.2 
Ea ae MORE Se S 115 y + 5.6 





| 
Our Trumpler’s 2 ‘ . 
No. No. Plates Velocity 
PER: S 177 2 lL ee? 
Ls See ere S 208 2 | — 6.3 
Giz. erence mathetess S 84 2 + 7.4 


On the basis of these velocities, only No. 59 can be excluded as a background star. 
This star has been omitted from the following discussion, as has also star No. 22, which 
is not a member of the cluster, according to Trumpler. This leaves a total of 69 stars. 

The wave lengths of the stellar lines used in determining the radial velocities for the 
A-type stars are taken from the papers by W. W. Morgan‘ and O. Struve.’ For the B- 
type stars the wave lengths were taken from H. Kiihlborn.* For the F-type stars the 
wave lengths of Adams and Harper were used,° together with data from other sources. 
Nearly all the plates were measured separately by Struve and by Smith, and the two 
measurers independently chose the star lines and their wave lengths. 

Table 1 gives the average radial velocity of each star. The stars are numbered con- 
secutively in column 1, and those which are in the outer parts of the cluster-are listed 
separately at the end of the table. Some of these stars are as far as 3° from Alcyone. The 
photographic magnitudes are taken from Trumpler (except Nos. 22 and 23), and the 
spectral types are from the Henry Draper Catalogue. The ‘“‘grade’’ denotes the estimated 
quality of the spectrum, which depends upon the number of lines suitable for measure- 
ment and their quality. Grade 1 represents the best quality. The rotational velocity at 
the equator in km/sec was estimated from the observed widths of the lines. Table 2 gives 
the mean results for all plates from the measures of Smith and of St:uve. 


5 Lick Obs. Bull., 10, 110, 1921. 

6 Pub. Yerkes Obs., 7, Part III, 1935. 

7Ap. J., 90, 699, 1939. 

8 Veréff U.-Sternw. Berlin-Babelsberg, 12, Part I, 1938. 
® Trans. I.A.U., 5, 193, 1935. 
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Star HD 

1 23061 
2 23157 
3 23156 
4 23194 | 
5 23246 | 
6 23288 | 
7 23302 
8 23289 
9 23326 
10 23325 
11 23324 
12 23338 | 
13 23351 | 
14 23361 
15 23375 
16 23387 
17 23408 
18... .| 23410 | 
19 | 23409 
20 | 23432 
21 | 23441 
22 | 23463 
23 | 23464 
24 23479 
25 | 23480 
26... .| 23489 | 
27 | 23512 | 
SR: 1 BSSt$ 1 
29 | 23568 
30 | 23567 
31 | 23585 
32 | 23607 
33 23629 
a4... 1b 25632 
35 | 23628 
36....| 23631 
37... .| 23643 | 
38... .| 23630 | 
39. .:.;] 2goe2 | 
40 .| 23733 
41 | 23753 
42 23763 
43... | \23791 
44....| 23850 
45 | 23863 
46 | 23872 
47 .| 23873 
48. | 23886 
49....| 23912 
50... .| 23924 
51 23923 
52 23948 
53 23964 
5 24076 
55 


24132 | 


Trump- 
| 


ler 
No. | 
Ril 
50 | 
51 | 
74 
121 | 
139 | 
148 
149 
163 
162 
166 
170 
180 
195 
208 
215 
231 | 
234 | 
235 | 
240 | 
247 | 
~ 


3104| 
281b| 
286 

295 | 
a1" 
331 | 
354 | 
359b! 
365 
390 | 
395 | 
397 

399 | 
402 

410 | 
414 
413 
493 
506 
518 
551 
594 
607 
613 
622 
629 
651 | 
670 
671 
688 
697 | 
791 | 
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BURKE SMITH AND OTTO STRUVE 


TABLE 1 


RADIAL VELOCITIES FOR THE PLEIADES 


a 
(1900) 


| 33658" 


37 46 
37 46 
38 3 


38 29 | 
38 51 | 


38 56 


38 57 | 


39 10 
39 10 
39 12 
39 15 
39 23 
39 30 
39 37 
39 41 
39 52 
39 
39 
39 
40 ; 
40 17 
40 18 


mun 
ims nn 


Yv 


40 19 | 


40 23 
40 30 
40 39 
40 46 
41 
41. 5 
41 8 


LS) 


41 23 | 
41 24 | 


41 25 | 


41 26 | 


41 28 


41 31 | 
41 32 | 


41 32 
42 16 
42 26 
42 33 
42 49 
43 13 
43 16 
43 19 
43 24 
43 29 
43 37 
43 46 
43 47 
43 59 
44 2 
44 56 





45 29 | 





é 


(1900) 


+24° 10'5 


23 
24 
24 
24 
23 
23 
22 
23 
23 
24 
24 
24 
23 
24 
24 
24 
22 
23 
24 
24 
23 
22 


fA 
23 % 


23 
23 


19 
3 
14 
4 
58 
47 


57 


wuUIbo 
ie oo 


- 
= 


50 


wumnmun 


9 | 


ANNIORPOUDAEWRO SCwWwonory 


ANnHnSC 


MAINT ED UU RO ON WOAH OOF WHOA ROO 


~~ 
oa 


Mag. | | Veli | 















































| (Pg.) Sp |( Km/See) m.e. Plates! Grade| 

| } | | 

10.1/ F8 |+7.2/ +11] 3 | 1 | 
83} AS |—40| 80; 4] 1 | 
g4| AS |+84| 24] 4 | 1 | 
821 A2 |+1.1| 3.7) 4] 1 
g84| AS |+2.7| 2.5] 4] 2 
5.3| BS | + 4.3 Sti4 53 
3.6| Bsp| +14.9] 11.5] 3 | 3 
93/ F5 |/+69| 1.9] 4 | 1 
93| F5 |/+8.7| 46] 3 | 2 
8.8 | AO + 8.7 | 18} 4 | 1 
5.7| BB |—1.2| 9.5] 4] 3 

| art es i+ eet 331 3 1 2 

| 95] F5 |/+1.8| 12.3] 4] 1 

| 8.2| AI | +101} 3.9] 3 | 2 
89| A2 | +11.3 21) 4 | 1 
7.3| BO | + 4.0 1.8) 5 1 
3.8| BS |+5.1 16| 6 | 2 
6.9| AO | + 2.6 <2 Be. 
80} AO | + 6.9 $414 5:3 
5.7| B8 | — 0.2 26} 5 | 3 
6.3| BO | — 1.0 Sti @ 4 4 
“SUb oe ee : eee 2 1 
83| GO |—40| 06] 4] 1 
8.7| A3 | — 6.2} 5| 4 2 | 
tik Seo © 2 eee gars 
74| AO |+3.1) 19] 4] 2 | 
85} AO |—08] 100] 3 | 1 
98|/ F8 |—24] 95] 3 | 1 
6.7| BO | — 4.4 4.71.4 § 3 
90} A2 | + 9.6 48); 3 | 1 | 
8.6| A2 | + 4.7 29).3 | 2 | 
8.4| AO | + 5.9 ea 2a ae 
6.3} AO | + 5.6 10.2] 4 2 | 
6.9| AO | + 2.4 235.3 a 
7.8| AO | — 3.4 tie So 
7.2| BO | + 2.9 5.9} 3 1 
7.9] AO | + 8.2 iors} 3 
2.8|°B5p| + 9.1 efi 2 i 3 
6.8| BO | +146] 10.5] 3 1 
8.5| AI | + 7.8 $6) @-| 2 
54| B8 | —14.4 “the ae 
7.0} AO | +14.2 3.2) 3 | 1 
8.6| A3 | + 2.0 2h ae 
$61 OE tok RT. ics. 2 | 3 
8.3| A2 | + 4.9 3.9} 4 | 3 
7.6] AO | + 3.2 271.4-1.4 
6.5| BO | + 1.4 545 1 

| 8.1 | AO | +11.4 $31.4 14 

| 9.5| F8 | + 4.7 10) 4 | 2 

| 8.3 | A2 | + 6.7 3.0/4] 1 
6.0| B8 | +1.8 5.1} 6 | 3 
7.5| AO |+ 6.3 221 2 1 
6.8| BO | + 5.7 6.3| 5 1 
7.0| AO | + 3.4 50] 4 | 2 
9.1 8.7| +3.9| 4 | 2 | 





* Magnitude from Henry Draper Catalogue. 


t Hertzsprung’s number and magnitude; see footnote 4. 


Rot. 


0 

0 
25 
0 
150 
250 
200 
0 


| ( Km/Sec) 
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| eee a 5 Mag | Vel | Rot 
Star HD bes (1900) (1900) | (Pg) Sp. | (Km/Sec)] m.e. Plates} Grade (Km/Sec) 
56.. | 22578 | $23 | 3»32™49*| +22°20'0| 6.7/ AO | 0.0]........ & ae. 150 
57....| 22614 | $25] 3310] 2422.6] 7.1] AO | — 1.4]. 12a % 0 
58....} 22615 | S25a} 3312] 2035.4; 6.5] AO | — 6.3]........ eae 0 
59....| 22637 | S26] 3323] 2131.1} 7.4] AO | +28.1 |. i ow 50 
60....| 23155 | 47] 3745| 2445.8) 7.7} A2 | +1.2]........ 59 75 
61....| 23388 | S76] 3942] 2056.0] 7.8/ A3 | +0.1]........ a is 50 
62....| 23402 | S78 | 3947] 2222.9} 8.1] AO | + 8.9 3 ee 150 
63....| 23430 | S84} 40 0| 25 5.2} 8.3] AO | + 7.4]. rRia 75 
64....| 23664 | S115 | 4147) 25 4.6] 8.5] A2 | +5.6]........ 4 3 25 
65....| 23852 | $137 | 43 18] 2218.2} 7.9] AO | +2.4| gin 75 
66....| 23913 | S142} 4345] 2213.7] 6.9] BO | — 7.0 ag 150 
67....| 23950 | S149] 44 2] 2156.4] 6.0) BO | +13.9 | is 75 
68....| 24178 | S165 | 4556] 2541.9} 7.9| AO | + 3.6]..... gaa8. 75 
69....| 24368 | S177 | 47 33 | 25 23.1] 6.3| AO | + 7.7 As 0 
70....| 24711 | $185 | 5032] 2251.6} 8.5} AO | +15.8 ee 25 
71....] 24899 | $194} 5223 | 23 47.7| 7.1) BO | +9.4 2 | 1 0 


From Table 1 the following mean values have been derived: 


Unweighted mean of all (69) stars.................. +4.08 +0.68m.e 
Unweighted mean of all (31) stars of grade 1........ +5.15 +0.99 
Unweighted mean of all (17) stars of grade 2........ +4.09 +1.01 
Unweighted mean of all (21) stars of grade 3........ +2.50 +1.45 
Unweighted mean of all (50) stars of rotational velocity 

De I on Vi ne os 6s Oaeioe eres hee ee +5.19 +0.69 
Unweighted mean of all (19) stars of rotational velocity 

SING vn k3.5s + rene itd we ee ae ee +1.17 +1.41 


In Figure 1 the radial velocities are plotted according to photographic magnitude. The 
open circles represent the 19 stars of large rotational velocity. The diagram suggests that 
the brighter stars, of the 19, have larger positive velocities than the fainter ones; but this 
may be entirely accidental. It should be remembered that the bright B-type stars are the 
ones that are most difficult to measure. There is no physical explanation of the systemat- 
ic difference of 4 km/sec between the stars of large and those of small rotation. It is pos- 
sible, though unlikely, that blends in the spectra of the high-rotation A and late B stars 
influence the results. 

The Lick catalogue of radial velocities! lists 11 stars which are also in our list. A com- 
parison of the measured velocities in the two lists is shown in Table 3. Using those stars 
for which the Lick catalogue contains more than 3 observations and those for which Mc- 
Donald has more than 2 observations, the mean difference for the remaining 5 stars is 


Lick Catalogue minus McDonald = +0.2 km/sec . 


In view of the fact that nearly all the stars in Table 3 have poor lines, this determina- 
tion of the systematic difference carries little weight. 

Of the 69 stars discussed, 8 are known or suspected, according to Trumpler, to be 
visual binaries, and one is a triple star. The radial velocities of these stars appear to be 
normal. In this investigation no stars were found with two spectra, and the greatest 
range in velocity for a single star (our No. 13) was 54 km/sec. It is perhaps surprising 
that there are so few spectroscopic binaries of large range in velocity. This may indicate 
that the masses of the stars are relatively small, and it does not necessarily prove that 
binaries are infrequent. There are 17 stars for which the observed range in velocity is 
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Plate 
No. 


1001 


1273 
2502 


1036 
1326 
2000 
2427 


1002 
1085 
1274 
2428 


1003 
1086 
1275 


2429 


1004 
1062 
1276 
2430 


1026 
1087 
1272 
2431 


12629 
1327 
1366 


987 
1324 
1346 
2432 


1999 
4066 
4067 


1037 
1278 
1297 
2438 


1027 
1279 
1367 
2439 


12630 
1281 
1368 


1047 
1280 
2440 
2513 





1941 


1942 
1943 


1941 


1942 
1943 


1941 


1942 
1943 


1941 


1942 
1943 


1941 
1942 
1941 
1942 
1943 


1943 


1941 
1942 


1941 
1942 


1943 
1941 
1942 


1941 
1942 
1943 





Date 


Nov. 


Jan. 


Sept. 
Nov. 


Jan. 


Mar. 
Sept. 


Nov. 


Jan. 22 
Sept. 


Nov. 


Jan. ; 
Sept. 


Nov. 


Jan. 


Sept. 
Nov. 


Jan. ; 
Sept. 


Oct. 
Jan. 


Nov. 


Jan. 


Sept. 


Mar. 
Sept. 


Oct. 
Jan. 


Sept. 


Nov. 


Jan. 


Sept. 


Oct. 
Jan. 


Nov. 


Jan. 


Sept. 
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1058 


1282 
2441 


1038 
1283 
2442 
2514 


1005 
1061 
1361 
2450 
2515 


1298 
1363 
1364 
1369 
1383 
1384 


984 
1312 
2453 


1012 
1078 
2449 
2516 


1006 
1299 
1370 
2451 
2517 


1007 
1300 
1360 
1371 
2452 
2518 


1997 
4068 


985 
1345 
2454 
2519 


1059 
1359 
1998 
4069 


1347 
1372 





1942 Jan. 2 
1943 Sept. 


1942 Jan. 


Feb. 


1941 
1942 Jan. 
1943 
1941 
1943 


1941 
1942 Jan. 


1943 Sept. 


1941 
1942 Jan. 


1943 Sept. 


1943 


1941 
1942 Jan. 
1943 


1941 
1942 Jan. 
1943 


1942 Jan. 
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Nov. 
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Nov. 
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:29 
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ead Oe uN 
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No UI 


we 
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=. 
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| Quality 








EF | Lines 
(Km/Sec) | ““"°S 
+95 6 
+16.9 4 
+ 4.0 6 
+ 6.5 14 
+11.8 14 
+11.2 15 
+15.8 15 
+ 2.5 4 
+ 4.6 7 
— 1.8 5 
+ 8.1 7 
+ 6.6 6 
+58 | 7 
+43 | Il 
+ 6.9 11 
— 2.0 11 
+ 7.6 | 6 
+ 8.1 | 12 

| 
+1.2 | 7 
+62 | 4 
+0.5 | 8 
+08 | 4 
+11.4 | 5 
+43 | 9 
+11.0 | 8 
+49 | 6 
— 0.7 | 7 
—94 | 5 
+36 | 7 
+ 0.6 8 
+10.0 | 8 
+10.1 6 
—2.4 | 6 
—26.3 | 5 
+56 | 7 
~2s | 8 
—~150 | 12 
— 2.4 11 
— 2.9 13 
— 3.9 14 
— 5.5 12 
— 3.8 12 
— 4.9 10 
— 6.0 11 
—19.0 7 
+ 5.2 10 
— §.7 3 
+14.0 6 





TABLE 2—Continued 


| | 
j | 
| 





Star a Date U.T. | Quality | ne Lines 

26 ie 1039 1941 Nov. 7 5255° “i Ge + 8.5 7 
1060 | 9 6:22 | g + 2.4 9 

2462 1943 Sept. 7 7:26 | g + 0.3 7 

2520 14 15-57 g + 1.2 7 

27 | 983 | 1941 Nov. 3 g:29 | f + 43 7 
1329 | 1942 Jan. 27 20k | op —19.9 4 

2463 | 1943 Sept. 7 S23 - | og +13.2 7 

28 986 1941 Nov. 3 10:51 g + 8.6 9 
1348 1942 Jan. 28 | 3752 f + 6.7 8 

2455 1943 Sept. 6 11:05 f —22.6 3 

29 1029 1941 Nov. 6 9:01 f — 2.2 5 
| 1088 10 10:02 f — 6.6 + 

| 1380 1942 Jan. 31 | 4:51 p —14. 2 

| 2456 1943 Sept. 6 | 11:45 | f + 6.0 8 
30.......| 1040 1941 Nov. 7 6:33 | g 2.2 12 
1337 1942 Jan. 27 6:48 f + 6.6 8 

2493 1943 Sept. 12 8:44 | g +19.0 17 

31 974 1941 Nov. 2 an oe + 6.6 15 
1333 | 1942 Jan. 27 5:19 =. — 1.1 10 

2494 1943 Sept. 12 9:28 | g¢ + 8.5 15 

32 959 1941 Oct. 29 10:09 | og + 6.4 12 
1050 Nov. 8 1i<22 «26| 6g + 9.4 19 

1336 1942 Jan. 27 6:06 | -¢g + 1.9 17 

33 958 1941 Oct. 29 8:59 | f +17.8 8 
979 Nov. 3 622 | ¢ +28 .3 8 

1335 1942 Jan. 27 S259 | = —16.8 7 

2506 | 1943 Sept.13 | 11:22 | f — 6.7 8 

ee 981 | 1941 Nov. 3 | = 7:05 f + 3.1 7 
1331. | 1942 Jan. 27 4:36 f — 1.6 8 

2465 1943 Sept. 7 10:09 | g + 5.8 8 

35.......] 900 1941 Nov. 6 9:39 | f —14.0 3 
1049 8 10:19 | f — 3.7 7 

2468 1943 Sept. 7 LSS] ae +15.6 3 

2507 is | i | « —11.4 11 

36.......| 980 1941 Nov. 3 6:44 | g «2 13 
1332 1942 Jan. 27 “<a i; ¢£ +10.1 iz 

2466 1943 Sept. 7 10:43 Loy ae + 7.9 12 

37 982 1941 Nov. 3 7:41 | f +12.0 7 
1330 1942 Jan. 27 4:19 | f + 5.7 4 

2464 1943 Sept. 7 9:30 g + 6.8 10 

SB: . .| 12640 1941 Oct. 25 9:05 f +10.4 4 
1334 =| 1942 Jan. 27 5:42 g +19.4 9 

1373 31 3:40 f — 2.5 7 

39.......} 960 | 1941 Oct. 29 11:00 | g +16.3 7 
1048 Nov. 8 9:48 g +30.9 9 

2467 | 1943 Sept. 7 1 g — 3.5 ~| 0 











TABLE 2—Continued 


| | | | 


| > | 
Star | Date UF. | Quality | Lines 


Plate 
No (Km/Sec) 
40 990 | 1941 Nov. 4 2:41 g +11.3 10 
1069 | 9 11:38 g + 1.5 10 
2503 1943 Sept. 13 8:3 g +10.6 11 
oe 1028 | 1941 Nov. 6 8:46 f —34.1 4 
1341 1942 Jan. 27 4235 f — 6.2 6 
1374 31 3:46 f — 2.8 4 
42 991 1941 Nov. 4 3:26 f +13.9 7 
1338 1942 Jan. 27 7:20 f +19.6 4 
2495 1943 Sept. 12 11:14 g + 9.1 9 
43... 999 1941 Nov. 4 8:08 | ¢ i033 15 
1349 1942 Jan. 28 4:38 g — 1.8 15 
2496 | 1943 Sept. 12 11:48 g + 0.5 17 
44.. 1340 | 1942 Jan. 27 7:30 f + 3.8 8 
1375 | 31 3:50 | f — 04 7 
45 977. | 1941 Nov. 2 10:54 | g + 5.0 9 
1362 1942 Jan. 29 6:02 | f +14 7 
1994 1943 Mar. 8 3:26 g — 2.3 6 
2505 Sept. 13 10:5 r ¥ + 2.0 8 
46.......) 992 | 1941 Nov. 4 3:45 f + 9.5 3 
1065 9 9:05 f — 7.1 9 
1995 1943 Mar. 8 3:44 f + 4.8 6 
2485 Sept. 8 11:11 f +53 4 
47 1000 1941 Nov. 4 8:31 g — 42 7 
1064 9 5:52 g + 2.9 5 
1377 1942 Jan. 31 4:03 p + 4.0 + 
1996 1943 Mar. 8 3:53 g + 2.5 8 
2484 Sept. 8 10:55 f + 1.7 5 
48... 993 1941 Nov. 4 4:18 g — 1.7 9 
1066 | 9 9:29 g +10.4 12 
1993 1943 Mar. 8 3:03 g +14.1 9 
2483 Sept. 8 10:33 g +22.7 11 
49.. 997 1941 Nov. 4 7:02 g + 7.4 9 
1350 | 1942 Jan. 28 5:24 g + 3.2 6 
2481 1943 Sept. 8 9:05 f + 4.9 6 
2702 Nov. 16 2:58 g + 3.3 11 
O... 998 1941 Nov. 4 7:43 g + 8.9 12 
1351 | 1942 Jan. 28 6:07 g + 0.3 12 
2482 | 1943 Sept. 8 10:00 g + 3.8 13 
2703 Nov. 16 4:01 g +13.8 14 
51.. 1031 | 1941 Nov. 6 10:10 f — 4.2 6 
1089 | 10. | 10:15 f +15.6 7 
1378 | 1942 Jan. 31 4:17 f —16.7 5 
2032 si 1943 Mar. 10 3:56 p + 2.0 6 
2479} Sept. 8 7:58 f — 0.1 6 
2704 | Nov. 16 3:55 g +14.5 7 
oe 994 | 1941 Nov. 4 4:49 f + 6.9 + 
1067 9 9:54 f — 0.7 7 
2030 1943 Mar. 10 3:19 g +93 7 
2480 Sept. 8 8:13 g +11.7 5 
2:26 g +45 6 


2713 Nov. 17 
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TABLE 2—Continued 
Star No. Date U.T. | Quality | (Km/Sec) | Lines 
-_ —— as | — ———— — eee nN 
53 976 | 1941 Nov. 2 9:53 | g | —89 | 9 SI 
1090 | 10 10:24 | g +164 | 5 6 
2031 1943 Mar. 10 3:40 | g +126 | 9 
2478 Sept. 8 7:42 | g 12.7 | 12 ti 
1s | Nov. 17 4:07 g +21.2 7 S( 
| fe) 
54... 996 | 1941 Nov. 4 | 6:22 f +05 8 
1342 1942 Jan. 27 | <n —47 | 5 
2035 | 1943 Mar. 10 4:13 | f +17.6 | 4 
2477 — | Sept. 8 (Cy) i a ie 0.0 | 6 
55. 995 | 1941 Nov. 4 ne oe 
1068 | 9 10:39 | £ | +86 | 6 
2504 | 1943 Sept. 13 9:46 | f£ | +181 | 7 
2714 | Nov. 17 3:14 f + 0.9 9 
| | | 
| | | | 
— ee 1021 | 1941 Nov. 6 5:20 | ii est 1] « 
1073 | 10 2:45 | 2 > Se ee 
| | 
57. 1025 | 1941 Nov. 6 8:19 | g |--21.4 | § 
1354 | 1942 Jan. 28 7:40 | f +18.7 | 4 
| 
aay 1019 1941 Nov. 6 ine aie | hal 
1071 | 10 2:20 | g —81 | 16 
59... 1020 | 1941 Nov. 6 4:59 | f +214 | 4 
1072 | 10 2:35 | f£ | +349 | 4 
| | | 
60... 1024 | 1941 Nov. 6 7:48 | p —13.8 | 4 
1075 | 10 3:13 +16.3 4 
| 
Yes 1023 1941 Nov. 6 7:00 | f — 3.1 4 
1082 10 6:52 | xg +34 | 4 
Boas | 1022 1941 Nov. 6 6:00 p + 9.6 3 
1077 10 4:03 f + 8.3 6 
ae 1045 1941 Nov. 8. 5:45 | g + 5.1 3 
1076 10, 3:38 g +96 | 10 
hee 1046 1941 Nov. 8 7:14 | g +10.8 | 15 
1353 1942 Jan. 28 7:14 | f +05 | 5 
| 
_ 1018 1941 Nov. 6 3:57 |p +31 | 5 
1079 10 4:58 | +17 | 8 
66... 1017 1941 Nov. 6 3:14 f —26.5 3 
1080 10 5: 26 f +12.5 4 
ae 1016 1941 Nov. 6 | 2:57 | p 43 = 
1057 > | te —-65 | 9 
| 
68... : 1033 i Nov. 6 | H:@ | p it $2.6 | 3 
1084 S| 1-9 +47 | 4 
| 
ee 1032 1941 Nov. 6 | 10:26 | g +11.1 | 13 
1083 eo |; ae | « | 283 | @ 
| | | 
ae 1044 | 1941 Nov. 8 | 4:13 | g | —1.0 | 10 cl 
1352. | 1942 Jan. 28 6:37 | p |. +326 | 7 + 
re 
ero, 1941 Nov. 8 3:17 g | +10.2 7 
1355 1942 Jan. 28 7:55 g + 8.6 4 st 
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more than 30 km/sec. Only 10 of these have spectra of grades 1 and 2, and they may be 
suspected of being spectroscopic binaries. These are our Nos. 2, 13, 27, 28, 33, 39, 53, 57, 
60, and 70. Only 2 of these, namely, Nos. 13 and 33, appear to be established with cer- 
tainty because of the good accordance between the results of the two measurers. The 
scarcity in the Pleiades of binaries with large amplitudes is the principal conclusion of 
our investigation. 
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TABLE 3 


COMPARISON WITH LICK CATALOGUE OF RADIAL VELOCITIES 














Lick CATALOGUE McDona.p Oss. — 

i SS et a ae l | (LICK minus 

Vel. | Plates Vel. Plates | aca 
6 ) 4.2.2 | 17 + 4.3 | e | wea 
ie | +11.9 14 +14.9 3 ; = 3.0 
11. | +24.8 1 — 1.2 4 +26.0 
12 | + 5.4 17 + 3.2 | 3 | + 2.2 
ER ie | +78 | 92 | +51 6 | +2.7 
nee ae i | =@2 $ ft --42 
; cial me BM | 1 | —1.0 6 | —2.9 
25: | + 6.8 12 + 4.1 2 + 2.7 
38. ..| +10.3 18 + 9.1 3 + 1.2 
Mie he. ..| +8 | 3 | —14.4 3 +22.4 
ee 4 oe | 951 6 | +43 2 | + 7.6 

| 


It is known from theoretical considerations that the internal motions in the Pleiades 
cluster must be small. Titus!® found a mean internal space velocity for the Pleiades of 
+0.59 km/sec. In order to test whether there is any evidence of internal motions in the 
radial velocities, we have selected from Table 1 all stars of grades 1 and 2 which are not 
suspected of being spectroscopic binaries, which have small rotational velocities, and 


OAS, Gly 2a) TRS. 








370 BURKE SMITH AND OTTO STRUVE 


which have more than 2 plates. This group of 29 stars gives an average mean error of 
+ 2.94 km/sec for one star. The individual mean errors in Table 1 were computed by 
means of Schlesinger’s formula," which makes an appropriate statistical correction when 
the number of observations is small. The unweighted mean radial velocity of the 29 stars 
is +5.74+0.77 (m.e.) km/sec. The mean error of a single star, computed from the de- 
partures (Star minus Mean), is + 4.14 km/sec. The difference between the external and 
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internal mean errors of 1.2 km/sec suggests that there may exist internal motions of the 
order of 1 km/sec. This is sufficiently close to the theoretical value deduced by Titus. 
An attempt was made to test whether there is evidence of rotation or of a spatial 
change in the velocities resulting from group motion. The median velocity for the 50 
stars of low rotation, namely, +5.6 km/sec, was taken as the velocity of the center of 
gravity of the cluster. Figure 2 shows the location of these stars. Solid circles indicate 
positive residuals, and open circles negative residuals. Half-filled circles indicate the posi- 


1 AJ., 46, 161, 1937. 





tic 
ou 


ne 
ar 
ZO 
lo 
th 


in 





PLEIADES 371 


tions of the two stars, Nos. 33 and 64, which have zero residuals. There are no conspicu- 
ous differences in the residuals depending upon position. 

If a straight line is drawn approximately through the geometrical center of the cluster, 
near Alcyone, at an angle of 25° west from the meridian, the residuals on the northeast side 
are slightly more positive than those on the southwest side. The mean velocities for four 
zones running parallel to this dividing line are shown in the upper part of Table 4. The 
lower part of the table gives the mean velocities for four zones oriented at right angles to 
those of the upper part. 

The width of the zones was chosen so that there are roughly the same number of stars 
in each zone. Zones II and III are 3° in width on either side of the dividing line. * 


TABLE 4 


ZONE I ZoneE II ZonE III ZonE IV 


Zones at 25° from the Meridian 


No. of stars.......... 10 12 17 11 
MGMOIEW sobs ce esed +7.3 +7.0 +5.1 +1.4 
Ws de oe ee = gl £1.2 +0.8 +3 


No. of stars 15 12 12 11 
Velocity. .. +4.1 +5.2 +7.0 +4.7 
M.e. £1.5 -T.Z +1-6 +1.3 
TABLE 5 
Character of No. of Mean 
Spectrum Stars (Struve minus Smith) 
Grade 1.. ae 30 +0.9 km/sec 
SE 16 —1.8 
RES. sao Soe 14 —0.5 
|. re 60 —0.15 


We do not regard this effect as sufficiently pronounced to suggest that it be considered 
physically real, in the absence of much-needed additional material. 

Our mean velocity for the cluster, as determined from stars of good spectral charac- 
teristics, is +5.2 km/sec. This is approximately 2 km/sec less than Trumpler’s value and 
2.5 km/sec less than Pearce’s recent determination. A possible systematic error of our 
radial velocities may arise from the following sources: (1) a personal error of one or of 
both measurers; (2) a spurious shift due to blends or to incorrect identifications of the 
stellar lines; (3) systematic effects arising from the method of reduction, the curvature 
correction, etc.; and (4) faulty adjustment of the spectrograph or the effect of coma in 
producing unsymmetrical comparison lines. 

In order to test the first source, we have compared the results of Struve and of Smith 
in Table 5. The differences are negligible for the mean of all stars. 
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The second source of error was carefully investigated for the measures by Struve. 
Since many Pleiades have but few lines, the probability of including blends is consider- 
able. Table 6 gives all lines used by Struve with their wave lengths, for which there were 
at least three measures: the mean departures (line minus plate mean) ; the mean errors of 
one measurement of each line; the mean error of the systematic departure for each line; 
and the number of times the line was measured in the entire series. Twenty-eight meas- 
ures of 21 additional lines were omitted in the tabulation because their effect is negligible. 
Since the omission of one residual, A, shifts the mean for the remainder of the series by 
A/(n-1), it is easy to verify that no appreciable change can be brought about by omitting 


TABLE 6 


STAR LINES USED BY O. STRUVE 











Element Wave Mean € € | n 
Length Residual 0 | 

Simblend.........| 3856.74 —37.6 + 10.3 + 6.4 | + 
Hex eo i —15.4 27.3 10.3 | 11 
He.. ; 3970.08 {4.2 20.9 3.4 59 
Fet. avesd cial ae —13.0 15.0 23 66 
Het.... ......{ 4026.19 i234 23.0 8.6 11 
Srit. | 4077.71 | —88 | 223 4.2 44 
Cat ni) ee ~~ £4 18.8 2.4 95 
Fet Sly 4071.74 ih. 7 5.3 3.1 39 
H10.... me 3797 .90 — 5.5 | 18.0 2.0 86 
Fet y 4063.57 | — 4.4 | 4 2.0 48 
a | 4340.47 | — 3.6 18.9 1.6 216 
Sil a 3862.60 | — 1.8 9.5 6.9 3 
See 4289.84 | — 1.5 16.0 2.8 51 
eM. rh 4206 6| = 1.1 5.0 2.8 5 
He.. Stee 3889.05 | — 0.2 16.4 2.1 92 
9S) ee brated 3933.675 | + 0.5 13.7 es 164 
Bs... 4101.745 | + 3.4 17.5 1.5 208 
Hn.. 3) See 1 ob Oe? 18.8 2.5 90 
Sim. caves. | 3856.025 | + 6.6 | 9.0 4.6 6 
og oa as 4005.25 | + 6.8 | 15.0 25 55 
Feu.. Date. 4351.79 +69 | 16.0 6.0 11 
Sri. ME 4215.52 +91] 19.0 5.0 23 
OE a 4233.175| + 9.1 | 25.1 4.4 50 
Mgu costes e | 4000.28 | +104 | 20.5 1.9 176 
Fet.. se 4383.55 | +10.6 | 18.9 <= 11 
Fe1 ae _.| 3997.40 | +14.6 | 11.0 6.9 | 4 
Sci..... 4314.09 +18.4 18.5 4.5 | 27 
Nin...... cyst Ea 1 aes | A 40 | 24 
Sim.. ......| 4130.88 | +4+32.4 | +22.9 +14.2 | 4 

Total. .. re, Sa rape, .' See fae eee 1683 


those lines whose mean residuals are excessive. For example, omitting the first line 
(\ 3856.74) would shift the entire series by only +0.1 km/sec. Omitting all lines whose 
mean residuals exceed + 10 km/sec would shift the result for the series by —0.6 km/sec. 
If, however, we should omit only those lines whose residuals are in excess of 
+ 10.5 km/sec, the mean of the series would be shifted by +0.7 km/sec. It is clear that 
in this manner small shifts of the order of 1 km/sec in the final mean can perhaps be ac- 
counted for. But it does not seem possible to explain a systematic difference of 2 km/sec. 

The third and fourth sources were investigated together by means of measurements of 
a number of stars of constant radial velocity. Most of these spectra were obtained at ap- 
proximately the same time as the spectra of the Pleiades and with identical adjustments 
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of the spectrograph. The stars were chosen from spectral classes A and F, and the meth- 
ods of measurement and reduction were precisely the same as those used for the Pleiades. 
The results are summarized as follows: 


53 standard stars: Lick minus Struve = —1.1+0.7 (m.e.) 
21 standard stars: Lick minus Smith = —1,4+1.5 (m.e.) 


The effect is in the opposite sense to that required for bringing our mean value of the 
Pleiades into harmony with Trumpler’s and Pearce’s results. We have preferred not to 
apply this correction because its mean error is of the same order of magnitude as the cor- 
rection itself. 

Although it is disconcerting that we have not been able to trace the cause of the differ- 
ence between our mean radial velocity of the Pleiades and those of other workers, it is 
perhaps not impossible that several small accidental effects have combined to give this 
result. This is not contradicted by the values of the mean errors, which range from + 0.7 
to +1.4km/sec, depending upon how the stars are arranged in groups. In view of the 
absence of any perceptible systematic errors in our work, we believe that it is best to 
present our measurements as they were obtained, despite this difference. 


Weare indebted to Dr. Gerard P. Kuiper for having suggested this investigation. 








THE SPECTROSCOPIC ORBIT OF AR MONOCEROTIS* 


JoRGE SAHADE AND Cartos U. CEsco 


McDonald and Yerkes Observatories 
Received July 15, 1944 


ABSTRACT 
This star is interesting because at primary eclipse the KO component, whose spectrum is the only one 
observed, is in front. P = 21.207 days, y = +14.1 km/sec; K = +32.2 km/sec; e = 0.17, w = 102°, 
f(m) = 0.07©. The emission lines of Ca II share the velocity variations of the KO component. 


The star HD 57364 (Sp. KO) = BD—4°1915 (8.8 mag.) = A. G. Strb. 2635 (8.8 
mag.) was found to be an eclipsing binary in 1931 by C. Hoffmeister,' who described it 
as probably a “‘6 Cephei star with a period of a few days.” It was provisionally desig- 
nated as 55.1931. The spectrograms—twenty-nine in number—were taken on 103a-0 
emulsion, using the Cassegrain quartz spectrograph of the 82-inch reflecting telescope 
of the McDonald Observatory, which gives a dispersion of 40 A/mm at A 3933. 


TABLE 1 


STAR LINES USED FOR DETERMINATION OF THE RADIAL VELOCITIES 


Pree ss sek he eh et is ae CS | a a a 4290.22 
a8 cre stast ete MINS | Esa co is eves: Saree = 5 52577 
a baths 4045°82 Hy. ..:..«. Selea nace, a 
Fet OAR? GS | ec ... 4374.51 
BR tr rors es eter TBS NOE orc dios woh wocdes 4383.55 
LEA SS ee, ee: RR a 4404.77 
2) Ee ee Ty 7 US RY CES rr ne ee Bg 4415.16 
Ct a ee naa BNO CCE rosso aos sinttie s Sin ete 4422 .60 
OE nine chato oceans So oe oO ek kt oe 4435.01 
1 8 RS aN Sah ee ae Re 4481.26 


The observations (some of which were made by Dr. O. Struve and Dr. Helen Steel) 
were obtained during the months of January, February, and March, 1944, and cover 
almost three consecutive cycles of the variable. The exposure time, with fair seeing, was 
90 minutes, with a slit width of 0.075 mm; but when the weather conditions were not 
very good, the time was increased to 120 minutes or even longer. 

The determinations of radial velocity were obtained by measuring the lines listed in 
Table 1; they were selected from the list which Struve gives’ for the G2 component of 
U Cephei. Sometimes the quality of the spectrograms did not allow us to measure all the 
lines, but the total number of measured lines was never less than ten. The radial velocities 
are indicated in Table 2 and plotted in Figure 1; “‘p” indicates a very poor plate, weighted 
one-half in the computation of the normal places. 

In plotting the measurements we have adopted 21.207 days as the period—a value 
that was determined by Lause* from his estimation of magnitudes, which is 0.002 day 
shorter than the one previously found by Florja.* Lause gives for the time of the mini- 
mum JD 2426606.585 + 21.207 E. 


* Contributions from the McDonald Observatory, University of Texas, No. 98. 

1A.N., 242, 129, 1931. 3 A.N., 264, 105, 1937. 

2Ap. J., 99, 222, 1944. 4 Sternberg Astr. Inst. Pub., 8, 2, 1937. 
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In order to determine the preliminary elements, we drew a velocity-curve to satisfy 
the plotted measurements and applied the Wilsing-Russell method to twelve values read 
off at points of the curve at intervals of 30°. This gave us the following results: 


e= 0.17 T = phase 10.930 
w = 99,28° + 13.8 km/sec 
K = +31.3 km/sec 


. Ld . 
The final elements and their probable errors were derived from a least-squares solution, 
applying the method of Schlesinger, and are shown in Table 3. For this purpose the ob- 


TABLE 2 
RADIAL VELOCITIES 


|  Raprau VELociTIEs 
DERIVED FROM EmIs- 


| 
O-c | 

















| ba PHASE | VELocitTy* SION LINES 
PLATE | DATE U.s; | Gn Days) | (ty Kat/Sec) | aE Der! 
| | | H K 
scceesilpaastciiaapipasns sailed co = — — — 

CQ 3056..... | 9944 Mar. 47 | 4:37 | 0.602 | 426.3). | 439 [......-1:b sc. en 
ee Feb. 25 | 7:30 | 0.930 | +21.6{ | -—0.9 |........ Rh eee 
1630. .....| 4 | 4:49 | 1.025 | +22.7( | —O.5 |.......... +21.4 
2939......| ae oa ae ee eo orn eee ee 
2949... 29 | 7:46 4.941 yt a ee | eee See 
oe Mar. 1 | 4:54 | 5.821 +42.2} | —2.7 | 453.4 | +47.9 
2839t. .. Feb. 9 8:27 | 6.176 5 ot oe ie ae ee ee 
2965+... Mar. 2 4:47 6.816 Se ee a eee | 53.7 
74 | Jan. 20 S337 7.265 5 4 ae Oe ae Coe als cen elpattamel 
2765... a1 Se | C4 SES ff ORE bo 
oe Mar. 4 | 5:42 | 8.854 | +384) | 44.6 |....... B Cee 
2868......| Feb. 12 | 6:55 | 9.112 | +24.9) | -6.4 |...... 432.9 
oe Jan. 22 | 6:54 | 9.318 | +28.8| | -0.3 | 419.7 +32.8 
Mar. 5 | 6:58 9.907 | +18.7{ MMs Ap iiiale age dabee dase eee 
ae Feb. 13 | 8:12 | 10.166 $I | HOE beac g cr ssdegresanays 
2884.... 14 7:58 | BET5O. | SOR he ee he eee ae 
oe Jan. 24 | 8:43 | 11.304 | + 3.9 ee Aa ee ete SR 
2785......| 25 | 7:21 | 2:37 | I mR a ee 
3000......| Mar. 8 | 4:37 | 12.809 | — 8.7{ 3.9 —13.8 | +0.2 

| | 

3006... 10 | 7:20 | 14.923 ~86.8) | 44S Poe OL eS 
gO Jan. 28 | 4:17 | 15.210 | —20.9} a ae ee i ere oe 
m4.) .5) Mar. 11 | 5:16 | 15.836 | —21.2) —43 | — 6.7 — 8.1 
2803......| Jan. 29 | 6:30 | 16.302 | 12.5 sree © ~12.7 
. ee Mar. 12 | 6:03 | 16.869 | —14.4} —2.1 —13.2 — 7.0 
2810p... ..| Jan. 30 | 7:58 | 17.363 —13.6) ee ‘bot! tees 
oer | 31 | 5:32 | 18.262 + 1.7 PBB Lis catinces — 74 
ae Mar. 14 | 3:55 | 18.780 | + 5.3} 45.8 j..........) —'4.2 
3049... ...| 15 | 5:45 | 19.857 | + 0.2} OT bess esayese eee 
2932......| Feb. 24 | 6:20 | 21.088 | 414.5 ee eR! ey 


* The groups indicated by the braces correspond to each normal place. 
t Average of two measures. 
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servations were grouped in ten normal places, for which the phases are the averages of 
those for the individual plates and for which the 6V are the average differences O — C 
between the observed velocities and those given by the preliminary orbit. Each normal 
place was given a weight equal to the square root of the number of observations. The 
probable error of one plate is + 2.6 km/sec. 

The spectrum corresponds to type KO (Pl. XIV) and does not show an appreciable 
change in the different phases. It shows rather broad single emissions of H and K in the 
Ca 11 lines; and the radial velocities derived from them agree well with those of the primary 
star, as is shown in Table 2. This suggests that the KO star is surrounded by an envelope 
of calcium gas, which is probably excited by the secondary star. This fact is similar to 
that found by Joy® in WW Draconis, where the emissions of H and K in the Ca 11 lines 
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Fic. 1—Velocity-curve of AR Monocerotis 


TABLE 3 


ORBITAL ELEMENTS 


P = 21.207 days (assumed) y = +14.1 + 0.64 km/sec 
K = +32.2 + 0.40 km/sec a sin i = 9,300,000 km 

w = 102° + 4.1° m3 sin? i Pa 

e = 0.17 + 0.013 Gon mat = 0.07 © 

T = phase 11.1 + 0.23 = JD 2426617.7 , 


are “displaced in the same direction as the absorption lines of the secondary com- 
ponent,” which is also of KO spectra! type. In our case the few values of the radial veloc- 
ity derived from the measures of the emission lines suggest that its range in velocity 
would be about the same as that of the KO star, but the curve itself would be shifted a 
few kilometers in the direction of the positive velocities. 

The principal minimum of the system corresponds to the branch of increasing veloci- 
ties; hence, in the principal eclipse the KO star whose spectrum we observe is in front. 
The luminosity criteria which Morgan, Keenan, and Kellman suggest in their A¢las of 
Stellar Spectra indicate that the primary star belongs to luminosity class II; i.e., it is a 
giant star. 

The time of principal mid-eclipse, determined from the elements of the velocity-curve 
by the condition v + w = 270°, is phase 20.724 days, a value that agrees with Lause’s 
light-elements within the error of the determination of periastron passage. 


5 Ap. J., 94, 407, 1941. 
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A few of the spectrograms of AR Monocerotis which reach far into the ultraviolet show 
an increase of the intensity of the continuum and some H lines, which suggest that the 
fainter component may be of an earlier type. 

Dr. Cecilia Payne Gaposchkin® has made a photometric study of this star and has 
kindly shown us the results before publication. The ratio of the surface brightnesses ob- 

tained from the photographic light-curve suggests that the secondary star would be of 
type F, and that obtained from the visual ‘light- -curve suggests that the fainter star 
would be of type G. If we assume that the fainter component is an F-type or G-type star, 
we find from the mass function and from i = 80°,° respectively, 


= 7.10 or m, = 380, 


if my = 1.8 © or mg = 1.2 ©, these being mean values for spectral types F and G 
from the Russell diagram and the mass-luminosity curve. 


We are indebted to Dr. Otto Struve for suggesting this problem and for many valuable 
discussions during our work. We also want to thank him and Dr. Helen Steel for obtain- 
ing some of the spectrograms and Dr. Cecilia Payne Gaposchkin for showing us her 
photometric results. 


6 Ap. J., 100, 251, 1944. 








TITAN: A SATELLITE WITH AN ATMOSPHERE* 
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ABSTRACT 

Recently the ten largest satellites in the solar system, as well as Pluto, were observed spectroscopically. 
Only Titan was found to have an atmosphere of sufficient prominence to be detected, but Triton and 
Pluto require further study. The composition of Titan’s atmosphere is similar to that of Saturn, although 
the optical thickness is somewhat less. 

The presence of gases rich in hydrogen atoms on a small body like Titan is surprising and indicates 
that the atmosphere was formed after Titan had cooled off. Similar arguments, though less compelling, 
may be advanced for analogous conclusions in regard to the formation of the a‘mospheres of Mars, Venus, 
and the earth. 

I. OBSERVATIONS 

During a short stay at the McDonald Observatory during the winter of 1943-1944 the 
ten largest satellites of the solar system were observed with a one-prism spectrograph at- 
tached to the 82-inch reflector. Pluto had been observed twice on an earlier occasion. 
Panchromatic film was used, sensitive below 6600 A. The dispersion was 340 A/mm at 
Hy. With this combination the methane absorptions of the major planets are well shown 
(Pl. XV); but many lesser absorptions are, of course, lost. When Titan’s spectrum was 
found to contain the methane absorption bands, a number of plates with higher disper- 
sion were taken. Because of the limited time available, no exhaustive study of the sub- 
ject could be made at this time. 

The spectra presented here consist of several groups. Plate XV shows low-dispersion 
spectra on panchromatic film; Plate XVI, low-dispersion spectra on infrared film; Plate 
XVII, medium-dispersion spectra on panchromatic film; Plate XVIII, medium-disper- 
sion spectra on infrared plates; and Plate XIX, medium-dispersion srectra in the photo- 
graphic, as well as the infrared, regions. In all cases planetary spectra, taken under simi- 
lar conditions, have been added for comparison. 

In addition to the major planets and the moon, the following objects were observed 
with low dispersion in the panchromatic region: Jupiter I, II, II, and IV; Saturn’s 
satellites Titan, Rhea, Tethys, and Dione; Neptune’s satellite Triton; and Pluto. Some 
of the spectra are shown in Plate XV. The methane absorption at 6190 A is striking in 
the three spectra of Titan shown, in marked contrast to that of Rhea and with the satel- 
lites of Jupiter. The results on Tethys and Dione were also definitely negative, but Triton 
may show a trace of the 6190 A band of methane. This object will be further investigated, 
as well as Pluto, for which two spectra were obtained with the dispersion of 720 A/mm at 
Hy. It is certain, however, that if Triton and Pluto have a methane atmosphere the ab- 
sorptions are very much weaker than for Neptune and probably weaker than for Jupiter 
and Titan. 

Plate XVI shows the objects for which infrared spectra of low dispersion were ob- 
tained. The most striking feature is the 7260 A band of methane. It is clearly present on 
Titan but is not present on the satellites of Jupiter or on the ring of Saturn. Because of 
field curvature the spectrograph used here required film, and the available 1N film ap- 
peared to be about two hundred times slower than panchromatic film. This condition re- 
stricted the infrared series of Plate XVI to the brighter objects. 


* Contributions from the McDonald Observatory, University of Texas, No. 99. 
1 This paper was completed while the author was on leave of absence for war research at the Radiation 
Laboratory, O.S.R.D., Cambridge, Massachusetts. 
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Plate XVII shows in the center two spectra of Titan (reproduced from the same nega- 
tive), with spectra of the major planets added for comparison. The large Cassegrain 
spectrograph was used, with two quartz prisms and a curved plateholder. The dispersion 
is about 60 A/mm at Hy. The width of the methane band is so great that the larger dis- 
persion in Plate XVII, as compared to Plate XV, does not lead to a corresponding in- 
crease of visibility. The rings of Saturn show the true solar spectrum. 

With the aid of a photometer constructed by Dr. E. Dershem some density measures 
were made from 6000 to 6600 A on spectra of both Saturn and Titan. The density-curves 
are very similar but show that the methane band ) 6190 A is slightly shallower on Titan. 
The presence of the ammonia band at \ 6400 A is suspected, but additional plates are 
needed for a final answer. 

The spectra of Plate XVIII were obtained on Eastman 1N plates and with glass 
prisms. The dispersion is about 26 A/mm at Hy and about 140 A/mm at 7000 A. The 
spectrograph had not been used in the infrared before and was not designed for this re- 
gion. The definition is remarkably good, although some astigmatism is apparent from the 
vertical dimensions in the spectra. The comparison spectrum is neon. The 1N plates were 
ten times faster than the film used in Plate XVI; an additional factor of 6 was gained by 
hypersensitization in an ammonia bath. In this manner the exposure times required in 
the infrared for an orange-colored light-source (Mars, Titan) were only about three- 
fourths of the times required in the red with the same spectrograph. 

The objects shown in Plate XVIII are Mars (two exposures), Jupiter, Jupiter III (two 
prints of the same negative), and Saturn with its ring; the region covered is from 5800 to 
8800 A. The plates were not hypersensitized. It is seen that Jupiter III does not show any 
trace of the methane or the ammonia bands. Its spectrum was obtained in 100 minutes, 
with the slit width somewhat increased. 

Finally, Plate XTX shows two sets of spectra. The upper half is similar to Plate XVII 
but shows Titan in the photographic region compared to Saturn and Uranus. The only 
visible deviation from the solar spectrum is the \ 6190 A band of methane, as is seen from 
a comparison with Saturn’s rings. 

The lower half of Plate XIX shows Titan in the infrared (two central spectra, derived 
from one negative), compared to Saturn (two outer spectra). Quartz prisms were used, 
which gave a slightly lower dispersion in the infrared and a corresponding gain in speed 
(dispersion 60 A/mm at Hy and about 200 A/mm at 7000 A). The plates of Saturn were 
not ammoniated; the exposure times were 5 and 15 minutes. These plates were kindly 
taken by Dr. Struve after the writer had left. The Titan plate was ammoniated; the ex- 
posure time was 4 hours. The same wide slit was used for both Titan and Saturn. 

On the whole, there appears to be a close resemblance between the spectrum of Titan 
and that of Saturn; but the methane bands on Titan are definitely weaker. There appear 
to be some anomalous intensity ratios, as, for example, in the double band near A 7200 
A; but further plates are needed for a closer study. 

The color contrast between Titan and Saturn shown by the spectra is striking. This is 
in agreement with telescopic observation, which shows Titan to be orange, like Mars. 
Saturn, in turn, is more yellow than its ring, as is shown by Plates XVIII (bottom) and 
XIX (top), a fact previously noted by V. M. Slipher.? 

Thus, with the reservation stated regarding Triton, it appears that Titan is the only 
satellite in the solar system having an atmosphere detectable with the means here em- 
ployed. It is of special interest that this atmosphere contains gases that are rich in hy- 
drogen atoms; such gases had previously been associated with bodies having a large sur- 
face gravity. We shall return to this point later. The total thickness of the atmosphere is 
comparable to, but somewhat less than, that of the observable layers of Saturn and 
Jupiter, for which Slipher and Adel estimate 0.5 mile-atmospheres of methane gas.* 


2 “George Darwin Lecture,” M.N., 93, 657, 1933. 
3 Th. Dunham, Jr., Pub. A.S.P., 51, 272, 1939. 
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It is somewhat surprising to find the statement by J. H. Jeans:* ‘‘An atmosphere has 
been observed on Titan,” and his reference to “‘the suspected atmospheres on two of 
Jupiter’s satellites.’’ The writer has been unable to find an astronomical source for these 
statements. Apparently, they are not based on spectroscopic observations and have not 
been generally accepted, since other writers **’ make no mention of them. It is difficult 
to see how ordinary visual observations could have ascertained the presence of an at- 
mosphere on bodies less than 1”’ in diameter; in fact, such a thing would seem impossible. 


II. MASSES OF THE OBSERVED OBJECTS 


Dr. Dirk Brouwer has been kind enough to select from the various published mass de- 
terminations the ones that are, in his judgment, the most reliable. He made this compila- 
tion in February, 1944. With Dr. Brouwer’s permission his list is reproduced in Table 1 
of this paper. 

Dr. Brouwer made the following additional comments: 

The mass of Rhea is practically unknown. There is an estimate by H. Struve of the ratio 
Rhea/Saturn = 1/250,000, but i would not give this any weight. Woltjer’s mass of Titan is 
still the best. The masses of Tethys and Dione are quoted from G. Struve. H. Struve for Tethys 
and Woltjer for Dione had arriv ed at essentially the same masses. . . : . There is no dynamical 
determination of the masses of the Uranus satellites. . . . . Alden’s mass of Triton is to be —s 
he had the use of a very accurate ephemeris. 

The mass of Pluto is very well determined by its perturbation on Neptune. The same mass 
satisfies the modern latitude observations [of Neptune] and gives a reasonable residual in longi- 
tude for the pre-discovery observations by Lalande in 1795. In practically all my work I have 
used 0.25 X 10-°, but any mass between 0.25 and 0.35 X 10-° will satisfy the observational ma- 
terial nearly equally well. The Lalande residual is improved by the larger mass, but oneshould 
not stress this too much. There remains for 1795 a residual in latitude of about —1"5, that 
cannot be removed by any reasonable adjustment of the orbital elements of Neptune or the mass 
of Pluto, and a mass of 0.25 X 10-° would leave only a slightly larger residual in longitude. 


III. DISCUSSION 


Table 2 shows, for the planets and the satellites, the quantities which determine the 
stability of the atmospheres. The masses, radii, and densities are expressed in terms of 
the earth; the data were taken from Table 1 and from Russell, Dugan, and Stewart’s 
Astronomy. Radii followed by a colon were derived from magnitudes and assumed al- 
bedos. 

The computed densities are in some cases improbably low. It may be assumed that the 
adopted albedos and possibly the magnitudes are responsible for these abnormal results. 
Since we are dealing with a group of presumably similar small bodies, the assumption of a 
constant density may be less dangerous than the assumption of constant albedo; more- 
over, for equal errors in the assumed values the radii are more accurately determined 
from the densities than from the albedos. Also, the use of the (uncertain) magnitude is 
avoided. 

Table 2 gives two lines for satellites whose computed densities differ considerably from 
0.5 times the earth (2.76 times water), the average value adopted for small satellites. 
Except perhaps for Jupiter III and IV, for which the diameters were measured, the lower 
entries are probably closer to the truth. 

The case of Pluto is puzzling. Either the mass is much smaller, and in reality resembles 
that of Triton, or the albedo is low and the planet presents a disk of about 075. This point 
must be cleared up before the stability of an atmosphere can be discussed. 


4 Dynamical Theory of Gases (4th ed.), p. 348, Cambridge, 1925. 

5 Russell, Dugan, and Stewart, Astronomy, 1926-27. 

6H. N. Russell, The Solar System and Its Origin, 1935. 

7 Th. Dunham, Jr., “Knowledge of the Planets in 1938,” Pub. A.S.P., 51, 253, 1939. 
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he velocity of escape is given by 


V ne = V2OM = WM x 11.3 km/sec, (1) 


in which both M and Rare expressed in terms of the earth. This quantity is listed numeri- 


cally in Table 2, fifth column. 
An atmosphere becomes unstable during astronomical intervals if the root-mean- 
square velocity of the molecules, V,,, becomes an appreciable fraction of Ves. (Say, more 


than one-fifth, a value examined by Jeans). 
, T 
V me N-, (2) 
Me 
if 7 is the Kelvin temperature and u the molecular weight of the gas. 


TABLE 1 


Mass of Satellite Mass 








Cnient Mass of t Primary Mass of Sur Sun my Aearny 
J ‘ 0. 0000381 + 30 (p. pe 0 364 | De Sitter* 
J Il. 248+5 0.237 De Sitter* 
i III. 817+10 | 0.780 | De Sitter* 
EV. 509 +40 0.486 De Sitter* 
Tethys.... 1+876,400 0.00326 | G. Struvet 
Dione .| 1+541,300 | 0.00529 | G. Struvet 
Titan. :::.... 1+4033 0.709 | Woltjert 
Triton. | 0.001 28+ 23  (p-e.) 0.66 Alden§ 
Pluto. bits oe apeR choke seme 28 +8 mm “3 Nicholson and Mayall|| 
Pluto. a tees 25+3 Brouwer,{, tt 
Bete =. 3.05 ehacree 30+3 Wylie**, tt 


* W. de Sitter, ‘‘George Darwin Lecture, 1931,’’ M.N., 91, 706, 1931. 

+ G. Struve, Pub. Berlin-Babelsberg, 6, Part IV, 56, 1930. 

tJ. Woltjer, Jr., Ann. Leiden, 16, Part III, 66, 1928. 

§ H. L. Alden, A.J., 50, 110, 1943. 

|| S. B, Nicholson and N. U. Mayall, Ap. J., 73, 1, 1931; Mt. W. Contr., No. 417. Based upon 
longitudes only; i.e., depends principally upon Lalande’s 4995 observations. 

€ D. Brouwer, Pub. A.A.S., 10, 8, 1940. 

** L. R. Wylie, A.J., 49, 101, 1941. 

tt Based upon both longitudes and latitudes; essentially the same material. Wylie used New- 
comb’s tables; Brouwer, a numerical integration. The latter differs extremely little from the tables. 
From a discussion of various solutions with different weighting I would consider 28 + 3 the best result. 


The value of T varies greatly through the solar system, roughly as r~”, if r is the dis- 
tance to the sun. Therefore, by using the parameter, } l/4 (cf. Table 2, col. 7), we have 
eliminated the temperature effect on the stability. Since the variation in pi is probably 
not large (CH,=16; NH3;=17; No=28; Oo= 32; CO.= 44) the figures in the last column 
of Table 2 are a suitable basis for comparison. 

The order of decreasing atmosphere stability appears to be: Jupiter, Saturn, Neptune, 
Uranus, earth, Venus, Triton, Mars, Titan, J III, J IV, J I, J Il, Mercury, moon, etc. 

Excepting Triton, for which no atmosphere has yet been established, we find that at- 
mospheres drop out between Titan and Jupiter III. Both boundary-line cases have been 
well observed. 
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Jeans has shown that an atmosphere is stable for astronomical periods if Vn < 0.2 
V esc. For Titan the right-hand member of this inequality is 1.06 km/sec when reduced to 
r=1. The value of V,, will depend on the albedo and the rate of rotation. Assuming the 
limiting cases of no rotation and vanishing albedo, the temperature at r=1 equals 392° 
K.® The corresponding upper limit of V,, is 0.78 km/sec for CH4, 0.76 km/sec for NH3, 
and 0.47 km/sec for CO2; but for 2 it is 2.20 km/sec. Evidently the gases revealed by the 
spectroscope are stable components of the atmosphere, but hydrogen would escape in a 
matter of days. 














TABLE 2 
; Mean 
Mass Radius Saas pe V9!" 
Body @ ® eg (Km/Sec) ¥ (Km/Sec) 
Earth 1.00 10 6} «6 644 | 1.00 11.3 
Moon 0.0122 | 0.273 | 0.60 | 24 1.00 | 24 
JI 0.0121 0.293 | 0.48 2.3 a aoe e 
Jil | 0.0079 0.247 | 0.52 | 2.0 ie 4424 
JI. 0.0259 0.404 | 0.39 | 2.9 | 5.20 4.3 
| 0.373 mm | 38 | 4.5 
St... 0.0161 0.406 0.24 2.2 | oa] 3.4 
0.318 0.50 2.5  - 
Titan 0.0235 0.33 | 0.65 3.0 9.54 5.3 
Rhea 0.00038:| 0.137: | 0.15: 0.60 9.54 1.1 
0.091 0.50 | 0.73 1.3 
Dione 0.00018 | 0.094: 0.21: | 0.49 954 | 0.9 
0.071 0.50 | 0.56 | 1.0 
Tethys....... 0.00011 0.102: 0.10: | 0.37 9.54 0.6 
0.060 0.50 | 0.48 | 0.8 
Triton...... 0.022 0.39: oe: } sea 30.1 | 6.3 
0.35 0% | 28 | 6.6 
Pluto. 0.93: Ree iho ae Pine orale pwc MPa Mersin Pe Akane aces 
| 
Venus. 0.81 0.973 0.88 | 10.3 0.723 | 9.5 
Mars... | 0.108 0.53 0.72 | 5.1 ee ee 
Mercury | 0.04 0.39 0.67 3.6 |} 0.387 | 2.9 
| | | 
Jupiter.......| 316.9 10.95 | 0.24 | 61. 5.20 | 92. 
Saturn... .. | a? 902 {| @.% | 36.6 9.54 | 64. 
Uranus... . 14.7 4.00 | 0.23 21.4 | 19.2 = 
Neptune......| 17.2 3.92 0.29 23.7 | 30.1 55 


The stability of Titan’s atmosphere would be endangered by a substantial increase in 
its temperature. Doubling it, i.e., raising it from 100°-125° K to 200°-250° K, would al- 
ready jeopardize the permanence of CH; a still greater increase would cause a very rapid 
dissipation. Consequently, if Titan has gone through a period with a high surface tern- 
perature, as is commonly assumed to be true for all bodies in the solar system, then 7 
follows that Titan’s atmosphere was formed subsequent to that period. With almost equal 
force this conclusion follows for Mars, and to a lesser extent for Venus and the earth. In 
each of these cases all or nearly all of the atmosphere must have escaped from the crust 
after the crust was essentially cooled off. 

The composition of Titan’s atmosphere is in striking contrast to that of the earth 


8 Russell, Dugan, and Stewart, op. cit., p. 541. 
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(Ne, Ov, HO, etc.) and of Venus (CO2). Also, as we have seen, under terrestrial tempera- 
tures Titan’s atmosphere would rapidly dissipate. On the other hand, the same factors 
indicate a genetic relationship to Saturn (or the other major planets). They make it high- 
ly probable that Titan was formed within the Saturn system and show definitely that 
Titan was not a product of capture from an (elliptical) orbit extending to the interior 
regions (r < 5) of the solar system. 

As has been remarked above, the color of Titan is orange, in marked contrast with 
Saturn and its other satellites or with Jupiter and its satellites. It seems likely that the 
color is due to the action of the atmosphere on the surface itself, analogous to the oxida- 
tion supposed to be responsible for the orange color of Mars.® 

It has recently been suggested that theatmosphere on Titan was predicted theoretically. 
Actually, as we have remarked, an observation of doubtful status preceded the theoretical 
discussion and was used to substantiate it. The nature of the problem is such that a com- 
plete theory of the origin of the solar system would be required before it could be pre- 
dicted which bodies would have atmospheres and what their composition would be. 
Such a theory does not exist. The kinetic theory of gases can be used only to deny the 
existence of an atmosphere of specified composition on bodies which are too small or too 
hot at present. An affirmative statement would have to be based on the history of the 
case. In fact, something is learned about this history from the somewhat unexpected re- 
sult that Titan has an atmosphere. 








THE WOLF-RAYET TYPE SPECTROSCOPIC 
BINARY HD 152270* 


Otto STRUVE 
Yerkes and McDonald Observatories 
Received September 10, 1944 


ABSTRACT 


The broad emission feature of C 11, C 1v, and He 11 at \A 4647-4686 shows oscillations in wave length 
with P = 8.82 days. If the velocity-curve is interpreted as binary motion, the elements are K = 167.5 
km/sec, e = 0.24, w = 10°, and T = phase 1.3 days = JD 2431212.25. The velocity of the system is un- 
certain because the normal wave length of the blended emission feature is not known. The central ab- 
sorptions of the H lines also vary in radial velocity in the same period of 8.82 days. The phase of varia- 
tion is opposite to that of the emission feature. The scatter of the measures is very large, and some of it 
is probably real. The elements adopted for the corresponding velocity-curve are y = —44 km/sec, K = 
45 km/sec, e = 0.24, w = 190°, and T = phase 1.3 days. It is possible, but not-certain, that the velocity- 
curve from the absorption lines represents the motion of the second component of the binary. ‘ 


In a recent paper! the Wolf-Rayet star HD 152270 was announced as a spectroscopic 
binary of considerable range in radial velocity. The spectrum of this star? is WC6-+, ac- 
cording to P. Swings,’ who has given a complete description of the spectroscopic features. 
The spectrum is characterized by a very intense emission band at A 4647, which is a blend 
of several lines of C 11 and C 1v. The band terminates abruptly on the violet edge, where 
it is bordered by a strong violet absorption line of considerable strength and width. On 
the red side the \ 4647 emission band is blended with a somewhat weaker emission band, 
due to He 11 4686. The rest of the spectrum in the ordinary photographic region shows 
only a faint continuous spectrum with a number of weak and very broad emission bands, 
all of which are too diffuse for measurement. The H emission bands have central ab- 
sorptions, as have also the Pickering lines of He 11 and probably several lines of He 1. At- 
tention was first directed to these central absorptions by Mrs. C. Payne-Gaposchkin.* 
Swings® has summarized several attempts to explain these lines and has concluded that 
they do not come from a stationary outer shell because there is no indication of the dilu- 
tion effect in the He 1 lines. Nor does it appear probable to Swings that they come from 
the underlying nucleus of the WR star, because that would require the ionization of the 
nucleus to be lower than that of the shell. But Swings leans toward the idea that the 
central absorptions are produced in the WR star and not in the atmosphere of some other 
Star. 

At the present time we know the orbits of only two other Wolf-Rayet stars.’ Both 
stars belong to the nitrogen sequence. The star HD 152270 is the first member of the 
carbon sequence to be investigated as a spectroscopic binary. Its emission lines are broad 
and correspond to a velocity of expansion of the order of 2000 km/sec. The star is a mem- 
ber of the galactic cluster NGC 6231. 

* Contributions from the McDonald Observatory, University of Texas, No. 100. 

14 p. J., 100, 199, 1944. 

2q@ = 16°47™3; § = —41°40’ (1900); Sp., Oa; mag. ptm., 6.72. 

Ap. J., 95, 112, 1942. 

4 Harvard Bull., No. 844, p. 16, 1927, and No. 874, p. 24, 1930. 

5 Op. cit., p. 127. 

6 HD 193576, investigated by O. C. Wilson (Ap. J., 91, 379, 1940; 95, 402, 1942) and HD 214419, 
investigated by W. A. Hiltner (A p. J., 99, 273, 1944). 
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Because of the blended character of the emission at \ 4647 and the unsymmetrical 
character of the combined feature due to C m1, C 1v, and He 11, the spectrograms were 
measured with the Zeiss blink-comparator of the Yerkes Observatory. This instrument is 

TABLE 1 


RADIAL VELOCITIES OF HD 152270 
































| 
: Phase Vel. Em. Vel. Abs. 
Plate 1944 UT: | JD ne Shanes | 4647 +2 Hy 
| 24314 
3077 Apr. 30. | =(10:43 210.95 | 0.00 +217 km/sec — 53km/sec 
3091 May 1 8:30 211.85 | 0.90 +306 — 80 
3113... 8:04 212.84 | 1.89 +189 — 92 
3141. . 5 9:44 215.91 | 4.96 — 10 — 40 
3152... 6 8:55 216.87 | 5.92 — 11 + 13 
3523... Jul. 21 4:03 292.67 2.34 +184 — 66 
3529. . 25 3:34 296.65 | 6.32 — il — §2 
3530. . 25 3:40 296.65 | 6.32 0 a2 
3537... 26 3:21 297.64 | 7.31 + 97 + 1 
3538... 26 3:32 297.65 | 7.32 + 48 > 23 
SS ae 27 4:20 298 .68 8.35 +155 0 
3541... 27, «| ~=4:29 298 .69 8.36 + 89 a $f 
3544.. 28 | 3:18 299 64 0.49 +309 — 98 
3545. 28 | 3:25 299.64 | 0.49 +320 —145 
3551 » | 2:2 300.63 | 1.48 +363 — 126 
3552... 29 | 3:20 300.64 | 1.49 +251 — 15 
3559. 30 3:27 301.64 | 2.49 +170 = §3 
3560. . 30 3:32 301.65 2.50 +151 — 42 
3564. . 31 2:28 302.64 3.49 +133 — 43 
3565. ; 31 2:34 302.65 3.49 + 54 — 9 
3569... .. Aug. 1 2:26 303 .60 4.45 + 35 + 6 
3570. . =e 1 2:38 303.61 4.46 — 10 = 32 
3574. . 2 2:20 304.60 5.45 — 32 — 77 
3575. 2 2:27 304.61 5.46 — 61 — 70 
3580. 3 2:19 305 .60 6.45 + 20 — 21 
3581. 3 2:25 305 .60 6.45 — 48 — 36 
3585. 4 2:22 306.60 7.45 + 27 + 28 
3586. 4 2:28 306.60 7.45 + 1 — 51 
3591 5 2:20 307 .60 8.45 +169 — 97 
3593 5 2:54 307 .62 8.47 +177 —120 
3595... 6 2:25 308 .60 0.63 +213 — 37 
3598. . 9 2:18 311.60 3.63 + il + 1 
3599. 9 2:24 311.60 3.63 + 4 —144 
3602. . 10 3:35 312.65 4.68 a @ - Bete eee: 
3603. . 10 3:43 312.66 4.69 — 4 Penne ate: Fe 
3604. . 11 2:16 313.59 5.62 =~ 35 + 12 
3605. . 11 2:22 313.60 5.63 + 3 — 7 
3609. . 13 2:14 315.59 7.62 + 25 ~~» 23 
3610. . 13 2:20 315.60 7.63 + 40 — 46 
3614. . 14 2:37 316.61 8.64 +145 —114 
3615. .... 14 2:45 316.61 8.64 +281 — 168 
ae: 16 3:01 318.63 1.84 a Re ee Ae. “a 
3618... 16 3:10 318.63 1.84 ae” teed eee 
3620. . 16 4:33 318.69 1.90 +282 —134 








equipped with a micrometer at the eyepiece. The plate CQ 3530 of July 25, 1944, was 
adopted as a standard; and the velocities in Table 1 for the emission feature refer to it as 
zero point. Since the normal wave length of the blended structure is not known, these 
velocities are all relative. Hence they are designated in Figure 1 and in Table 2 as x + 
velocity. Similarly, the velocity of the system is also relative and is designated as x + y. 
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The absorption velocities depend upon Hy and were obtained in the usual manner. They 
are not affected by an uncertainty in zero point. But it must be emphasized that, while 
these absorption lines are mostly due to H, there is no way to estimate the effect of blend- 
ing with He 11. Hence the velocity of the system determined from the absorption lines is 
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Fic. 1.—Velocity-curve from emission lines 
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Fic. 2.—Velocity-curve from central hydrogen absorption lines 


also uncertain and should not be used for a comparison with the velocity of the cluster 
NGC 6231, which is — 29.1 km/sec. My plates are not suitable for the measurement of 
He 11 4200 and He 11 4541. An effort should be made to obtain these lines on plates of 
greater contrast than the emulsion used in this work (Eastman 103a0). 

The velocity-curves for emission and absorption are shown in Figures 1 and 2, respec- 
tively. The period used was 8.82 days. It should be remembered that, because of the low 
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southern declination of this star, the observations were all made near the meridian. It is 
therefore not possible to eliminate periods in the vicinity of 1 day. The spectrograms 
used in this work were taken with the quartz Cassegrain spectrograph of the McDonald 
Observatory and a 500-mm camera giving a linear dispersion of 40 A/mm at A 3930. The 
exposure times were approximately 5 minutes, and the star was carefully trailed along 
the slit in order to make the spectra as independent of the seeing as possible. The zero 
point in phase was arbitrarily assumed to be JD 2431210.95 = 1944, April 30, 10:43 
2. 

The two velocity-curves are clearly opposite to one another in phase. Despite the large 
scatter in the absorption velocities, which is probably in part real, this conclusion is quite 


TABLE 2 


ORBITAL ELEMENTS OF HD 152270 


Element Emission Absorption 
) Ege Bape 8.82 days 8.82 days 
ys Sai, hos +108—x km/sec | —44 km/sec 
Bese oe 167.5 km/sec 45 km/sec 
ee ; 0.24 | 0.24 
/ ee Phase 1.3 days | Phase 1.3 days 
GOs tect oe Ae 7 +10° +190° 


safe. It suggests that the absorption lines may belong to the second component of the 
binary, which would then be an absorption O-type star. But I am not certain that this 
interpretation is correct. It is my impression that the absorption lines are too deep to be 
explained in this manner. For example, in the illustration given by Swings’ the absorp- 
tion line at HB cuts into the emission band in a manner which suggests that this band it- 
self experiences absorption—not only the weak underlying background of continuous 
spectrum. But perhaps this impression is deceptive. It will be necessary to obtain ac- 
curate measurements of the residual central intensities of the absorption lines before this 
question can be answered. 

The approximate orbital elements derived from the two velocity-curves are given in 
Table 2. 


7Op. cit., Pl. V, star 6. 








RECENT PROGRESS IN ASTROPHYSICS 


“PHYSICAL CHARACTERISTICS OF THE ATMOSPHERES OF 
SUPERGIANTS OF CLASSES cB5 TO cA3” 
BY G. A. SHAJN 


Bulletin No. 7 of the Abastumani Astrophysical Observatory on Mount Kanobili 
in the Caucasus contains, among other important papers, an article by Shajn which is 
closely related to recent investigations by Pannekoek, Beals, and the reviewer. It was 
first pointed out by Pannekoek! that the contours of the H absorption lines in a Cygni 
and in the Cepheid variables lead to values of the surface gravity gers which are about 
one hundred times smaller than the values g computed with the help of the masses and 
the radii of the stars. This extremely important consideration suggests that a large part of 
the reversing layers of early-type supergiants may be supported against gravity by radia- 
tion pressure, and Shajn points out that a slight disturbance of the physical conditions 
in the stars might even produce expanding atmospheres similar to those of novae or of 
P Cygni-type stars. In a somewhat similar manner Beals has stressed the probable rela- 
tionship between such stars as a Cygni, P Cygni, and the Wolf-Rayet group of objects. 
Similar ideas have been discussed by the reviewer. 

Shajn devotes the first section of the paper to a critical analysis of Pannekoek’s argu- 
ment. He has measured the contours of Hy and H6 in seven supergiants and has de- 
rived from these values of gers which range from 1.0 to 1.4. The theory of Verwej, which 
was used in these determinations, considers only the so-called statistical Stark effect. 
Recent investigations by Mrs. Krogdahl show that collisional broadening is also impor- 
tant. However, it is almost certain that the theory of Verwej gives approximately correct 
values of geis. For stars of the main sequence his curves certainly give values which 
agree with those derived from the mass and the radius. Hence it is safe to suppose that 
Shajn’s determinations of ges are correct as to order of magnitude. But the question 
arises next whether the masses of the supergiants are known with sufficient precision. 
Shajn remarks that Pearce’s star—a spectroscopic binary of type cB9—has a mass which 
is consistent with the mass-luminosity relation. Nor does it seem possible that the ab- 
sence of H wings in the supergiants can be caused by low abundance of hydrogen, be- 
cause the jump at the Balmer limit in these stars is approximately normal. 

The second section of the paper is apparently a greatly condensed account of a detailed 
investigation of the equivalent widths in supergiants and main-sequence stars. As an ex- 
ample of the character of the results, Shajn gives a comparison of a Cygni (cA2) and 
e Serpentis (dA2). He concludes that (1) all the lines of the neutral atoms Fe 1, Mg 1, 
Cri, Nit, Co1, and Ca1 are stronger in the dwarfs; (2) the lines of the ions Fe 11, Si 11, 
Ti u, Cr 1, Niu, and Mg are much stronger in the supergiants; and (3) the resonance 
lines of Sr 1, Ba 1, Ca 1, Cr 1, and Mn1 are much stronger in the dwarfs. Qualitatively 
these differences agree with the conclusion that a Cygni is more luminous than e Serpen- 
tis. But quantitatively, according to Shajn, they support the value of between 50 and 
100 for the ratio g/gers obtained from the H lines. This conclusion is borne out by the 
entire appearance of the supergiant spectra. They differ far more radically from the 
spectra of main-sequence stars than the spectra of G-type giants differ from those of 
G-type dwarfs. And yet the dynamical values of g are about 10’ and 10* in the first case 


1 B.A.N., No. 301, 1937. 
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and 10% and 10**4 in the second. It is clear that the dynamical value of g does not serve to 
characterize the absorption-line spectra of the early-type supergiants. 

Perhaps the most significant part of Shajn’s paper deals with the radial velocities of a 
selected group of early-type supergiants. He concludes that, since an appreciable portion 
of the reversing layers of these stars is suspended against gravity by general and mono- 
chromatic radiation pressure, it is possible that there exists a tendency for these layers to 
expand. It is also possible that the rate of expansion might not be the same for all ele- 
ments. For 47 c stars chosen from the list by Merrill, 4 stars observed by Harper, and 1 
star observed by Young, Shajn made a solution for solar motion and galactic rotation, re- 


taining the K-term in his equation. The result was K = —6.8 + 1.8 km/sec. Several 
other solutions were made by him with the same material but with assumed positions for 
the solar apex and the galactic center. The result was K = —5.3 + 1.1 km/sec. Shajn 


next included in his solution all those stars of spectral classes B5-A7 which were used 
by R. E. Wilson? in his study of the luminosities of the nonvariable c stars. Shajn finds 
K = —4.9 + 1.5 km/sec. Wilson’s result, using all c stars of classes cB-cM (205 in 


TABLE 1 





RapiAL VELOCITY 
Cau minus H, He 











STAR 

| 

| Uncorrected | Corrected 
B Ori................... —5.440.8 | —4.6 
67 Oph...... | —5.041.1 | 40.2 
Cn 4 +2.2+0.8 —4,.5 
EOS ko Hae baal —4.6+1.1 —5.0 
ete. ..... ia —0.6+0.8 +2.9 
aye... .. .| —2.5+0.5 —1.5 
WN A. Se haa wR +1.0+0.9 | +0.2 

number), was K = —2.00 + 0.80 km/sec. Shajn sees in this evidence of a change in K 


with spectral type. The probable existence of a negative K-effect among the supergiants 
of early type is an interesting and unexpected result. It should certainly be tested with 
the help of new material. 

Shajn has next determined from his own spectrograms the difference in radial velocity 
obtained from the Ca 11 lines and from the lines of H and Het. The results are given in 
the second column of Table 1. He has also attempted to correct these differences for the 
influence of the interstellar lines of Ca 1. These corrected values are given in the third 
column. The conclusion is that “at least for several supergiants, cB7-cA2, systematic 
negative displacements for K and H may be considered as highly probable.” In terms of 
McCrea’s theory’ this would suggest a density of not more than 10% or 10° particles per 
cubic centimeter. Incidentally, Shajn points out that the radial velocities of the two 
components of 6 Orionis do not support the contention of an expanding atmosphere in 
the supergiant. Shajn finds + 21.0 for the supergiant and +16.9 km/sec for the faint B5 
component. Moore lists +23.6 for the former, while Sanford gives +19.1 for the latter. 


O. STRUVE 


2A p. J., 93, 212, 1941. 3M.N., 95, 509, 1935. 








NOTES 


A CHANGE IN THE SPECTRUM OF 39 « CAPRICORNI 


In 1943 McLaughlin‘ described this star (MWC 373 = HD 205637; a = 21"31™5, 
§ = —19°54’ [1900]; mag. 4.7; Sp. B5pe) as follows: 

The spectrum is characterized by well-defined hydrogen emission lines with strong sharp cen- 
tral absorption and by variable enhanced metallic absorption lines, which emerged to visibility 
in 1929, faded in 1931, remained absent through 1935, and reappeared previous to September, 
1936. The metallic lines were present from 1936 to 1939, absent 1941-1942. The sharp central 
absorption of the hydrogen lines remains unchanged. V = R at HB. 


The Yerkes spectrograms of e Capricorni, which extend as far back as 1915, agree with 
this description. It is, therefore, of special interest that the sharp absorption cores of H, 
which are of the shell-type, have suddenly disappeared. They were present on Septem- 
ber 8, 1944, and were not distinctly seen October 12, 18, 20, and 26. A closer inspection 
of our plates shows that the shell absorption cores of H were very strong in 1943, until 
at least December 19, and were only slightly weaker on July 25, 1944. A plate taken on 
August 4 shows the H cores somewhat weaker. The double emission lines at HB were 
well visible in 1942 but were not seen clearly on any plates taken in 1943 or 1944. At the 
present time the spectrum is that of an ordinary B3nn star (Ha has not been observed) 
without emission lines. The absorption line Mg 11 4481, which was frequently observed 
in the past, and which had an intermediate width between the He I lines and the sharp, 
variable metallic lines, is not now visible. As in some other stars of the same type, this 
line of intermediate diffuseness belongs to the variable shell spectrum and not to the 
underlying rapidly rotating reversing layer. 

It should be noted that Miss Cannon? had observed changes in the H absorption lines 
prior to 1900. 

O. STRUVE 
A. J. DEUTSCH 
YERKES OBSERVATORY 
October 27, 1944 


t Ap. J., 98, 164, 1943. 2 Harvard Ann., 28, 183, 1897. 
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